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Abstract
In this paper, we introduce a notion of multiplicative unimodularity for a coisotropic
Poisson homogeneous space. Then, we discuss the unimodularity and the multiplica-
tive unimodularity for these spaces and the existence of an invariant volume form for
explicit Hamiltonian systems on such spaces. Several interesting examples illustrating
the theoretical results are also presented.
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1 Introduction

1.1 Invariant volume forms for Hamiltonian systems on Poisson–Lie groups

When studying a dynamical system X ∈ X(M) on a manifold M of dimension n, it is
natural to look for conserved quantities to study its integrability. For instance, if there
is a family { f1, . . . , fn−1} of independent first integrals (X( fi ) = 0) then it is possible
to obtain the orbits of X . A different possibility is to look, not only for first integrals,
but also for an invariant volume form�: if there exist { f1, . . . , fn−2} independent first
integrals, the existence of such a volume form guarantees that the dynamical system
can be integrated by quadratures (see, for instance, [20]).

In the special case of a Hamiltonian system on a symplectic manifold of dimension
2n, there exists the notion of Liouville integrability. The system is Liouville integrable
if one can find n functionally independent first integrals which are Poisson commuting
(i.e., they are in involution with respect to the Poisson bracket). On the other hand,
with respect to invariant volume forms, Liouville’s theorem states that the flow of the
Hamiltonian vector field on a symplectic manifold preserves the symplectic volume
(see, for instance, [1, 2]).

More generally,when thedynamical system isHamiltonianwith respect to aPoisson
structure (not necessarily symplectic), Liouville’s theorem can be applied if we restrict
to the symplectic leaves and consider the symplectic structures on them. However, in
general, the symplectic foliation is hard to compute, and thus it is difficult to obtain
invariant volume forms on the leaves. Taking this into account it seemsmore reasonable
to look for an invariant volume form on the whole manifold.

Now, given an orientable Poissonmanifold (M,�), themodular class is a first order
cohomology class in the Poisson cohomology complex of M defined by a Poisson
vector field, which measures the existence of an invariant volume form for the flows
of all Hamiltonian vector fields (see [31]). If themodular class vanishes then (M,�) is
said to be unimodular. By the aforementioned Liouville’s theorem, the modular class
of a symplectic manifold is zero.

Using that Lie algebroids are the dual objects to linear Poisson structures on a vector
bundle, one can also define the modular class of a Lie algebroid [9, 31]. In fact, the
relation between the unimodularity of a Lie algebroid and the existence of invariant
volume forms for the hamiltonian dynamics on the dual bundle was discussed in [25].
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More recently, in [17], we studied the existence of invariant volume forms for
Hamiltonian systems on Poisson–Lie groups. Recall that a Poisson–Lie group is a Lie
group G endowed with a Poisson structure such that the multiplication is a Poisson
map [10]. Poisson–Lie groups are in one-to-one correspondence with the so-called
Lie bialgebras (g, g∗), which are compatible pairs of Lie algebras in duality. In [9]
it has been given a description of the modular vector field of a Poisson–Lie group G
with respect to a left-invariant volume form using the modular character of the dual
Lie algebra of G. From this description, in [17] we proved the following result:

Given a Hamiltonian function h on a Lie group G endowed with a unimodular
Poisson–Lie structure �G (that is, the dual Lie algebra of G is unimodular), then the
Hamiltonian vector field of h, X�G

h , preserves a multiple of any left-invariant volume
form on G. Conversely, if the identity element of G is a nondegenerate singularity
of a Hamiltonian function h and X�G

h preserves a volume form then the Poisson–Lie
structure �G is unimodular.

As a consequence, we recovered a result in [21] about the relation between the
unimodularity of a Lie algebra g and the preservation of a volume form by the flow
associated with a Hamiltonian function of kinetic type on the dual space g∗.

