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Abstract

In this paper, we introduce a notion of multiplicative unimodularity for a coisotropic
Poisson homogeneous space. Then, we discuss the unimodularity and the multiplica-
tive unimodularity for these spaces and the existence of an invariant volume form for
explicit Hamiltonian systems on such spaces. Several interesting examples illustrating
the theoretical results are also presented.
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1 Introduction
1.1 Invariant volume forms for Hamiltonian systems on Poisson-Lie groups

When studying a dynamical system X € X(M) on a manifold M of dimension n, it is
natural to look for conserved quantities to study its integrability. For instance, if there
isafamily { f1, ..., f,—1} of independent first integrals (X ( f;) = 0) then it is possible
to obtain the orbits of X. A different possibility is to look, not only for first integrals,
but also for an invariant volume form : if there exist { f1, ..., f,—2} independent first
integrals, the existence of such a volume form guarantees that the dynamical system
can be integrated by quadratures (see, for instance, [20]).

In the special case of a Hamiltonian system on a symplectic manifold of dimension
2n, there exists the notion of Liouville integrability. The system is Liouville integrable
if one can find n functionally independent first integrals which are Poisson commuting
(i.e., they are in involution with respect to the Poisson bracket). On the other hand,
with respect to invariant volume forms, Liouville’s theorem states that the flow of the
Hamiltonian vector field on a symplectic manifold preserves the symplectic volume
(see, for instance, [1, 2]).

More generally, when the dynamical system is Hamiltonian with respect to a Poisson
structure (not necessarily symplectic), Liouville’s theorem can be applied if we restrict
to the symplectic leaves and consider the symplectic structures on them. However, in
general, the symplectic foliation is hard to compute, and thus it is difficult to obtain
invariant volume forms on the leaves. Taking this into account it seems more reasonable
to look for an invariant volume form on the whole manifold.

Now, given an orientable Poisson manifold (M, IT), the modular class is a first order
cohomology class in the Poisson cohomology complex of M defined by a Poisson
vector field, which measures the existence of an invariant volume form for the flows
of all Hamiltonian vector fields (see [31]). If the modular class vanishes then (M, IT) is
said to be unimodular. By the aforementioned Liouville’s theorem, the modular class
of a symplectic manifold is zero.

Using that Lie algebroids are the dual objects to linear Poisson structures on a vector
bundle, one can also define the modular class of a Lie algebroid [9, 31]. In fact, the
relation between the unimodularity of a Lie algebroid and the existence of invariant
volume forms for the hamiltonian dynamics on the dual bundle was discussed in [25].
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More recently, in [17], we studied the existence of invariant volume forms for
Hamiltonian systems on Poisson—Lie groups. Recall that a Poisson—Lie group is a Lie
group G endowed with a Poisson structure such that the multiplication is a Poisson
map [10]. Poisson-Lie groups are in one-to-one correspondence with the so-called
Lie bialgebras (g, g*), which are compatible pairs of Lie algebras in duality. In [9]
it has been given a description of the modular vector field of a Poisson—Lie group G
with respect to a left-invariant volume form using the modular character of the dual
Lie algebra of G. From this description, in [17] we proved the following result:

Given a Hamiltonian function 2 on a Lie group G endowed with a unimodular
Poisson—Lie structure 1 (that is, the dual Lie algebra of G is unimodular), then the
Hamiltonian vector field of 7, X }I?G, preserves a multiple of any left-invariant volume
form on G. Conversely, if the identity element of G is a nondegenerate singularity
of a Hamiltonian function 4 and X ;:[ G preserves a volume form then the Poisson—Lie
structure I1g is unimodular.

As a consequence, we recovered a result in [21] about the relation between the
unimodularity of a Lie algebra g and the preservation of a volume form by the flow
associated with a Hamiltonian function of kinetic type on the dual space g*.

Modular classes have also been introduced and studied for more general objects as
skew algebroids [16] and the dual objects of the latter: linear almost Poisson structures
on vector bundles (see [12]). In fact, in [12] the relation between the unimodulatity
of a linear almost Poisson structure and the existence of invariant volume forms for
nonholonomic mechanical systems was also discussed.

1.2 Poisson homogeneous spaces

An important class of Poisson manifolds related to Poisson—Lie groups is that of Pois-
son homogeneous spaces, which were introduced by Drinfeld [11] as semi-classical
limits of homogeneous spaces of quantum groups. Given a Poisson—Lie group (G, I1g)
and a closed Lie subgroup H, a homogeneous Poisson structure on G/ H is a Poisson
structure IT on G/H such that the natural transitive action

(G,Tlg) x (G/H,Tl) — (G/H, II),
(g1, 82H) = g18H,

is a Poisson map.

In this paper, we are interested in a particular class of Poisson homogeneous spaces,
namely coisotropic Poisson quotients. For these spaces, the canonical projection ¢ :
(G, Tlg) — (G/H,TI) is a Poisson epimorphism or, equivalently, the annihilator h°
of the Lie algebra h of H is a Lie subalgebra of the dual Lie algebra g*.

Coisotropic Poisson quotients play a special role in the description of integrable
systems, such as the Toda lattice (see [14] and the references therein). In addition, we
remark the following facts:

(i) The explicit description of the symplectic leaves for a Poisson homogeneous space
and the symplectic structure on them may be hard (see [19]).
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(ii) Similarly to Poisson—Lie groups, a Poisson homogeneous space is integrable and
a symplectic groupoid G(G/H) integrating G/ H may be constructed (see [7]; see
also [5, 6]). However, the dimension of G(G /H) is 2 dim (G / H) and the integration
is not always explicit.

1.3 Aim and contributions of the paper

The aim of this paper is to discuss the existence of a volume form which is invariant for
a Hamiltonian system on a coisotropic Poisson homogeneous space. For this purpose,
one could apply Liouville Theorem to: (i) the restriction of the Hamiltonian system
to the symplectic leaves of the homogeneous Poisson structure or (ii) the natural
extension of the Hamiltonian system to the symplectic groupoid G(G/H) integrating
G/H. However, for reasons (i) and (ii) in Sect. 1.2, it seems reasonable to study the
problem directly in the Poisson homogeneous space G/ H . In fact, we will discuss the
relation between the existence of a volume form on the whole homogeneous space
G/H which is invariant for the Hamiltonian system and the unimodularity of the
associated Lie algebras g, g* and h°, extending the results of our previous paper [17].

A difference, which first arises when dealing with a homogeneous space, is that
there is not a natural choice for a volume form, as opposed to the Lie group case,
where one may choose left (or right)-invariant volume forms. Now, given a volume
form v on a homogeneous space M = G/H then

P
q*v = e’ W,

where o € C®(G) is such that o(e) = 0, Vy = (¢*v)(e) € APh° and % is the
left-invariant form on G, whose value at the identity element is V). In this situation,
there are natural compatibility conditions between Vj and do (e) involving the Lie
algebra cohomology and the modular characters x4 and xy of g and b, respectively.

In this paper, we are interested in a particular class of volume forms on G/H, the
so-called semi-invariant volume forms [27], for which the function o is multiplicative.
Note thatif o identically vanishes, then the volume form is invariant under the transitive
G-action.

Now, let G/ H be a coisotropic Poisson homogeneous space with Poisson structure
I1. Then, we prove (Proposition 4.1) that the modular vector field of IT with respect
to v is given by

1
M =g, (—l‘[uG(da) +3 (x_{ — Xor + 250 + n’é(;@))) ,

where I'I*g : T*G — TG is the vector bundle morphism associated with the
Poisson—Lie structure on G, X_g: (respectively, X_)g) is the right-invariant vector field
(respectively, 1-form) on G whose value at the identity element is x4+ € g (respec-
tively, x4 € g*), )@ is the left-invariant vector field on G whose value at the identity
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element of G is xg+ € g, and fcﬁ is any left-invariant vector field on G whose value
xpo at the identity element projects on the modular character xgo € (h"* = g/ of
ho.

From this expression, it is clear that if the volume form v is semi-invariant (i.e.,
o is multiplicative) and ho is unimodular or, in other words, when the coisotropic
homogeneous Poisson structure is multiplicative unimodular (Definition 4.6), then
the modular class is the g-projection of the vector field on G given by

1
Il = —MG o) + 5 (7 — T + 500

which is not only a Poisson vector field but also multiplicative. In fact, one of the main
results of our paper is to characterize infinitesimally when this situation happens. More
precisely, the main contributions of the paper are:

e We describe the nature of an arbitrary volume form on G/H in terms of some
geometric objects in the Lie group G (Theorem 2.2) and we apply this result to
the case when the volume form is semi-invariant (Theorem 2.5). In particular, we
characterize infinitesimally when a homogeneous space admits a semi-invariant
volume form (Proposition 2.6).

e We prove that for a unimodular coisotropic Poisson quotient, the Lie algebra h° is
unimodular (Theorem 4.3).

e We obtain an infinitesimal characterization of the multiplicative unimodularity
(Theorem 4.8).

e We prove a version, for the more general case of a coisotropic Poisson quotient,
of the main result in [17] for Poisson—Lie groups (see Sect. 1.1 for the result in
[17]). Namely, if the Hamiltonian system induced by a H-Morse function at e H
on a coisotropic Poisson homogeneous space G /H preserves a volume form then
[)0 is unimodular (Theorem 6.4).

e Throughout the paper, several interesting examples illustrating the theoretical
results are presented. In particular: (a) we prove that there do not exist any Poisson
homogeneous spaces for SO (3) and SL(2, R) which is unimodular (Sect.5); (b)
on the non-unimodular coisotropic homogeneous Poisson space S = SO (3)/S!,
we present a Hamiltonian system with H-Morse Hamiltonian function which
preserves a SO (3)-invariant volume form (Example 6.5); (c) we prove that
the Toda lattice Hamiltonian system on the coisotropic homogeneous quotient
SL(n,R)/SO(n) does not preserve a volume form on the homogeneous space
(Example 6.6) and (d) we exhibit a Hamiltonian system (a compartmental epidemi-
ological model [3]) on a multiplicative unimodular coisotropic Poisson quotient,
which does not admit invariant volume forms for the transitive action associated
with the homogeneous space (Example 6.7).
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1.4 Organization of the paper

The paper is organized as follows. We first describe, in Sect. 2, (semi-invariant) volume
forms on a homogeneous space G/H and characterize them in terms of geometric
objects in the Lie group G.