Modular classes have also been introduced and studied for more general objects as
skew algebroids [16] and the dual objects of the latter: linear almost Poisson structures
on vector bundles (see [12]). In fact, in [12] the relation between the unimodulatity
of a linear almost Poisson structure and the existence of invariant volume forms for
nonholonomic mechanical systems was also discussed.

1.2 Poisson homogeneous spaces

An important class of Poisson manifolds related to Poisson–Lie groups is that of Pois-
son homogeneous spaces, which were introduced by Drinfeld [11] as semi-classical
limits of homogeneous spaces of quantumgroups.Given aPoisson–Lie group (G,�G)

and a closed Lie subgroup H , a homogeneous Poisson structure on G/H is a Poisson
structure � on G/H such that the natural transitive action

(G,�G) × (G/H ,�) → (G/H ,�),

(g1, g2H) �→ g1g2H ,

is a Poisson map.
In this paper, we are interested in a particular class of Poisson homogeneous spaces,

namely coisotropic Poisson quotients. For these spaces, the canonical projection q :
(G,�G) → (G/H ,�) is a Poisson epimorphism or, equivalently, the annihilator h0

of the Lie algebra h of H is a Lie subalgebra of the dual Lie algebra g∗.
Coisotropic Poisson quotients play a special role in the description of integrable

systems, such as the Toda lattice (see [14] and the references therein). In addition, we
remark the following facts:

(i) The explicit description of the symplectic leaves for a Poisson homogeneous space
and the symplectic structure on them may be hard (see [19]).
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(ii) Similarly to Poisson–Lie groups, a Poisson homogeneous space is integrable and
a symplectic groupoid G(G/H) integrating G/H may be constructed (see [7]; see
also [5, 6]).However, the dimension ofG(G/H) is 2 dim(G/H) and the integration
is not always explicit.

1.3 Aim and contributions of the paper

The aim of this paper is to discuss the existence of a volume formwhich is invariant for
a Hamiltonian system on a coisotropic Poisson homogeneous space. For this purpose,
one could apply Liouville Theorem to: (i) the restriction of the Hamiltonian system
to the symplectic leaves of the homogeneous Poisson structure or (ii) the natural
extension of the Hamiltonian system to the symplectic groupoid G(G/H) integrating
G/H . However, for reasons (i) and (ii) in Sect. 1.2, it seems reasonable to study the
problem directly in the Poisson homogeneous space G/H . In fact, we will discuss the
relation between the existence of a volume form on the whole homogeneous space
G/H which is invariant for the Hamiltonian system and the unimodularity of the
associated Lie algebras g, g∗ and h0, extending the results of our previous paper [17].

A difference, which first arises when dealing with a homogeneous space, is that
there is not a natural choice for a volume form, as opposed to the Lie group case,
where one may choose left (or right)-invariant volume forms. Now, given a volume
form ν on a homogeneous space M = G/H then

q∗ν = eσ ←−V0,

where σ ∈ C∞(G) is such that σ(e) = 0, V0 = (q∗ν)(e) ∈ ∧toph0 and
←−V0 is the

left-invariant form on G, whose value at the identity element is V0. In this situation,
there are natural compatibility conditions between V0 and dσ(e) involving the Lie
algebra cohomology and the modular characters χg and χh of g and h, respectively.

In this paper, we are interested in a particular class of volume forms on G/H , the
so-called semi-invariant volume forms [27], for which the function σ is multiplicative.
Note that ifσ identically vanishes, then the volume form is invariant under the transitive
G-action.

Now, let G/H be a coisotropic Poisson homogeneous space with Poisson structure
�. Then, we prove (Proposition 4.1) that the modular vector field of � with respect
to ν is given by

M�
ν = q∗

(
−�

�
G(dσ) + 1

2

(−→χg∗ − ←−χg∗ + 2←−xh0 + �
�
G(−→χg)

))
,

where �#
G : T ∗G → TG is the vector bundle morphism associated with the

Poisson–Lie structure on G, −→χg∗ (respectively, −→χg) is the right-invariant vector field
(respectively, 1-form) on G whose value at the identity element is χg∗ ∈ g (respec-
tively, χg ∈ g∗), ←−χg∗ is the left-invariant vector field on G whose value at the identity
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element of G is χg∗ ∈ g, and ←−xh0 is any left-invariant vector field on G whose value
xh0 at the identity element projects on the modular character χh0 ∈ (h0)∗ ∼= g/h of
h0.

From this expression, it is clear that if the volume form ν is semi-invariant (i.e.,
σ is multiplicative) and h0 is unimodular or, in other words, when the coisotropic
homogeneous Poisson structure is multiplicative unimodular (Definition 4.6), then
the modular class is the q-projection of the vector field on G given by

H�
ν = −�

�
G(dσ) + 1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

)
,

which is not only a Poisson vector field but also multiplicative. In fact, one of the main
results of our paper is to characterize infinitesimally when this situation happens.More
precisely, the main contributions of the paper are:

• We describe the nature of an arbitrary volume form on G/H in terms of some
geometric objects in the Lie group G (Theorem 2.2) and we apply this result to
the case when the volume form is semi-invariant (Theorem 2.5). In particular, we
characterize infinitesimally when a homogeneous space admits a semi-invariant
volume form (Proposition 2.6).

• We prove that for a unimodular coisotropic Poisson quotient, the Lie algebra h0 is
unimodular (Theorem 4.3).

• We obtain an infinitesimal characterization of the multiplicative unimodularity
(Theorem 4.8).

• We prove a version, for the more general case of a coisotropic Poisson quotient,
of the main result in [17] for Poisson–Lie groups (see Sect. 1.1 for the result in
[17]). Namely, if the Hamiltonian system induced by a H -Morse function at eH
on a coisotropic Poisson homogeneous space G/H preserves a volume form then
h0 is unimodular (Theorem 6.4).

• Throughout the paper, several interesting examples illustrating the theoretical
results are presented. In particular: (a) we prove that there do not exist any Poisson
homogeneous spaces for SO(3) and SL(2,R) which is unimodular (Sect. 5); (b)
on the non-unimodular coisotropic homogeneous Poisson space S2 ∼= SO(3)/S1,
we present a Hamiltonian system with H -Morse Hamiltonian function which
preserves a SO(3)-invariant volume form (Example 6.5); (c) we prove that
the Toda lattice Hamiltonian system on the coisotropic homogeneous quotient
SL(n,R)/SO(n) does not preserve a volume form on the homogeneous space
(Example 6.6) and (d)we exhibit aHamiltonian system (a compartmental epidemi-
ological model [3]) on a multiplicative unimodular coisotropic Poisson quotient,
which does not admit invariant volume forms for the transitive action associated
with the homogeneous space (Example 6.7).
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1.4 Organization of the paper

The paper is organized as follows.We first describe, in Sect. 2, (semi-invariant) volume
forms on a homogeneous space G/H and characterize them in terms of geometric
objects in the Lie group G.

In Sect. 3, we recall the notion of a Poisson–Lie group and a Poisson homogeneous
space, describing the infinitesimal objectswhich characterize them.Then, inSect. 4,we
prove that for a unimodular coisotropic Poisson quotient (G/H ,�), theLie subalgebra
h0 is unimodular and we obtain an infinitesimal characterization of the multiplicative
unimodularity.

In Sect. 5, we discuss the unimodularity of coisotropic Poisson quotients of the
Poisson–Lie groups SO(3) and SL(2,R).

Finally, in Sect. 6, we analyze the relation between the unimodularity of coisotropic
Poisson homogeneous spaces and the preservation of volume forms for Hamiltonian
systems on such spaces, showing that the relationship is not as simple as the one for
Poisson–Lie groups. We also present several examples illustrating the previous fact.