In Sect. 3, we recall the notion of a Poisson-Lie group and a Poisson homogeneous
space, describing the infinitesimal objects which characterize them. Then, in Sect. 4, we
prove that for aunimodular coisotropic Poisson quotient (G /H, IT), the Lie subalgebra
h© is unimodular and we obtain an infinitesimal characterization of the multiplicative
unimodularity.

In Sect.5, we discuss the unimodularity of coisotropic Poisson quotients of the
Poisson—Lie groups SO (3) and SL(2, R).

Finally, in Sect. 6, we analyze the relation between the unimodularity of coisotropic
Poisson homogeneous spaces and the preservation of volume forms for Hamiltonian
systems on such spaces, showing that the relationship is not as simple as the one for
Poisson—Lie groups. We also present several examples illustrating the previous fact.

Assumption: All Lie groups considered in this paper are connected.

2 Volume forms on homogeneous spaces

In this section, we will study volume forms on homogeneous spaces and characterize
them in terms of functions on the Lie group associated with the homogeneous space.

Let G be a connected Lie group with Lie algebra g, dim G = m, and H be a
closed Lie subgroup of G with Lie algebra ), dim H = n. Let us denote by ¢ :
G x G/H — G/ H the transitive action of G on G/ H induced by the group structure
on G, g: G — G/H the quotient projection, h° the annihilator of the Lie algebra b
and e the indentity element of G.

If v is a volume form on the homogeneous space M = G/H then

(g*v)(g) #0, VgeG. (2.1

On the other hand, as g*v is a g-basic form, it follows that
(ix@w)@=0 vxen 2.2)

where (}? is the left-invariant vector field associated with X. Therefore, V) =
(g*v)(e) € A0, Vy # 0, and, from (2.1) and (2.2), we deduce that

* <
g v=fV,

with f € C®(G), f(g) # 0, forany g € G and f(e) = 1. Here % is the left-
invariant (m — n)-form on G associated with V. As G is connected, we may suppose
that f(g) > 0, forall g € G, thatis f = ¢°, where 0 € C*°(G) such that o (e) = 0.
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Thus, we can write
x O NN

q*v =¢e ).

We will describe in the next results the properties which are satisfied by o and V.
Along the paper, xg will denote the modular character of the Lie algebra g. We

recall that 4 € g* is the trace of the adjoint action ad®: g x g — g.If {X,} is a basis
of g with dual basis {X“} then

Xg = Cfﬁ X,

where Cgﬂ are the structure constants of g.

Lemma 2.1 Let g be a Lie algebra and b be a Lie subalgebra, such that dimg = m
and dim b = n. If Vo € A"7"0° and Vo # 0, then

d®Vy = —6y AV,

where 0y € g* satisfies
(©0)1p = Xgly — Xp,

Xglp being the restriction of xq to b and d® the algebraic differential of g.
In addition, if d®Vy = —0y A Vo with 0 € g* then

(COISECOIS

Conversely, if there is an element 96 of g* such that (96)“J = (o), then d®Vy =
—96 A V.

Proof Using that V) # 0, it follows that
Vo=Y' A Ay,

where Y1, ..., ym—" ¢ f)o. It is clear that {Yl, ..., Y™ "} are linearly independent
and we can consider a basis of g* of the form

(x', ..., xm Yl Yy

Let{X1,..., X, Y1,..., Yu—_n} be the dual basis on g. Since {X1, ..., X, } is a basis
of h and Vy € A4, it follows that

d%Vo(Zo, 21, .. Zmn) =0,  if Z;,Zj €, withi # j.

This implies that

A%V, = (Z(dﬂvo)(xi, Yi.... Ym_n)xi) AM. 2.3)

1
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So, we can take 6y = — Z(dgvo)(x,-, Yi,...,Ymu_n)X' € g* and we must prove
i

that _
(@i i Y XT) = ey~
i

Now, it follows that

(dgVO)(Xu Y]a MR men)

D EDIVoUXe, YL Vi, oo Y, Yo

J
:_ZVO(Yla"'v[XisYj]a"'vym—n)
J

=D YIIX YD) = = (xg (X)) — xp(X0)
J

where we have used that Vy(Y1, ..., Y,,—,) = 1 and the definition of d9. Thus, from
(2.3), we deduce that
d®Vy = —0y AV,

with 00(X;) = xg(X;) — xy(X;), forall X; € b.
In addition, if we consider another 9(/) € g™ such that

d%Vy = —96 Ao

then, since Vo € A" "h°, it is clear that 6y A Vo = 0y A Vo if and only if (6)))y =
@)1y = Xglh — Xp-

Now, we can describe the volume forms on the homogeneous space M = G/H.

Theorem 2.2 Let v be a (m — n)-form on the homogeneous space M = G/H and
q: G — G/H be the canonical projection. If v is a volume form on G /H then there
is a function o € C®(G) and Vo € N" "0 such that

g*v = "W, 2.4)

with

i) o(e) =0, 3?(0) = X(0), forall X € b, and do (e)|y = xg|p — Xbs
ii) Vo #0and d®Vy = —do(e) A V.

Conversely, if o € C®(G) and Vo € A" "0, satisfy i) and ii) then there exists a
unique volume form v on G /H which is characterized by condition (2.4).

Proof If v is a volume form on G /H, we have already seen that
&
q v =2¢e"Vy,

where o € C*®(G), o(¢) =0and Vy € A" "h%, Vy # 0.
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Moreover,
—
0 =g*(dv) =d(g"v) = e (do AV +d®*Vy).

P <~ .
Thus, we have that d®Vy = —do A V. In particular,
d®Vy = —do(e) AN V).
Therefore, from Lemma 2.1, we obtain that
da(e)jy = Xglp — Xp-
In addition, using that e"l(/_o is a g-basic form, we have that, for every X € b,
<~ <~ <~
0= L) =e" (X @)W+ L ).
This implies that
<~ <~ <~
X () = —ﬁs?Vo, VX €b.

So, 3?(0)](/_0 must be a left-invariant (m — n)-form and, thus, 3?(0) is constant.
Conversely, suppose that 0 € C*°(G) and Vy € A" Ko satisfy i) and ii). Then,
<~ ~
we can consider the (m — n)-form on G given by ¢ V. We must prove that ¢ ) is
g-basic, that is,

<~ <~
i< V) =0 and Lg(e"V) =0, VXeh. (2.5)

The first equation is trivial because V) € /\m_”f)o, X € hand iy]% =ixVy=0.
On the other hand, using the hypotheses i) and ii),

<« <« «—
£<§(e"vo) = iy(d(egvo)) = iy(ea(da A Vo +d%Vp))

= i (" (do A Vg —do(e) A V) = ¢7 (X (o) Vg — X(0) V) = 0.

Since both equations in (2.5) hold, we deduce that there exists a unique (m — n)-
form v on G/H such that g*v = e"%. Finally, using that e”<g)%(g) # 0, for any
g € G, and the fact that ¢* is an injective morphism, we conclude that v is a volume
formon G/H.

Next, we recall a natural kind of volume forms on homogeneous spaces.

Definition 2.3 ([27]) Let G be a connected Lie group of dimension m and H be a
closed Lie subgroup of G of dimension n. A volume form v on G/H is said to be
semi-invariant if

¢yv =c(gv, Vgegq,

with ¢: G — R a smooth function, where ¢: G x G/H — G/H is the transitive
actionof Gon G/H.If c(g) = 1, for all g € G, then v is G-invariant.
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Remark 2.4 Note that, from Definition 2.3, it is deduced that c: G — (R*, ) is a Lie
group morphism, when we consider the multiplicative structure of R, that is,

c(gh) = c(g)c(h), Vg, heG.
Indeed,

c(gh)v(gh) = dyv(e) = ¢ (dyv(e)) = ¢, (c(g)v(g)) = c(g)c(h)v(gh).

So, c(gh) = c(g)c(h). Note that if we consider the function y : G — R characterized
by ¢ = eV, then
y(gh) =y (@) +vh),

i.e., y is a multiplicative function.

Using the description of volume forms obtained in Theorem 2.2 and the previous
remark, we can characterize semi-invariant volume forms.

Theorem 2.5 A volume formv onthe homogeneous space M = G / H is semi-invariant
if and only if the function o : G — R associated with v (deduced from Theorem 2.2)
is multiplicative.

Proof If ¢: G x G/H — G/H is the transitive action of G on G/H, g € G, and

Lg: G — Gistheleft-translationby g € G, itfollows that ¢,0q = qoL,. Therefore,
using that ¢* is an injective morphism, we deduce that

¢yv =c(g)v, VgeG,

if and only if
c(@)q"v =q"(pyv) = Ly(¢"v), VgeGq,

or, equivalently,
P <«
c(9)(e" Vo) = e”°LeVy, Vg eG. (2.6)

Therefore, since Vy # 0, (2.6) holds if and only if
0oLy =0 +log(c(g)), Vg € G. 2.7
But, using that o (e¢) = 0, we conclude that (2.7) is equivalent to
o (g) = log(c(g)).

Consequently, ¢ is a Lie group morphism if and only if o is multiplicative.

These previous results allow us to characterize whether a homogeneous space admits
semi-invariant volume forms.
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Proposition 2.6 The homogeneous space M = G /H admits a semi-invariant volume
Sform if and only if the 1-cocycle xqiy — xp on b admits a I-cocycle extension 6y to
g and the closed left-invariant I-form 6y on G is exact. Moreover, in such a case, a
semi-invariant volume form v on M is characterized by the condition g*v = e° %,

where 0 : G — R is the unique multiplicative function on G satisfying % =do and
Vo € A0, Vg # 0 and d3Vy = —do () A V.

Proof If v is a semi-invariant volume form then, using Theorems 2.2 and 2.5, there is
a multiplicative function o € C°(G) such that

6
q v =¢e"Vy,

withVy € A""h% and do (e)jy, = xg/p — x- Now, itis enough to take 6y = do (e). In
this case, Oojy = Xxgp — Xy and 6y = do. Note that the last equality is a consequence
of the fact that o is multiplicative.

Conversely, from the hypothesis, there is a unique multiplicative function o €

C*(G) such that 8y = do and
do(e)jy = Xglh = Xp-

Using that o is multiplicative, we have o(e) = 0 and ()?(a) = X(0). Let V) €
A0 such that Vg # 0, then (see Lemma 2.1) there is 6} € g* such that

d®Vy = -0, AV
and Oy = xgp — Xp- Since Oy = do(e)y then (see Lemma 2.1)
d®Vy = —do(e) A V.
Now, using Theorem 2.2, there is a unique volume form v on G/H such that
q'v = e“%.
Since o is multiplicative (see Proposition 2.5) then v is semi-invariant.