Assumption: All Lie groups considered in this paper are connected.

2 Volume forms on homogeneous spaces

In this section, we will study volume forms on homogeneous spaces and characterize
them in terms of functions on the Lie group associated with the homogeneous space.

Let G be a connected Lie group with Lie algebra g, dim G = m, and H be a
closed Lie subgroup of G with Lie algebra h, dim H = n. Let us denote by φ :
G ×G/H → G/H the transitive action of G on G/H induced by the group structure
on G, q : G → G/H the quotient projection, h0 the annihilator of the Lie algebra h
and e the indentity element of G.

If ν is a volume form on the homogeneous space M = G/H then

(q∗ν)(g) 
= 0, ∀g ∈ G. (2.1)

On the other hand, as q∗ν is a q-basic form, it follows that

(
i←−
X

(q∗ν)
)

(g) = 0, ∀X ∈ h, (2.2)

where
←−
X is the left-invariant vector field associated with X . Therefore, V0 =

(q∗ν)(e) ∈ ∧m−nh0, V0 
= 0, and, from (2.1) and (2.2), we deduce that

q∗ν = f
←−V0,

with f ∈ C∞(G), f (g) 
= 0, for any g ∈ G and f (e) = 1. Here
←−V0 is the left-

invariant (m − n)-form on G associated with V0. As G is connected, we may suppose
that f (g) > 0, for all g ∈ G, that is f = eσ , where σ ∈ C∞(G) such that σ(e) = 0.
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Thus, we can write
q∗ν = eσ ←−V0.

We will describe in the next results the properties which are satisfied by σ and V0.
Along the paper, χg will denote the modular character of the Lie algebra g. We

recall that χg ∈ g∗ is the trace of the adjoint action adg : g×g → g. If {Xα} is a basis
of g with dual basis {Xα} then

χg = Cβ
αβX

α,

where Cγ
αβ are the structure constants of g.

Lemma 2.1 Let g be a Lie algebra and h be a Lie subalgebra, such that dim g = m
and dim h = n. If V0 ∈ ∧m−nh0 and V0 
= 0, then

dgV0 = −θ0 ∧ V0,

where θ0 ∈ g∗ satisfies
(θ0)|h = χg|h − χh,

χg|h being the restriction of χg to h and dg the algebraic differential of g.
In addition, if dgV0 = −θ ′

0 ∧ V0 with θ ′
0 ∈ g∗ then

(θ ′
0)|h = (θ0)|h.

Conversely, if there is an element θ ′
0 of g∗ such that (θ ′

0)|h = (θ0)|h, then dgV0 =
−θ ′

0 ∧ V0.

Proof Using that V0 
= 0, it follows that

V0 = Y 1 ∧ . . . ∧ Ym−n,

where Y 1, . . . ,Ym−n ∈ h0. It is clear that {Y 1, . . . ,Ym−n} are linearly independent
and we can consider a basis of g∗ of the form

{X1, . . . , Xn,Y 1, . . . ,Ym−n}.

Let {X1, . . . , Xn,Y1, . . . ,Ym−n} be the dual basis on g. Since {X1, . . . , Xn} is a basis
of h and V0 ∈ ∧m−nh0, it follows that

dgV0(Z0, Z1, . . . , Zm−n) = 0, if Zi , Z j ∈ h, with i 
= j .

This implies that

dgV0 =
(∑

i

(dgV0)(Xi ,Y1, . . . ,Ym−n)X
i
)

∧ V0. (2.3)
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So, we can take θ0 = −
∑
i

(dgV0)(Xi ,Y1, . . . ,Ym−n)X
i ∈ g∗ and we must prove

that
−

( ∑
i

(dgV0)(Xi ,Y1, . . . ,Ym−n)X
i
)

|h = χg|h − χh.