Remark 2.7 1) If g = [g, g] (for instance, if g is semisimple) there are not non-trivial
1-cocycles and, in particular, x4 = 0. If, additionally, b is not unimodular then the
homogeneous space M = G/H does not admit semi-invariant volume forms.

ii) If b is unimodular then the homogeneous space M = G/H admits semi-
invariant volume forms. In fact, the 1-cocycle x4 is an extension of xg) and
Xg = d(log(det Ad)).

iii) Note that if the first de Rham cohomology group of G vanishes (for instance,
when the Lie group G is connected and simply-connected), any 1-cocycle 6y can
be integrated to a multiplicative function o : G — R.
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Corollary 2.8 Let M = G/ H be a homogeneous space. Then, the following conditions
are equivalent:

i) M admits an invariant volume form.
ii) There exists Vo € A" "5, Vo # 0 and d®Vy = 0.
iii) The restriction of x4 to b coincides with xy.
Moreover, if ii) holds then an invariant volume form v on G/H is characterized by
<«
the condition g*v = V).

Proof Using Theorem 2.2, we deduce that the homogeneous space M admits a volume
form v if and only if there exist o € C°(G) and Vy € A" which satisfy i) and
&
ii) in Theorem 2.2. In such a case, g*v = €% ).
Now, if ¢p: G x G/H — G/H is the transitive action of G on G/H and L: G X
G — G is the action of G on itself by left-translations, we have that

q"(@yv) = Ly(q*v), VgeG.

So, using that ¢* is an injective morphism, it follows that v is G-invariant if and only
if g*v is G-invariant.

To prove that i) is equivalent to ii), we must show that g*v = e"% is G-invariant
if and only if o identically vanishes. But, if g € G then

<~ <~
Li(e" Vo) = e 7M.

<«
Therefore, e® V) is G-invariant if and only if 0 o Ly = o, for any g € G. Since

o(e) = 0, we conclude that e“% is G-invariant if and only o identically vanishes.
Finally, let us prove that ii) is equivalent to iii). The result directly follows from
Lemma 2.1, since 6y A Vy = 0 if and only if 6y € ho.

Example 2.9 Let G be any connected Lie group and H = {e}. Since § is unimodular
then, by Remark 2.7 ii), G/H ~ G always admits semi-invariant volume forms.
Indeed, by Corollary 2.8, G/H admits invariant volume forms. Note that a volume
form v on G/H = G is invariant with respect to the homogeneous action if and only
if v is left-invariant on G.

Example 2.10 (2-dimensional homogeneous space admitting invariant and semi-
invariant volume forms) Consider the quotient G/ H, where G is the unique connected
and simply connected Lie group with Lie algebra g given by

[X1, X2lg =0, [X1, X3]lg = X2, [X2, X3]g = —Xo, (2.8)

and h = Lie H = (X7). Since h is 1-dimensional, then it is unimodular (x, = 0)
and Remark 2.7 ii) ensures that it admits semi-invariant volume forms. Moreover, we
have that x4 = X3, and thus Xglh = Xy = 0. Then, Corollary 2.8 ensures that G/H

«— <«

admits invariant volume forms characterized by ¢*v = AX? A X3, for any A € R*.
Note that in this example b is not an ideal of g and, therefore, G/H does not inherit a
natural Lie group structure.
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Example 2.11 (3-dimensional homogeneous space admitting semi-invariant but not
invariant volume forms) Consider the quotient G/ H, where G is the unique connected
and simply connected Lie group of dimension 4 with Lie algebra g given by

[X3, X4]g = — X3,

and therest of the brackets are zero, h = Lie H = (X4).Notethatg >~ R2xry, where ry
is the solvable (and not unimodular) Lie algebra of dimension 2. Again, the Lie algebra
b is not an ideal of g and therefore, G/ H does not inherits a natural Lie group structure.
In addition, since b is unimodular, we have that x, = 0 and by Remark 2.7 ii) the
homogeneous space G/H admits semi-invariant volume forms. However, in this case
Xg = X*and thus xq5 = X\4h # xp. By Corollary 2.8, G/H does not admit invariant
volume forms. Using Proposition 2.6, we can give an example of a semi-invariant
volume form as follows: take 6y = X*, which is a 1-cocycle extension of Xglh — Xp
andVy = AX'AX2AX3 € APH0. Thend®Vy = —6pAVo = AX'AXZAXIAXY £0.
The semi-invariant volume form is given by q*(i: e"%, where 0: G — R is the

unique multiplicative function on G satisfying X* = do.

3 Poisson-Lie groups and Poisson homogeneous spaces

A Poisson structure I1g on a Lie group G is multiplicative if and only if the mul-
tiplication G x G — G on G is a Poisson map, when on the product manifold
G x G we consider the standard product Poisson structure. In these conditions, I1g
is a Poisson—Lie structure on G. More generally, a k-vector field P € X*(G) is said
to be multiplicative if the equation

P(gh) = (Lg)«P(h) + (Rn)« P (g), (3.1

holds for any g, h € G. Since G is connected, a k-vector field P is multiplicative if
and only if P(e) = 0 and £<}7P is left-invariant, for every X € g. Moreover, if P and
Q are multiplicative multivector fields on a Lie group G, so is their Schouten bracket
[P, O] (see [18, 23]).

Given a multiplicative k-vector field, we have that P(e) = 0, e € G being the
identity element. This fact allows to define the map §p: g — Akg

<«
sp(X)=1[X, Pl(e), VX eg.

If P is multiplicative then ép is a 1-cocycle with respect to the adjoint representation
k .
ad”™'9 : g x AFg — AFgof g, that is,

$pIX, Y] = ad" ®(X)($pY) —ad9(Y)(5pX) VX,Y cg
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(see, for instance, [23]). Note that

<«
[X,P]l=46p(X).

Example 3.1 1.Let (G, I1;) be a Poisson—Lie group and X;IG = igs Il be the Hamil-

tonian vector field of a function f : G — R. If f is multiplicative, then, X l;IG isa

multiplicative vector field. In fact, since [1g(e) = 0, we have that X ?G (e) = 0 and if
X € gthen

LoxTe =i@(X ()6 +idf)LgTe.
Now, using that df is left-invariant, we deduce that

EYX?G =i(df)(0ngX) =i(df(e))(dnzX).

In particular,
(SX;[G X =i(0)87;X,

where 6 = df (e).

2.Ifr € Akg and P =5 — 7 then P is multiplicative and §p(X) = [X, r]. In
the particular case, when k = 2 and r induces a Poisson structure I1g, (G, [1g) is
called a coboundary Poisson—Lie group (see [18, 23]).

Given a Poisson—Lie group (G, 1), the Jacobi identity for the Poisson structure
[T implies that the dual morphism of §p;,
*HG = [, g+ : /\29* —g*

is a Lie bracket on g*. In other words, the pair ((g, [-, -1g), (g%, [, -1g%)) is a Lie
bialgebra. Conversely, if ((g, [+, -1g, (g, [-, ‘]g*)) is a Lie bialgebra and G is the
corresponding connected and simply-connected Lie group with Lie algebra (g, [-, -1¢),
then there exists a unique Poisson—Lie structure 1 on G such that the Lie bialgebra
associated with I1g is just

((g’ [" ']g)v (g*s ['1 ]g*))

In addition, there is a Lie algebra structure [-, -]ggg+ on g @ g* given by

[X1+61, Xa+E2lgagr = [X1, Xalg+@d® ), Xo—(@d® )}, X1 +1E1, &2lge +(ad®)k £2—(@d®)k, &1,

3.2)
for X; € gand & € g*. Here (ad®)* : g* x g — g and (ad®)* : g x g* — g* are
the coadjoint actions for (g, [+, -]5) and (g%, [, ‘1g+), respectively, i.e.

(@d9)EX (') = ([&, €]g-, X) and (ad®)}&(X") = — (&, [X, X']) (3.3)

(for more details, see [23, 26, 30]).
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Definition 3.2 Let (G, 1) be a Poisson-Lie group and H a closed subgroup of G. A
(G, M1 )-homogeneous Poisson structure IT is a Poisson bi-vector field on the quotient
space G /H such that the action

¢:(G.lg) x (G/H, M) - (G/H,I) ¢(g',gH) =g'¢H, Vg.g' €G,
(3.4)
is Poisson.

We have the following characterization of a homogeneous Poisson structure on G/ H
(see [10])).

Proposition 3.3 Let (G, 1) be a Poisson—Lie group and H a closed subgroup of G.
A bi-vector field T1 on G/H is a (G, I1g)-homogeneous Poisson structure if and only
if these two conditions are satisfied

i) TI(gH) = (¢g)«(I1(eH)) + ¢:T1G(g), Vg € G,
ii) lnn) is a Lie subalgebra of (9 & ¢*, [-, 1), where Iy is the Drinfeld
Lagrangian subalgebra associated to (G/H, 1), i.e. the subspace of g ® g*

em ={X+&|X eg, £ €’ igTl(eH) = x + b}, (3.5)

h0 being the annihilator of the Lie algebra b of H.

Note that, in the previous proposition, [T(eH) € NT,y(G/H) = A%(g/h) and
a/b = ().

In this paper, we will deal with a natural family of Poisson homogeneous spaces.

Definition 3.4 Given a Poisson-Lie group G and a closed Lie subgroup H, a Poisson
homogeneous space (G/H, IT) is called a coisotropic Poisson quotient if H is a
coisotropic submanifold of G, that is, the subset of functions which vanish on H is a
subalgebra of the Poisson algebra of functions on G induced by the Poisson structure
Ig.

Examples of this type of Poisson homogeneous spaces may be found in Sect.5. For
this kind of Poisson homogeneous spaces, we have the following characterization [23].

Proposition 3.5 Ler (G, I1g) be a Poisson—Lie group and H be a closed subgroup
of G, such that (G/H, 1) is a Poisson homogeneous space. Then, the following are
equivalent:

i) (G/H, 1) is a coisotropic Poisson quotient;
ii) q : (G,lg) — (G/H, 1) is a Poisson epimorphism;
iii) TI(eH) = 0,
v) B0 ={£ e g* | &y = 0} is a Lie subalgebra of (g*, [-, 1g+).