Now, it follows that

(dgV0)(Xi ,Y1, . . . ,Ym−n) =
∑
j

(−1) jV0([Xi ,Y j ],Y1, . . . , Ŷ j , . . . ,Ym−n)

= −
∑
j

V0(Y1, . . . , [Xi ,Y j ], . . . ,Ym−n)

= −
∑
j

Y j ([Xi ,Y j ]) = − (
χg(Xi ) − χh(Xi )

)
,

where we have used that V0(Y1, . . . ,Ym−n) = 1 and the definition of dg. Thus, from
(2.3), we deduce that

dgV0 = −θ0 ∧ V0,

with θ0(Xi ) = χg(Xi ) − χh(Xi ), for all Xi ∈ h.
In addition, if we consider another θ ′

0 ∈ g∗ such that

dgV0 = −θ ′
0 ∧ V0

then, since V0 ∈ ∧m−nh0, it is clear that θ0 ∧ V0 = θ ′
0 ∧ V0 if and only if (θ ′

0)|h =
(θ0)|h = χg|h − χh.

Now, we can describe the volume forms on the homogeneous space M = G/H .

Theorem 2.2 Let ν be a (m − n)-form on the homogeneous space M = G/H and
q : G → G/H be the canonical projection. If ν is a volume form on G/H then there
is a function σ ∈ C∞(G) and V0 ∈ ∧m−nh0 such that

q∗ν = eσ ←−V0, (2.4)

with

i) σ(e) = 0,
←−
X (σ ) = X(σ ), for all X ∈ h, and dσ(e)|h = χg|h − χh;

ii) V0 
= 0 and dgV0 = −dσ(e) ∧ V0.

Conversely, if σ ∈ C∞(G) and V0 ∈ ∧m−nh0, satisfy i) and ii) then there exists a
unique volume form ν on G/H which is characterized by condition (2.4).

Proof If ν is a volume form on G/H , we have already seen that

q∗ν = eσ ←−V0,

where σ ∈ C∞(G), σ (e) = 0 and V0 ∈ ∧m−nh0,V0 
= 0.
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Moreover,

0 = q∗(dν) = d(q∗ν) = eσ (dσ ∧ ←−V0 + ←−−
dgV0).

Thus, we have that
←−−
dgV0 = −dσ ∧ ←−V0. In particular,

dgV0 = −dσ(e) ∧ V0.

Therefore, from Lemma 2.1, we obtain that

dσ(e)|h = χg|h − χh.

In addition, using that eσ ←−V0 is a q-basic form, we have that, for every X ∈ h,

0 = L←−
X

(eσ ←−V0) = eσ
(←−
X (σ )

←−V0 + L←−
X

←−V0

)
.

This implies that ←−
X (σ )

←−V0 = −L←−
X

←−V0, ∀X ∈ h.

So,
←−
X (σ )

←−V0 must be a left-invariant (m − n)-form and, thus,
←−
X (σ ) is constant.

Conversely, suppose that σ ∈ C∞(G) and V0 ∈ ∧m−nh0 satisfy i) and ii). Then,

we can consider the (m − n)-form on G given by eσ ←−V0. We must prove that eσ ←−V0 is
q-basic, that is,

i←−
X

(eσ ←−V0) = 0 and L←−
X

(eσ ←−V0) = 0, ∀X ∈ h. (2.5)

The first equation is trivial because V0 ∈ ∧m−nh0, X ∈ h and i←−
X

←−V0 = ←−−
iXV0 = 0.

On the other hand, using the hypotheses i) and ii),

L←−
X

(eσ ←−V0) = i←−
X

(d(eσ ←−V0)) = i←−
X

(eσ (dσ ∧ ←−V0 + ←−−
dgV0))

= i←−
X

(eσ (dσ ∧ ←−V0 − ←−−−
dσ(e) ∧ ←−V0)) = eσ (X(σ )

←−V0 − X(σ )
←−V0) = 0.