Remark 3.6 a) If G/H is a coisotropic Poisson quotient then [mep) = (X +§|X €
h.& eh’} =h@n’.

b) Given a Poisson homogeneous space (G/H, I1), if we further assume that ho is
an ideal in g*, then H is a Poisson submanifold of G. In such a case, H is called a
Poisson—-Lie subgroup of (G, I1g).
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4 Unimodularity and multiplicative unimodularity in coisotropic
Poisson homogeneous spaces

In this section, we will study the existence of semi-invariant volume forms on
coisotropic Poisson homogeneous spaces which are preserved by all the Hamiltonian
vector fields.

Given an orientable m-dimensional Poisson manifold (M, ), we denote by
Ham (M) the set of Hamiltonian vector fields. If we consider v € Q™ (M) a volume
form on it, the modular vector field associated to v is defined as the unique vector field
MT e X(M) such that

M (h) = div, (X)) 4.1

for Xj = iqpm € Hamy (M), div, (X} ) being the divergence of X with respect to
v, i.e.
div, (X])v = Lyrv. 4.2)

Note that if we consider other volume form v’, then there is a functiono : M — R
such that v’ = ¢%v and
T = M —n*(do), (4.3)
where 7 : T*M — TM is the vector bundle morphism induced by the Poisson
2-vector 7 (so, 7% (do) = X7).
In [9] (see also [17]), it was obtained that the expression of the modular vector field
of a Poisson—Lie group (G, 1) associated with a left invariant volume form v on

G (veA"g*,v#0and m = dim G) is

o1
M =3 (;‘a + X + ng@) : (4.4

Next, we will describe the modular class of a coisotropic Poisson quotient (G/H , IT).

Proposition 4.1 Let (G/H, 1) be a coisotropic Poisson quotient of the Poisson—Lie

group (G, Tlg) and v be a volume form on G/H such that g*v = e”%, with o :
G — R afunction on G, Vo € N" "0 and Vo # 0 as in Theorem 2.2. Then, there
is an element xyo of g which projects on xyo € (h")* = g/b, such that the modular
vector field /\/l‘l,_I € X(G/H) of (G/H, 1I) is given by

1
M =g, (—nﬁ;(da) +5 (x_g’ — Xgr + 250 + nﬁc(x—g))> . @5)

Here q : G — G/H is the quotient projection.

Proof Let{Y], ..., Y™ " abasis ofbO suchthatVy = Y'A.. AY™T . We complete it
toabasis {X', ..., X", Y, ..., Y" "} of g*. Denote by {X1, ..., Xn, Y1, ..., Yu_n}
the corresponding dual basis. In such a case, {X1, ..., X, } is a basis of h.

Then, the form v given by

~ 1 n
v=X A...ANX"Agq
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is a volume form on G.
If h € C*°(G/H), using (4.3) and (4.4), we have the relation

- 1 -
MG (o g)p = (—HnG(da) + 5(% + Xg+ + HﬁG(X_’g))> (hog)D. (4.6
On the other hand,

1_IG(hoq)V—C ngv = <£XnG(X A Y"))/\q*v

Xhoq hogq
+Xl/\.. (ﬁ Mg q v>
hoq
<«
=ZX1/\. (E ng X )/\ X”/\q*v
. hoq
1

FXTALLXT A (M) 0 g)gy)

where, in the last equality, we have used that, since G/H is a coisotropic Poisson
quotient, then ¢g: (G, Ilg) — (G/H, 1'[) is a Poisson map and q*(X Gy = XrI

Moreover, using that g*(dh) = Z/ hj Y J, with hj e C®(G),

hog

Z(ﬁ ne X (X))

hoq

—Z X(xpe . X

Z(ce Mo)(q*dh, X )+ZHG(£<—(Q (@), X'

—ZrSnG(X)(q*dh X )—Zh Sne(Xn(Y7, X7

i,j

—Zh v/, X'g- (X)—Zh (Xg*(Y7) = xgo(¥))

i,j
= (g — Xp0)(g*dh),

where xyo € g is an element which projects on xgo. Note that in the previous equality,
we have used that £)<F(q*(dh)) = 0 (this follows from g*(dh) is a g-basic 1-form

<«
and X; is a g-vertical vector field).
Therefore,

M (h o q)b = (Xg=(g*dh) — Fa(g*dh) + MI ) o)) D (4.7

Combining equations (4.6) and (4.7), we conclude that (4.5) holds.
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Remark 4.2 In [24, Lemma 4.13], it is shown that the modular vector field on G/H
<
for a volume form v, with ¢*v = ¢V, is given by!

1
M =g, (—ng(da) +3 (‘ﬁ + Xg- + n‘};(x—;))> , 4.8)

where x| € g is an element of g that satisfies that

xi(§) = xu(§) 4.9)

for all £ € hO.
Now, given a coisotropic Poisson homogeneous quotient (G/H, IT), the element

X(=—Xg*+2xp0 €9

satisfies (4.9). Here, xpo € g is an element which projects on xgo. Indeed, suppose
that {X;} is a basis on h and complete it to a basis on {X;, Y, } on g. We denote the dual
basis on g* by {X’, Y}. Therefore, [ = h ® b = (X;) ® (Y¥) and [* = h* @ (h°)* =
(X") & (Ya)-

Then, for any & € g*, we have that

Xg+(§) = Tradf = (adf X')(X) + (adf ¥*)(¥o). (4.10)
Furthermore, for any & € ho, using (3.2) and (3.3), we deduce

x1() = Tradl = (dLX) (X)) + (@dfY*)(Ye) = —(adf X')(X) + (adf Y*)(Vy)
= —xg* (&) +2df Y*)(Ya) = —xq(€) + 2x50(&).

Thus, (4.8) reduces to (4.5).

Theorem 4.3 If (G/H,II) is a unimodular coisotropic Poisson quotient, that is
./\/l‘l:[ = X? with F € C%®°(G/H), then §° is a unimodular Lie algebra.

Proof From equation (4.5), we have that MP(eH) = q*(xho), where we have
taken into account that I[1g(e) = 0. Now, by hypothesis, /\/lll,_I = X;[ for some

Fe C*°(G/H). Thus, since XFl:[(eH) = 0 (from the fact that TT(e H) = 0), it follows
that g4 (xgo) = 0 and thus xgo € h. By definition, xgo is an element which projects

~

onto xyo € (h%)* = g/b, from which we conclude that Xpo = 0.
If (G/H, I) is unimodular, the results above imply that

1
M =g, (—nﬁc(do)Jrz (x_g’ —>‘<,,7+H§;(X—;))). 4.11)

Motivated by this expression, we give the following definition.

! Note that Xg is Adg-invariant and thus X_)g = f@
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Definition 4.4 The vector field HI! of G

1
I = —MT5d0) + 5 (% — o + M5(0)) (4.12)

is called the horizontal modular vector field of (G/H, IT) associated to the volume

<
form v. Here o : G — Ris a function such that g*v = ¢° Vo and Vg € A" "h0, V) #
0.

Note that in the previous definition o is determined up to an additive constant. So, the
vector field HI! is the same for all the functions o.
Let us show some properties of the horizontal modular class.

Proposition 4.5 Given a semi-invariant volume form v on a coisotropic Poisson
quotient (G /H, I1), the horizontal modular vector field H‘l)_[ is a g-projectable multi-
plicative and Poisson vector field.

Proof From (4.11), it follows that HI! is g-projectable. On the other hand, in [9], it
also is shown that the vector field

1

3 (Xg* — X + 1 (Xg))

is multiplicative and Poisson. Thus, since o is multiplicative when v is a semi-invariant
form (see Theorem 2.5), we have that the vector field IT# ¢;(do) is multiplicative (see
Example 3.1) and Poisson. This implies that

1
il =3 (4 = Ja + M 0)) — M5 o)
also is a multiplicative and Poisson vector field. O

The previous proposition and the fact that the Schouten bracket preserves multi-
plicative multivector fields suggests to consider the sequence

Gl [T1
€ (6) 0L e (G) L 22

m
mult,bas mult, proj i(G) X

mult,proj i(G),
(4.13)

where Cmult bas (G) is the set of g-basic functions on G which are multiplicative and

Xmuh prOJ(G) is the set of multiplicative and projectable k-vector fields on G. Note
that the Schouten- Nijenhuis bracket of two projectable multivector fields is again
projectable. So, the sequence (4.13) defines a subcomplex of the Poisson cohomology
complex of (G, 1) introduced by Lichnerowicz [22] and of the projectable Poisson
cohomology associated with the Poisson submersion ¢ : (G, Ilg) — (G/H,II)
defined in [8].

A 1-cocycle for this subcomplex is a multiplicative and projectable Poisson vector
field. So, Proposition 4.5 implies that HSI is a 1-cocycle in this cohomology.

This motivates to introduce the following definition.
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Definition 4.6 Let (G, 1) be a Poisson-Lie group and H a closed Lie subgroup such
that (G/H, I) is a coisotropic Poisson quotient. (G /H, IT) is said to be multiplicative
unimodular if there exists a semi-invariant volume form v and a g-basic multiplicative
function i : G — R such that

H =X, (4.14)
or equivalently the cohomology class of HI' associated with the subcomplex
%kmuh,pmj(G) of the Poisson cohomology complex is zero.

Proposition 4.7 If (G/H, I1) is multiplicative unimodular with respect to a semi-
invariant volume form v and to a q-basic multiplicative function  then e "v is a
semi-invariant volume form and H?fﬁv =0, withfloq = .

Proof We have that
HI' = Xl (4.15)

e
Since v is semi-invariant, then ¢*v = ¢?)), where o is a multiplicative function
and Vo € A" "H0, V) #£ 0. Taking the volume form e v, we will show that it is
semi-invariant. Indeed, for g € G, the diagram

G/H ——~G/H

4

is commutative. Thus, since u is multiplicative, we deduce that

(Wopg)og=poLyg=pn+n(g =(@+nE)og

and therefore,
Hopg =i+ n(g).
This implies that
¢;(e—llv) — e—ﬁ0¢g¢;(\}) — o A8 0(9) ), — plo—1)(g) (e—ﬁv> )

So, using that u is a multiplicative function, so is 0 — u, and we can conclude that
e "v is semi-invariant. Note that

P
q*v — e(U—M)VO

and, thus
1
L, = Mo — ) + 5 (36— Fo + M6 () = 1 — X[l =0,

Here, we have used (4.5), (4.12) and (4.15).
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Next, we will prove an (almost) infinitesimal characterization of multiplicative
unimodular coisotropic Poisson quotient.

Theorem 4.8 Let (G, I1g) be a Poisson—Lie group and H a closed Lie subgroup
such that (G/H,I1) is a coisotropic Poisson quotient. (G/H, I1) is multiplicative
unimodular if and only if

i) 60 is unimodular.
ii) There exists Vo € A" "5, Vo # 0 and 6y € g* I-cocycle such that

d%Vy = —6y AV

and

1 . .
3 (X, xg*] — i(xg)dng (X)) +i(60)drz(X) =0, VX eg.
<« <«
iti) The closed left-invariant 1-form 6y is exact, that is 6y = do, witho: G — Ra
multiplicative function.

Proof Suppose that (G/H, IT) is multiplicative unimodular. Then, there is a semi-
invariant volume form v on G/H. From Proposition 2.6, g*v = e %, where o €
C*(G) is amultiplicative function, Vo € A" "%, Vo # 0,and d®Vy = —do (e) A V).
Thus, 0y = do(e) € g* is a 1-cocycle.

Following Proposition 4.7, we will can suppose that HI! = 0 without loss of
generality. Then i) follows using Theorem 4.3. Moreover, from Proposition 4.5, H,l)_l
is amultiplicative vector field and, therefore, the corresponding 1-cocycle 8an g—> 9
given by

Spn(X) = = (=X, xg*] + i (xg)dns (X)) — i(60)0n(X),  ¥X € g,

N =

vanishes, which proves ii).

Finally, since o is a multiplicative function and 6y = do (e), we have that (93 =do,
which implies iii).

Conversely, assume that i), ii) and iii) hold. Then, using ii), iii) and Proposition

2.6, there exists a semi-invariant volume form on G/H such that g*v = e"%.
On the other hand, if H! is the multiplicative vector field on G given by (4.12)
then the 1-cocycle 87{5 1g— gis

1 . .
Syn(X) = 7 (=X, xg*1+i(xg)dng (X)) —i(60)dmz(X), VX €g.
Thus, using ii), it follows that
5H9 (X) =0, VX eg (4.16)

and, as a consequence, Hll,_[ =0, i.e., (G/H, IT) is multiplicative unimodular. O
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Example 4.9 Consider the Example 2.9, in which G was any connected Lie group and
H = {e}.

Suppose that G/H = G is multiplicative unimodular. Then, using Theorem 4.8
and since h” = g*, we conclude that g* is unimodular. Conversely, assume that g* is
unimodular. Then, we take 6y = % Xg € g*. We have that 6 is a 1-cocycle. In fact, the
closed left-invariant form % is exact and <9_0 = %79 = %da, with o : G — R the
modular function on G, which is multiplicative. Thus, taking an arbitrary Vy € A" g*,
Vo # 0, we deduce that the conditions in Theorem 4.8 hold and G/H = G is
multiplicative unimodular.

Now, this is in agreement with the results presented in [17] for Poisson—Lie groups,
namely that a Poisson—Lie group G is unimodular iff g* is unimodular, since unimod-
ularity and multiplicative unimodularity are equivalent for Poisson-Lie groups (the
function for which the modular vector field is a Hamiltonian vector field is multiplica-
tive).

Example 4.10 (2-dimensional homogeneous space admitting invariant and semi-
invariant volumes) Consider the Example 2.10. We recall that g is given by

[X1, X2lg =0, [X1, X3]lg=X2, [X2,X3]g=—X>

and h = Lie H = (X1). Take a Lie bialgebra structure given by
dng(X1) =0, dng(X2) =0, dng(X3) = X1 A Xo,

or equivalently by

X1, X = X7, [X', Xlg =0, [X? X1 =0.
Itis easy to check that 6rj; ) C h A b, or equivalently [°, g C h0, and thus H is a
Poisson-Lie subgroup. We have that x4 = X3 and Xg+ = 0, while h0 = (X2, X3) is
unimodular. Taking 6y = x4 = X3 and Vy = A X2 A X3, we obtain that %)V = 0. To
prove that this Poisson quotient is multiplicative unimodular, we only have to show

that the second part of condition ii) from Theorem 4.8 is satisfied.
Now, since xg+ = 0 and 6y = x4, this condition holds.

Example 4.11 (3-dimensional homogeneous space admitting semi-invariant but not
invariant volume forms) Recall Example 2.11, where the Lie algebra g was given by

[X3, X4]g = — X3,

the rest of the brackets are zero and h = Lie H = (X4). Taking the Lie bialgebra
structure given by

Sng(X1) = X1AXa,  dng(X2) =0,  dng(X3) =XonX3,  dng(X4) =0,

or equivalently by
(X', X2lg = X', [X2, X = X°
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and the rest of the brackets are zero. Note that g* ~ r3(—1) x R, where r3(—1) is the
Bianchi VI Lie algebra (solvable and unimodular), which is isomorphic to p(1 4 1).
We have that 51, f C h A b, or equivalently [0, g g C h0, and thus H is a Poisson—
Lie subgroup. Condition i) from Theorem 4.8 is satisfied since h° = (X!, X%, X3) is
unimodular. Moreover, condition ii) is also satisfied taking 6y = x4 = X*#, since if
Vo=2X"AX2AX? e \?h0 thend®Vy = —xg A Vo # 0

5 Unimodularity and semisimple Lie group quotients of dimension
two

Let us now illustrate our results for Poisson homogeneous spaces corresponding to
Poisson—Lie groups actions of semisimple groups of dimension 3. In general, our
Theorems 4.3 and 4.8 are sufficient to prove that neither of the Poisson quotients
considered here are multiplicative unimodular. Furthermore, we indeed prove that
no Poisson quotient for these Lie groups are unimodular. In same cases (when the
annihilator of the isotropy algebra is not a unimodular Lie algebra) this last result may
be deduced directly from Theorem 4.3. However, in other cases, the proof involves
global computations at the Lie group level.

5.1 Poisson homogeneous spaces on 5>
Consider the Lie group G = SO(3), with Lie algebra g = s0(3) given by
[J1, 2lg = J3, [J2, J3]g = J1, [J3, Jilg = /2.
The group SO(3) is unimodular, and then the modular character of 50(3) is xs03) = 0
(see Remark 2.7). All Poisson—Lie structures on SO(3) are coboundary, i.e. they are

defined by a r-matrix solution of the modified classical Yang-Baxter equation. In this
particular case, there is only one infinite family of r-matrices given by

r=nJi A J, 5.1)

where n € R* is an essential parameter, i.e. if n # n’ then the Poisson—Lie structures
are not isomorphic. The associated one-parameter family of Lie bialgebras are defined
by the following cocommutator map

(J) =ninTs, () =nlanJ3,  8;(J3) =0,
or equivalently, the dual Lie algebra g* is
Pl =0, [P =0, A Plg =07

Therefore, the modular character g+ of g* is xg+ = —2nJ3.
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Table 1 The subgroup sphere and coisotropic sphere SO (3)-covariant Poisson homogeneous spaces con-
structed as quotients of SO (3) by different uniparametric subgroups

r=nJiAJn
Xg* = —2nJ3
[r,rlg #0

’ G/H = §2 = Subgroup sphere Xpo = 0, but not M.U. by Th. 4.8 ii)

h=(s), 0= 7% 50, g*]gx C H0 = H is a PL subgroup

’ G/H = 52 = Coisotropic sphere X0 # 0 = Not U. by Th. 4.3

h=), =23 59, g¥lgx & h0 = H is a coisotropic subgroup

In the first column, for each quotient we show its isotropy subalgebra h and its annihilator ho. In the second
column we show the most relevant features of its Poisson homogeneous structure: the modular character X0
stating if the structure is known not to be unimodular (U.) by Theorem 4.3 or not be multiplicative unimodular
(M.U.) by Theorem 4.8. In fact, in the case when H is only a coisotropic subgroup (the coisotropic sphere),
the Lie subalgebra ho is not unimodular and, thus, the Poisson homogeneous space is not unimodular by
Theorem 4.3. However, when F)O is not unimodular, that is, H is a Poisson—Lie (PL) subgroup, we need to
use Theorem 4.8 in order to prove that the Poisson homogeneous space is not multiplicative unimodular

In order to compute the associated Poisson—Lie structure for SO (3), we instead
work with its double cover SU (2). We can parametrize the Lie group SU (2) as

_J(xtiy—z+ir 2202442
SU(Z)_{<z+it x_l.y>|x,y,z,teR,x +y 47+t —1}. 5.2)

Using this coordinates, a straightforward computation shows that the coboundary
Poisson—Lie structure defined by (5.1) is given by

{x, v} = In@ +12), {x,2} = —3nyz, {x, 1} = —3nyt,

{v.2} = gnxz, v.t}=Lnxt, {z.1}=0.

We see that this Poisson structure is real, and it indeed defines a Poisson—Lie structure
on SO(3).

Consider the two different SO (3)-covariant Poisson homogeneous structures on
§2 = SO(3)/S! that are described as Poisson quotients in Table 1. For the first
of these structures, which we call subgroup sphere, the isotropy subgroup H is a
Poisson—Lie subgroup (or equivalently, h? is an ideal of g*), while for the second one
(the coisotropic sphere) h° is only a Lie subalgebra of g*. The Poisson cohomology
of these S O (3)-covariant Poisson structures on the sphere has been already computed
in [15, 29]. In particular, it was shown that neither of them are unimodular. Here we
present an alternative proof of this result.

In what follows, we will show that no Poisson quotient of S O (3) can be unimodular.
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In the coordinates given in (5.2) we have that

(5.3)

On the other hand, the modular characteres xs0(3) and xy are zero in both cases of
the subgroup sphere and of the coisotropic sphere. From Corollary 2.8, we have an

invariant volume form v.
Therefore, the vector field defined in (4.12) is given for this particular case by

1 a ad
IT — <
= — * — %) = — —_
H, 2()(9 Xg*) n( 3z +Zat)

For (SO (3)/S!, IT) to be unimodular, the modular vector field Mll;' € X(G/H),
deduced from v, must be a Hamiltonian vector field. We have that ./\/l,l)_[ is Hamiltonian

if and only if HI! is g-basic Hamiltonian, i.e. HI! = Hg;(du) for some g-basic
function & € C*°(G). We have that

% 2 au 0 du o ou 0 du o
n _r9 (C*C
G = <( ) (8)6 dy dyox T\ Bx 0z 9z ox

o o 8,u d o 0 au 0
+xz| —— — +xt| ——— ——
dy 0z 82 8y dy ot 0t dy

n 2 9 o o\ 0
=—| - t — 4 yt— | —
2< @+ )a MESFFIE a;)ax
n{ o o 0 ou ou\ 0
+2<(Z T T % )6y

n ou o\ o I au\ 0
+2Z< Yox TF 8y>8 +2< Yox "%y )ar

In particular, it must be
M5 (dp)(6) — 1 T (dp) (2) = ZHIN ) — rHD (2.
However, we have that
MG ) (@) — 1 TG dw) (@) =0 # (2 + 1) = 7HN@0) — 1] ().
Therefore, we have showed that H‘l;[ is not Hamiltonian for the Poisson—Lie structure

ITg on SO(3), and in particular, it is not a Hamiltonian vector field for any g-basic
function. Therefore, no Poisson quotient of SO (3)/S! can be unimodular.