Since both equations in (2.5) hold, we deduce that there exists a unique (m − n)-

form ν on G/H such that q∗ν = eσ ←−V0. Finally, using that eσ(g)←−V0(g) 
= 0, for any
g ∈ G, and the fact that q∗ is an injective morphism, we conclude that ν is a volume
form on G/H .

Next, we recall a natural kind of volume forms on homogeneous spaces.

Definition 2.3 ([27]) Let G be a connected Lie group of dimension m and H be a
closed Lie subgroup of G of dimension n. A volume form ν on G/H is said to be
semi-invariant if

φ∗
gν = c(g)ν, ∀g ∈ G,

with c : G → R
+ a smooth function, where φ : G × G/H → G/H is the transitive

action of G on G/H . If c(g) = 1, for all g ∈ G, then ν is G-invariant.
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Remark 2.4 Note that, from Definition 2.3, it is deduced that c : G → (R+, ·) is a Lie
group morphism, when we consider the multiplicative structure of R+, that is,

c(gh) = c(g)c(h), ∀g, h ∈ G.

Indeed,

c(gh)ν(gh) = φ∗
ghν(e) = φ∗

h(φ
∗
gν(e)) = φ∗

h(c(g)ν(g)) = c(g)c(h)ν(gh).

So, c(gh) = c(g)c(h).Note that if we consider the function γ : G → R characterized
by c = eγ , then

γ (gh) = γ (g) + γ (h),

i.e., γ is a multiplicative function.

Using the description of volume forms obtained in Theorem 2.2 and the previous
remark, we can characterize semi-invariant volume forms.

Theorem 2.5 Avolume form ν on the homogeneous space M = G/H is semi-invariant
if and only if the function σ : G → R associated with ν (deduced from Theorem 2.2)
is multiplicative.

Proof If φ : G × G/H → G/H is the transitive action of G on G/H , g ∈ G, and
Lg : G → G is the left-translation by g ∈ G, it follows thatφg◦q = q◦Lg . Therefore,
using that q∗ is an injective morphism, we deduce that

φ∗
gν = c(g)ν, ∀g ∈ G,

if and only if
c(g)q∗ν = q∗(φ∗

gν) = L∗
g(q

∗ν), ∀g ∈ G,

or, equivalently,

c(g)(eσ ←−V0) = eσ◦Lg
←−V0, ∀g ∈ G. (2.6)

Therefore, since V0 
= 0, (2.6) holds if and only if

σ ◦ Lg = σ + log(c(g)), ∀g ∈ G. (2.7)

But, using that σ(e) = 0, we conclude that (2.7) is equivalent to

σ(g) = log(c(g)).

Consequently, c is a Lie group morphism if and only if σ is multiplicative.

These previous results allow us to characterize whether a homogeneous space admits
semi-invariant volume forms.
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Proposition 2.6 The homogeneous space M = G/H admits a semi-invariant volume
form if and only if the 1-cocycle χg|h − χh on h admits a 1-cocycle extension θ0 to

g and the closed left-invariant 1-form
←−
θ0 on G is exact. Moreover, in such a case, a

semi-invariant volume form ν on M is characterized by the condition q∗ν = eσ ←−V0 ,
where σ : G → R is the unique multiplicative function on G satisfying

←−
θ0 = dσ and

V0 ∈ ∧m−nh0, V0 
= 0 and dgV0 = −dσ(e) ∧ V0.

Proof If ν is a semi-invariant volume form then, using Theorems 2.2 and 2.5, there is
a multiplicative function σ ∈ C∞(G) such that

q∗ν = eσ ←−V0,

withV0 ∈ ∧m−nh0 and dσ(e)|h = χg|h−χh. Now, it is enough to take θ0 = dσ(e). In

this case, θ0|h = χg|h −χh and
←−
θ0 = dσ . Note that the last equality is a consequence

of the fact that σ is multiplicative.
Conversely, from the hypothesis, there is a unique multiplicative function σ ∈

C∞(G) such that
←−
θ0 = dσ and

dσ(e)|h = χg|h − χh.