8 Page 26 of 42 . Gutierrez-Sagredo et al.

5.2 Poisson homogeneous spaces for SL(2, R)

Let us now study the semisimple group G = SL(2, R), the matrix Lie group defined
by 2 x 2 matrices with determinant equal to one, i.e.

G=SL(2,R)={Cf)ecL(z,R)m—yz:l}. (5.4)

Three interesting quotients for SL(2, R), relevant for (1 4+ 1) dimensional gravity
(see [4]), are the Anti-de Sitter space (one-sheeted hyperboloid), the two-sheeted
hyperbolic space and the light cone. These three spaces are described as quotients
in the first column of Table 2, in which we have used two different basis for the Lie
algebra s[(2, R). The first one { Py, P>, J12}, used to describe the Anti-de Sitter and
hyperbolic spaces, reads

[P, Ji2lg=—P2, [P, Ji2lg=—P1, [P, P2lg=Ji2 (5.5)
while the second one {J, J_, J3}, which is used to construct the light cone, is given

by
3. Jlg =20y, [ Jlg=-20_. [Jp.J lg=1r. (56

In the following, we explicitly describe the Poisson-Lie structures on SL(2, R)
given in Table 2 and show that neither of the Poisson homogeneous spaces are unimod-
ular. We recall that all Poisson—Lie structures on semisimple Lie groups are coboundary
and therefore can be straightforwardly computed using the classical r-matrix. The
names hyperbolic, elliptic and parabolic for these r-matrices are the ones given in
[28].

5.2.1 Hyperbolic Poisson-Lie structure

The hyperbolic (also called standard or Drinfel’d-Jimbo) Poisson—Lie structure (first
column Table 2) is defined by the r-matrix

r=2nPiAPy=nJy NJ_, 8.7
where n € R — {0}. Its Lie bialgebra structure is given by
8(J12) =0, S§(P)=2nPiAJ, S(P)=2nPyNJ, (5.8)
or equivalently, by
(P, U2 =2pPY,  [P?, U2 =29P%,  [P!, PPy =0, (5.9)
in the basis (5.5), or by

8(J3) =0, 8(Jx) =nJx A J3, (5.10)
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or equivalently
(I3, JE e = —nJ®,  [JT, 071 =0, (5.11)

in the basis (5.6). From the explicit expressions of the dual Lie algebra (5.9) and (5.11),
using Theorem 4.3, we can see that the Poisson homogeneous structures on Hy X Zy
and L induced by this Poisson—Lie structure are not unimodular since xgo 7# 0, where
h = (J12). However, this is not enough for the first Poisson quotient, the 2-dimensional
anti-de Sitter space AdS> (note that this is the only one that is a Poisson quotient of
Poisson subgroup type). In order to prove that this Poisson quotient is not multiplicative
unimodular, we need to check that the infinitesimal characterization given in Theorem
4.8 ii) is not fulfilled, which can be easily seen since d9(AP' A P =0and 6y =0
is the only admissible cocycle on SL(2, R).

Not unimodular Poisson homogeneous spaces for the hyperbolic Poisson-Lie struc-
ture As we have just showed, Theorems 4.3 and 4.8 are sufficient to prove that none
of the Poisson quotients for the hyperbolic Poisson—Lie structure described in Table 2
are multiplicative unimodular. In order to complete the analysis of these examples, let
us show that no Poisson homogeneous space for the hyperbolic Poisson-Lie structure
is unimodular. In order to do that, similarly to the S O (3) case, the modular characters
Xsi2,R) and xy are zero and, from Corollary 2.8, we have an invariant volume form v
on G/H.
Suppose that the modular vector field Mll;[ € X(G/H), deduced from v, must be
a Hamiltonian vector field. We have that M is Hamiltonian if and only if H[! is
g-basic Hamiltonian, i.e. H,I} = I'IﬁG(d ) for some g-basic function u € C*®°(G).
Using the parametrization (5.4), the Poisson—Lie structure defined on SL(2, R) by
(5.7) reads
{x, v} =nxy, {x, 2} = nxz, {x, 1} = 2nyz,
(5.12)
{y.2} =0, Ay, 1} =nyt, {z,1} = nzr.

In addition, the modular character of the dual Lie algebra can be computed from (5.9)
and results in
Xgr = —4nJ12. (5.13)

The left- and right-vector fields associated to the modular character read

3 9 a9 3 3 a9

<« —

=2(-x—+y——z—+1t— ), =2(-x——-y—+z—+1t—), (5.14
Xg* n( Xty T ) Xg* n( Yo Yy Tl T az) (5.14)

and finally the multiplicative vector field ! reads

9 9
I1
=2 -y—+27—). 5.15
H, n( yay+zaz> (5.15)

In order for H,l,_[ to be Hamiltonian, it has to satisfy that

e du(f) = 1), (5.16)
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forsome u € C*°(G) and all f € C*°(G). In particular, using (5.12), (5.15) and (5.16)
with f = y, we have that

(p(x7 y9 th) = _2777 (517)

where we have written

o ou
SV 2 ) =X — . 5.18
o(x,y,2,1) X o (5.18)

However, from Hii;(du)(Z) = HI1(z) we have that

p(x,y,z,1) =2n. (5.19)

Therefore, these two equations cannot be simultaneously satisfied and thus ./\/l‘l,_[ is not
a Hamiltonian vector field. This proves that no Poisson quotient for the hyperbolic
Poisson—Lie structure (first column from Table 2) on SL(2, R) is unimodular.

5.2.2 Elliptic Poisson-Lie structure

We now consider the elliptic Poisson—Lie structure on SL(2, R) defined by the classical
r-matrix
r=2nJuAPy=nl3AN{Ur+J), (5.20)

where n € R — {0}. Using the basis (5.5) the Lie bialgebra structure on s1(2, R) reads
8(J12) =2nJia AP, 8(P1) =0, &(P)=—-2nP; A P, (5.21)
or equivalently its dual Lie algebra is given by
[P, P2y = —2¢P%, [P, 72 = —20J"2,  [P?, 7] =0. (5.22)
In terms of the basis (5.6), the Lie bialgebra cocycle takes the form

() =2nlsn Uy —J), U ==l AJ-,  8(J)=-2nJy NI,
(5.23)
or equivalently in terms of the dual Lie algebra

(3,0 g =2003,  [J3, 0 g = 2003, [JT, U 1g = —20(JT +J7).

(5.24)
Similarly to the previous examples, Theorem 4.3 directly guarantees that two of these
Poisson quotients, in this case the Anti-de Sitter space (one-sheeted hyperboloid) and
the light-cone, are not unimodular. In fact, from (5.9) and (5.11), we can see that in
these two cases xpo 7# 0.

It remains to prove that the two-sheeted hyperboloid H> x Z; is not multiplicative
unimodular (remarkably, this is again the only Poisson quotient of Poisson subgroup
type for this structure). In order to do so, we again check that the infinitesimal char-
acterization given in Theorem 4.8 ii) is not satisfied, since d®(AP> A J1?) = 0 and
6p = 0 is the only admissible cocycle on SL(2, R).
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Not unimodular Poisson homogeneous spaces for the elliptic Poisson-Lie structure
Similarly to the previous example, we finally show that there are no unimodular Poisson
homogeneous spaces for the elliptic Poisson—Lie structure. We have that xs;2,g) = 0
and xp = 0 and then there is an invariant volume form v on G/H (see Corollary 2.8).

The fundamental Poisson brackets for the elliptic Poisson—Lie structure defined by
(5.20) are given by

fx.y} = g<x<r—x)—y(y+z)>, {x.2) =g<x<x—t)+z(y+z>),
fx.1) = g<x —D(y—2). .z} = g<x +0( +2), (5.25)

{y.t} = g<—z(x —D 4y +2). (o) = g t(x—1) —2(y +2)).

The modular character of g* can be directly computed from (5.22) and reads
X = —4nPi, (5.26)
while the left- and right-invariant vector fields associated to it are given by
a ad ) ) ad a ad a
Yo =2ny— —x—4+t— —z— Xab=2n—-z2——t— +x—4+y— ).
Xt =AM\ Yoy Ty Tlar T ) X = Ty Ty T T VH

(5.27)
The multiplicative vector field ! is then given by

Ml = (—( D) (6 = D 4 (5 = D) +>3) (5.28)
A U P M P M T '

If we suppose that the modular vector field M!! is a Hamiltonian vector field, then
HITis also Hamitonian.
To show that H!! is not Hamiltonian we need to see that there is not a function

w: SL(2,R) — R such that HVH = HﬁG(d ). A simple computation shows that

H?;(du)(y +2) = —g(y +2p(x. vy, 2.0, HIy+2)=2nx—1), (529
and
I, (dp) (x — 1) = —g(x — DG,y 2.1, HMNx—1) = —2n(y+2), (5.30)

where

d d d 0
px,y,z,t) = (x+1) (8—5——5>+(y—z) <£+3_l;> (5.31)

Now, from (5.29) we have that

4x —1) = —px,y, 2,0 +2) (5.32)
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while from (5.30) we obtain
(x —De(x,y,z,t) =4 + 2). (5.33)

Therefore, these equations imply that ¢ (x, y, z, t)2 = —16, so it cannot exist a Hamil-
tonian function u for the vector field H},—[ and, as a consequence, for the modular vector
field ./\/llu_I It is important to remark that this argument shows that none of the three
Poisson quotients for the elliptic Poisson—Lie structure (second column from Table 2)
are unimodular as Poisson homogeneous spaces, not only that they are not multiplica-
tive unimodular.

5.2.3 Parabolic Poisson-Lie structure

Finally, consider the parabolic Poisson—Lie structure defined on SL(2, R) by the clas-
sical r-matrix

1
r=nJu AP+ P) = Ean A Jg, (5.34)

where n € R — {0}. In the basis (5.5), the Lie bialgebra cocycle reads
§(Ji2) =nJun(Pi+P),  §(P1)=nPiAPy,  8(P)=—-nPiAP, (535)
and the dual Lie algebra takes the form

[P, Py = (P = P?), [P URge = —nJ2, (P2 U = —nJ "%

Similarly, using the basis (5.6), we obtain the Lie bialgebra structure o0
8(J3) =nJs A Jg, 8(J4) =0, 8(Jo)=—ndps NI, (5.37)

and the dual Lie algebra
[P, e =03, [P, 07 1g =0, I, J 1g=—-nJ". (5.38)

Similarly to the previous cases, simply using Theorem 4.3, we can directly check
that the two coisotropic quotients, which in this case are the Anti-de Sitter space
(two-sheeted hypeboloid) and the one-sheeted hyperboloid are not unimodular since
Xgo # 0. Also, given that d9 ()»J3 A J7) = 0 and 8y = 0 is the only admissible
cocycle on SL(2, R), condition ii) from Theorem 4.8 is not satisfied, and thus this
last Poisson quotient L, (which is again the only Poisson quotient of Poisson subgroup
type for this structure) is not multiplicative unimodular.

Not unimodular Poisson homogeneous spaces for the parabolic Poisson-Lie struc-
ture To complete our analysis, we prove that again there are no unimodular Poisson
homogeneous spaces for the parabolic Poisson—Lie structure.

We have that x5 2,g) = 0 and xy = 0. Therefore, there is an invariant volume form
von G/H (see Corollary 2.8).



8 Page32o0f42 . Gutierrez-Sagredo et al.

We will show that the multiplicative vector field H!! is not a Hamiltonian vector
field.

For the coboundary Poisson—Lie structure defined by (5.34) the fundamental brack-
ets are given by

2

{xﬁy}zﬂ(_x(x_t)_yz)’ {.X,Z}: 7,

NSRS

{x,1} = -3 (x — 1)z, {y.2} =2(x+ 1)z, (5.39)
tt=3(—tx =0 +y2), fzt}=-12
From (5.36) or (5.37) we have that
Xge = —2nJ 4. (5.40)

Its left- and right-invariant vector fields are

a 9 a
%
S 9 Yo = -2 12 5.41
Xg n(xa +Z3t> n Z8x+ ) (5.41)

and therefore the multiplicative vector field H!! = § (xg+ — Xg+) reads

o G] G]
H, =n( za—+(x— )—+ZE) (5.42)

To see that there is not a function w: SL(2, R) — R such that HH = I"IIi dp), we
compute

M@ @ = Je0ry.2.0.  H@) =0, (5.43)
where we have written
9 a0
00, vz, 0) = () (2 R (5.44)
ay ax ot

Since HIiG(du)(z) = HP (z), we have that ¢(x, y, z, ) = 0. However, we have that
n
M dp)(x — 1) = 20 =D, ¥, 2,10, HY(x — 1) = =21z, (5.45)

and therefore H%(d wx —1t) # HEI (x —1),s0 HEI cannot be a Hamiltonian vector
field.

Some last comments regarding our examples on semi-simple groups are in order.
Firstly, we have shown that none of the Poisson quotients considered are unimodular.
We have done so by performing the explicit computation at the Lie group level and
showing that the multiplicative vector field Hll)_[ that projects to the modular vector
field on the quotient cannot be Hamiltonian, since in every case contradictions appear
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when trying to solve the associated system of PDEs, and therefore no Hamiltonian
function exists for H!!. Secondly, quite remarkably, in all these examples Theorem
4.3 allows to conclude that none of the the coisotropic quotients are unimodular, but
it fails to detect this feature when the quotient is of Poisson subgroup type, and thus
we need to use Theorem 4.8, which indeed is sufficient to infinitesimally check that
none of these Poisson quotients are multiplicative unimodular. Finally, we can end
this Section by summing up these results in the following theorem

Theorem 5.1 There are no unimodular coisotropic Poisson homogeneous spaces for
the groups SO (3) and SL(2, R).

6 Invariant volume forms for Hamiltonian systems on coisotropic
Poisson homogeneous spaces

As we have previously mentioned, an arbitrary Poisson manifold is unimodular if and
only if there exists a volume form which is preserved by all Hamiltonian vector fields
(see, for instance, [17]).

In the particular case of a connected Poisson-Lie group (G, IT) with unimodular
dual Lie algebra g*, from an arbitrary volume form on G, one can consider a new
volume form which is preserved by all Hamiltonian vector fields. A converse of this
result is given in [17] (see Theorem 3.7 in [17]) for a particular kind of Hamiltonian
functions: the Morse functions at the identity element of the Poisson—Lie group.

In this section we will analyze the relation between the preservation of volume
forms and the unimodularity of coisotropic Poisson homogeneous spaces. We will
show that in this case the relationship between these two notions is not as simple as
the one that exists in the Poisson-Lie group framework.

Let v be a volume form on a coisotropic Poisson homogeneous space (G/H, IT)
and i : G/H — R a Hamiltonian function. Then there is a function ¢ € C*°(G) and
Vo € A" h0 with Vg # 0 satisfying

and the conditions i) and ii) given in Theorem 2.2.
Now, let ¥ be a volume form on G /H which is preserved. Then, there is a function
7 : G/H — R such that b = ¢"v, and the preservation of the volume forms implies

0=Lyn(e™) = " (X @) + My = e* (= xT ) + M)y, (6.1
where MEI is the modular vector field of IT with respect to v. Then, using (4.11),

Proposition 3.5 and that ¢g* is an injective morphism, we deduce the following result

Proposition 6.1 Ler (G/H, I1) be a coisotropic Poisson homogeneous space and h :
G/H — R a Hamiltonian function. Then, the Hamiltonian vector field X };[ preserves
a volume form on G/H if and only if there exist a function t : G/H — R and a
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function o : G — R such that

g

1
X,wq(a+roq)+E(Tg*(hoq)—f;(hoq)—x—;(x,gg):0. (6.2)

In such a case, the preserved volume form v satisfies
- “~
q*(v) — e(O"‘r'L’OL])VO ,

with Vo € N9 such that the conditions i) and ii) (for o and Vo) from Theorem
2.2 hold.

Example 6.2 Consider the Poisson quotient H, x Z, corresponding to the elliptic
Poisson-Lie structure on SL(2, R) A(second row and second column from Table 2).
Consider the Hamiltonian function /2 : SL(2, R) — R given by

A 1 1
h=—(A, A) = ETr(A'A) = E(x2+y2+z2+t2). (6.3)
We have that / is g-basic since

56 1/ oh aﬁﬂaﬁ ah 0 64
= — _— = X— P G = U. .
! 2\Vax Ty T T Y

We recall that x4 = 0 and that, since SL(2, R) has an invariant volume form, the
function o0 : G — R on SL(2, R) in the equation (6.2) is the zero function.

On the other hand, using (5.27), we deduce
Xg- (h) = Xg=(h) = 0.

Therefore, from Proposition 6.1, we have that the Hamiltonian vector field X }1:[ pre-
serves the (invariant) volume form v, where h = hogand g : SL(2,R) — Hy X Z»
is the canonical projection.

Next, we will analyze the implications of the existence of a volume form which
is preserved by the Hamiltonian vector field for a particular kind of Hamiltonian
functions: the H-Morse functions at the identity element of the Poisson homogeneous
space.

Definition 6.3 Let G/H be a homogeneous space. A function 2 € C*°(G/H) is said
to be H-Morse at eH if

i) eH is a singular point of A, thatis, dh(eH) = 0.
ii) (Hess h)(eH) is nondegenerate, with (Hess h)(eH): g/h x g/bh — R the Hessian
of h at eH, i.e., the symmetric bilinear form on g/h given by

(Hess h)ew (X, Y) = X(V¥(h)),  X,Y €g/b = Tu(G/H), (6.5)

where VY € ¥(G/H) is an arbitrary vector field such that VY (eH) = Y.
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Note that in the particular case when H = {e}, that is, the homogeneous space is the
Lie group G, we recover the definition of a Morse function in G at e (see Definition
3.51n [17]).

Theorem 6.4 Let (G/H, I1) be a coisotropic Poisson homogeneous space and h €
C*®(G/H) a H-Morse function at e H. If there exists a volume form v on G /| H which
is preserved by X,?, ie. Exln v = 0, then §° is unimodular.

Proof From the preservation of v, and using (4.1) and (4.2), we deduce that ML—' (h) =
0.
From the definition of the Hessian, for any Y € g/h = T,(G/H), we obtain that

(Hess h)er (Y, M (eH)) = Y (M (h)) = 0. (6.6)

Using now that & is H-Morse at e H (and therefore its Hessian is non-degenerate at
eH), we obtain that M},—[(eH) = 0. From equation (4.5) and since I[1g(e) = 0, we
know that M?(eH) = ¢x(xpo) and thus xyo € h. But, xpo is the projection of xgo
via the dual map * : g — (§°)* of the inclusion ¢ : h” — g*. Thus, we conclude that
the condition xpo € b implies xpo = 0, i.e. h0 is unimodular.

In the particular case when H = {e} (that is, the Poisson homogeneous space
G/H is the Poisson-Lie group G ), we deduce that h* = g* is unimodular. So, G
is unimodular and we recover Theorem 3.7 in [17]. For the more general case of a
Poisson homogeneous space, the situation is more complicated. In fact, we will present
examples that show that the existence of a H-Morse function on a coisotropic Poisson
homogeneous space, with b unimodular, does not imply that the Poisson structure on
the quotient is unimodular.

Example 6.5 Recall the ‘subgroup sphere’ described in Table 1. As we have proved
above, this Poisson homogeneous space is not unimodular although h° is unimodular.
Consider the function

h:S03) > R

6.7)
(x.y.2.0) > (& +yH(E+ 1),
where x, v, z, t are coordinate function/s\ on SO (3) asin (5.2). In particular, the identity
element is e = (1, 0, 0, 0). Moreover, & is g-basic since
— . 1 oh  oh  dh  dh
J3h) == —y— — = — | =0, 6.8
3(h) 2( y8x+x3y BZ+Z31‘) ©8)

and therefore, it induces the function on the quotient 4 : $2~ S0(3)/S' — R, with
hog=h.
The Hamiltonian vector field of & preserves a volume form. In fact, from (5.3) and
that g is unimodular, we have
ah  oh
Xg-(hoq) — Xgw(hoq) — Xg(Xpl) = n( —ta +z5> =0. (6.9



8 Page 36 0f42 . Gutierrez-Sagredo et al.

Since SO (3) is semisimple, there are not non-trivial 1-cocycles and therefore o = 0
(see Remark 2.7). Taking T = 0 in (6.2) and using (6.9), we deduce that X }:[ preserves
a volumen form on G/H.