Using that σ is multiplicative, we have σ(e) = 0 and
←−
X (σ ) = X(σ ). Let V0 ∈

∧m−nh0 such that V0 
= 0, then (see Lemma 2.1) there is θ ′
0 ∈ g∗ such that

dgV0 = −θ ′
0 ∧ V0

and θ0′|h = χg|h − χh. Since θ0′|h = dσ(e)|h then (see Lemma 2.1)

dgV0 = −dσ(e) ∧ V0.

Now, using Theorem 2.2, there is a unique volume form ν on G/H such that

q∗ν = eσ ←−V0.

Since σ is multiplicative (see Proposition 2.5) then ν is semi-invariant.

Remark 2.7 i) If g = [g, g] (for instance, if g is semisimple) there are not non-trivial
1-cocycles and, in particular, χg = 0. If, additionally, h is not unimodular then the
homogeneous space M = G/H does not admit semi-invariant volume forms.

ii) If h is unimodular then the homogeneous space M = G/H admits semi-
invariant volume forms. In fact, the 1-cocycle χg is an extension of χg|h and←−χg = d(log(det Ad)).

iii) Note that if the first de Rham cohomology group of G vanishes (for instance,
when the Lie group G is connected and simply-connected), any 1-cocycle θ0 can
be integrated to a multiplicative function σ : G → R.
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Corollary 2.8 Let M = G/H be a homogeneous space. Then, the following conditions
are equivalent:

i) M admits an invariant volume form.
ii) There exists V0 ∈ ∧m−nh0, V0 
= 0 and dgV0 = 0.
iii) The restriction of χg to h coincides with χh.

Moreover, if ii) holds then an invariant volume form ν on G/H is characterized by

the condition q∗ν = ←−V0 .

Proof Using Theorem 2.2, we deduce that the homogeneous spaceM admits a volume
form ν if and only if there exist σ ∈ C∞(G) and V0 ∈ ∧m−nh0 which satisfy i) and

ii) in Theorem 2.2. In such a case, q∗ν = eσ ←−V0.
Now, if φ : G × G/H → G/H is the transitive action of G on G/H and L : G ×

G → G is the action of G on itself by left-translations, we have that

q∗(φ∗
gν) = L∗

g(q
∗ν), ∀g ∈ G.

So, using that q∗ is an injective morphism, it follows that ν is G-invariant if and only
if q∗ν is G-invariant.

To prove that i) is equivalent to ii), we must show that q∗ν = eσ ←−V0 is G-invariant
if and only if σ identically vanishes. But, if g ∈ G then

L∗
g(e

σ ←−V0) = e(σ◦Lg)
←−V0 .

Therefore, eσ ←−V0 is G-invariant if and only if σ ◦ Lg = σ , for any g ∈ G. Since

σ(e) = 0, we conclude that eσ ←−V0 is G-invariant if and only σ identically vanishes.
Finally, let us prove that ii) is equivalent to iii). The result directly follows from

Lemma 2.1, since θ0 ∧ V0 = 0 if and only if θ0 ∈ h0.

Example 2.9 Let G be any connected Lie group and H = {e}. Since h is unimodular
then, by Remark 2.7 ii), G/H � G always admits semi-invariant volume forms.
Indeed, by Corollary 2.8, G/H admits invariant volume forms. Note that a volume
form ν on G/H ∼= G is invariant with respect to the homogeneous action if and only
if ν is left-invariant on G.

Example 2.10 (2-dimensional homogeneous space admitting invariant and semi-
invariant volume forms) Consider the quotientG/H , whereG is the unique connected
and simply connected Lie group with Lie algebra g given by

[X1, X2]g = 0, [X1, X3]g = X2, [X2, X3]g = −X2, (2.8)

and h = Lie H = 〈X1〉. Since h is 1-dimensional, then it is unimodular (χh = 0)
and Remark 2.7 ii) ensures that it admits semi-invariant volume forms. Moreover, we
have that χg = X3, and thus χg|h = χh = 0. Then, Corollary 2.8 ensures that G/H

admits invariant volume forms characterized by q∗ν = λ
←−
X2 ∧ ←−

X3, for any λ ∈ R
+.