Moreover, h is H-Morse since

i) dh = 2((z2 + 2)(xdx + ydy) + (x* + y*)(zdz + tdt)), and then dh(e) = 0.
Thus, ¢*(dh(eH)) = 0. Since g* is injective, then dh(eH) = 0.
ii) Taking into account that T,z (SO (3)/S!) ~ (J1, J2), we have that

(Hess h)en (J1, J1) =1/2,

(Hess h)og (J1, J2) = (Hess h)egg (J2, J1) =0, (6.10)
(Hess h)en (J2, Jo) =1/2,

1.€.,

1/2 0
[(Hess h)er Iy 1) = ( - /2) 6.11)
and the Hessian is not degenerate at e H.

Next, we will present a higher dimensional example that shows that, even when the
dynamical system is completely integrable, the preservation of a global volume form
is by no means guaranteed.

Example 6.6 Consider the Lie group
G=SL(n,R)={AeGL(n,R)|detA =1} (6.12)
and the Poisson—Lie group structure given by the following fundamental brackets
faij. awy = (=D = (=D Dayay;. (6.13)

This Poisson—Lie group structure is the one associated to the standard or Drinfel’d-
Jimbo r-matrix (see [13] and references therein). In order to describe the dual Lie
algebra, let us introduce the non-degenerate bilinear form (-, -) : sl(n, R) xsl(n, R) —
R given by (A, B) = Tr(AB). This bilinear form allows us to identify sl(n, R)* =~
sl(n, R) as vector spaces, and the dual Lie algebra can therefore be described as
a second Lie bracket on sl(n, R) given by [A, B], = [RA, B] + [A, RB], where
R : sl(n, R) — sl(n, R) is the following map

—A if Aety
RA=10 if Aed , (6.14)
A if Aet_

where 0, t, t_ are the sets of diagonal, upper and lower triangular matrices with zero
trace, respectively.

Consider now the closed subgroup H = SO (n, R) and the homogeneous space
G/H=SL(n,R)/S0On, R). Note that for n = 2, this quotient corresponds to the one
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presented in the second row, first column of Table 2. In order to describe this quotient,
we decompose the semisimple Lie algebra sl(n, R) as sl(n,R) = 0P s P q (as a
vector space), where 0 are diagonal matrices with zero trace, while s, q are symmetric
and skew-symmetric matrices with zeroes at the main diagonal entries. We have that
dimd =n — 1, dims = "(" D and dim q= "(nz_l). Consider the basis of sl(n, R),
adapted to the quotient above given by

D; :=FE;j —Eiy1+1, 1=<i<n-—1,
Sij=Ej;+E;, 1<i<j<n,
Qij=Eij—Ej, 1=<i<j=<n,

where E;; is the n x n matrix with entries 1 in the position 7, j and O elsewhere. In
terms of this basis, the commutation relations of sl(n, R) read

[Qij, Oul =81 Qjk + 8k Qit — 31 Qik — dik Qi1
[Qijs Skil = =8i1Sjk + 8k Sit + 81Sik — 8ikSji1s

[Sij, Skl = 611 Q jk + 8k Qit + 851 Qik + 8ik Qi1
[Dr, Qij1 = (A — Aj)Sij,

[Dr, Sijl = (Ai — A;) Qij,

[Di, D] =0,

where A; are defined, for any diagonal matrix D = (di,...,dy), by A;(D) =
Ai(dy, ..., dy) = d;. Note that h = s0(n, R) = (Q;;).

Since both SL(n, R) and SO (n, R) are unimodular Lie groups, we know that there
exist invariant volume forms on SL (n, R) /S O (n, R) and they cannot be semi-invariant
(see Proposition 2.6 and Corollary 2.8).

In terms of this basis, the map (6.14) reads

R(Qij) = =Sij,  R(Sij) =—-0ij, RD;j)=0 (6.15)
and the dual Lie algebra is given by

[Qij, Okl = —[Sij, Oul — [Qij, Skl = 2(81 Sk — 81 Si),
[Sij, Qrile = —[Qij, Ol — [Sij, Skll = 2(8:1 Qkj — 8k Qit)»
[Sij, Skl = —[Qij, Skl — [Sij, Ol = 2(8i1Skj — 8k Sit)s
[Dk, Qijls = —[D, Sij1 = — (i — 1) Qij,

[Dy, Sijle = —[D, Qij] = —(Ai — 1;)S;j,
[Di, Djl« = 0.

Note that 7,(SL(n, R)/SO(n, R)) ~ h° ~ so(n, R)? ~ (D, Sij).
From these commutation relations, we can see that g = —23 /_ le =
—2(E11 — Eun), so the Poisson quotient (SL(n, R)/SO (n, R), IT) is not unimod-



8 Page 38o0f42 . Gutierrez-Sagredo et al.

ular by Theorem 4.3. Moreover, we have that
n—1
Xg* = _4ZDk = —4(E11 — Enn).

k=1

From this expression we can easily compute

. il in - _ 1i ni
=) () = (g )
i=1 i=l

and therefore the horizontal modular class of (SL(n, R)/SO (n, R), IT) associated to
an invariant volume form v is given by

1 ad a
n_ /= _ $—\ _ 1 _ 1
T =30~ xe) _4<a ain ¢ aa'“)
-1
_2" (alz 9 ail 9 _ . ni 9 in a )
dali dail dani dain

The Hamiltonian function

h: SL(n,R) -> R

A > Tr(AAT) = Z a?j (6.16)

I<i,j<n

on the Poisson—Lie group, defines the dynamics of the Toda lattice, a well-known
completely integrable system. The Hamiltonian vector field reads

. . d
I —k -
0= D) (=D == Daijanai 5.

1<i,j.k.l<n

The function / induces a Hamiltonizin function & : SL(n, R)/SO(n) — R on the
Poisson homogeneous space such that 7 = & o g. Note that

h(SO(n,R)) = h(Id,.,).

In order to see that the vector field X }? does not preserve any volume form, consider
the point
0 a 0
g=|-1 o0 0 € SL(n,R),
0 0 Idn —2,n—2
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with a € R — {0}, and write

X9 =Y (D" = (=D Dayjauay
1<j.,k,l<n
+ Y (D= (D) T Dayjanay
1<j.k,l<n
+ ) (DT = (=) Dagana
15;,?(,31511
= (D" = (=) = (=1’ - (—1)1—1)13
a

+Y (=D = (=D)THa}), =0,

i>3

and thus g is a singular point of X}?G.
Moreover, we have that

n—1
Hll;[(h) — 4<2((a1n)2 _ (anl)2) _ Z(ali)z _ (ail)z _ (ani)Z + (ain)2>’

i=2

and thus
1 4 5
(H, (M) (g) = —a—z(a + D@+ D@ —1),

so,foranya ¢ {—1, 1}, (H‘l)—[ (h))(g) # 0. Therefore, the equality (6.2) is not possible
for any function T on SL(n, R)/SO (n, R).

In conclusion, we have that the Toda lattice Hamiltonian (6.16) (which is a well-
known completely integrable system) projects on SL(n, R)/SO(n, R). Its projection
is the Hamiltonian vector field X ¢ (which is a direct consequence of Proposition
3.5) but, from Proposition 6.1, this last dynamics does not preserve any volume form
on the Poisson homogeneous space (SL(n, R)/SO (n, R), IT).

In Examples 2.11 and 4.11, we presented the infinitesimal description of a Poisson
homogeneous space which admits semi-invariant but not invariant volume forms and,
in addition, the Poisson structure is multiplicative unimodular.

Next, we will give a global description of the Poisson homogeneous space and,
moreover, we will see that a compartmental epidemiological model (see [3]) is Hamil-
tonian with respect to this Poisson structure. Then, it is clear that the dynamics
preserves a semi-invariant volume form and we will obtain an explicit description
of such a volume form.

Example 6.7 Consider the dynamical system defined by

l=1-x!, =x'—1-x3 =i (6.17)
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Since x1 + x2 + x3 = 0, this is a compartmental model and therefore it admits a
Hamiltonian description (see [3]), with Hamiltonian function given by

h =x1 +x + x3. (6.18)

Now, we will see that this system can be described in terms of the multiplicative
unimodular Poisson Hamiltonian system given in Example 4.11.

We can parameterise the Lie group G associated to the Lie algebra g given in
Example 2.11 using exponential coordinates of the second kind as

G = exp(xle) exp(szz) exp(x3X3) exp(x4X4). (6.19)
In terms of these coordinates, the group multiplication reads
a2 63, oy 33 v = ey a2 yh 2 ey x4yt (6.20)
From here, the left-invariant vector vector fields can be directly computed

<~ o0 <~ ad
x 2 X3TC g Xasga 02D

Following a standard integration procedure (see [30]), it can be shown that the Poisson—
Lie structure which integrates the Lie bialgebra given in Example 4.11 reads

{XI, x2} = X1 — 17 {xls x3} = 01 {x27 x3} = X3, {x47 } =0. (622)

In Example 4.11 it was proved that G/H, where h = Lie H = (X4), is a Poisson
quotient. The Poisson structure may be explicitly described as follows

{X], x2} =X] — 17 {xla -x3} = 01 {x23x3} = X3. (623)

We can recover the compartmental model (6.17) by means of this Poisson structure
(6.23) and the Hamiltonian function (6.18)

=y =1-—x!,
2= =x"—1-x3, (6.24)

B =(h ) =x.

Therefore, this dynamical system preserves a semi-invariant volume form. This volume
<—
form is given by ¢*v = ¢V, with Vo = X' A X2 A X3 and o : G — R such that
<—
do = X*. The left-invariant one-forms on G are given by

4

X2=dx2, X3=eead,  X4=dxt (6.25)
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and therefore 0 = x* and ¢*v = dx' A dx? A dx3. The Hamiltonian vector field for
the system (6.17) reads

a a 0
m_ 1 1 3 3
Xh —(1—)6)@4‘()6 —l—x)m-i-x a—x3, (626)

and it is clear that Lyn (dx' ANdx? Adx?) = d(iyn (dx" Adx? Adx3)) =0, so the

semi-invariant volume form dx!' A dx? A dx3 is preserved.
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