Note that in this example h is not an ideal of g and, therefore, G/H does not inherit a
natural Lie group structure.
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Example 2.11 (3-dimensional homogeneous space admitting semi-invariant but not
invariant volume forms) Consider the quotientG/H , whereG is the unique connected
and simply connected Lie group of dimension 4 with Lie algebra g given by

[X3, X4]g = −X3,

and the rest of the brackets are zero,h = Lie H = 〈X4〉.Note thatg � R
2×r2,where r2

is the solvable (and not unimodular) Lie algebra of dimension 2. Again, the Lie algebra
h is not an ideal of g and therefore,G/H does not inherits a natural Lie group structure.
In addition, since h is unimodular, we have that χh = 0 and by Remark 2.7 ii) the
homogeneous space G/H admits semi-invariant volume forms. However, in this case
χg = X4 and thus χg|h = X4

|h 
= χh. By Corollary 2.8, G/H does not admit invariant
volume forms. Using Proposition 2.6, we can give an example of a semi-invariant
volume form as follows: take θ0 = X4, which is a 1-cocycle extension of χg|h − χh

andV0 = λX1∧X2∧X3 ∈ ∧3 h0. Then dgV0 = −θ0∧V0 = λX1∧X2∧X3∧X4 
= 0.

The semi-invariant volume form is given by q∗ν = eσ ←−V0, where σ : G → R is the

unique multiplicative function on G satisfying
←−
X4 = dσ .

3 Poisson–Lie groups and Poisson homogeneous spaces

A Poisson structure �G on a Lie group G is multiplicative if and only if the mul-
tiplication G × G → G on G is a Poisson map, when on the product manifold
G × G we consider the standard product Poisson structure. In these conditions, �G

is a Poisson–Lie structure on G. More generally, a k-vector field P ∈ Xk(G) is said
to be multiplicative if the equation

P(gh) = (Lg)∗P(h) + (Rh)∗P(g), (3.1)

holds for any g, h ∈ G. Since G is connected, a k-vector field P is multiplicative if
and only if P(e) = 0 and L←−

X
P is left-invariant, for every X ∈ g. Moreover, if P and

Q are multiplicative multivector fields on a Lie group G, so is their Schouten bracket
[P, Q] (see [18, 23]).

Given a multiplicative k-vector field, we have that P(e) = 0, e ∈ G being the
identity element. This fact allows to define the map δP : g → ∧kg

δP (X) = [←−X , P](e), ∀X ∈ g.

If P is multiplicative then δP is a 1-cocycle with respect to the adjoint representation
ad∧kg : g × ∧kg → ∧kg of g, that is,

δP [X ,Y ] = ad∧kg(X)(δPY ) − ad∧kg(Y )(δP X) ∀X ,Y ∈ g
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(see, for instance, [23]). Note that

[←−X , P] = ←−−−
δP (X).

Example 3.1 1. Let (G,�G) be a Poisson–Lie group and X�G
f = id f �G be theHamil-

tonian vector field of a function f : G → R. If f is multiplicative, then, X�G
f is a

multiplicative vector field. In fact, since �G(e) = 0, we have that X�G
f (e) = 0 and if

X ∈ g then
L←−

X
X�G

f = i(d(
←−
X ( f )))�G + i(d f )L←−

X
�G .

Now, using that d f is left-invariant, we deduce that

L←−
X
X�G

f = i(d f )(
←−−−
δ�G X) = i(d f (e))(δ�G X).

In particular,
δ
X

�G
f

X = i(θ)δπG X ,

where θ = d f (e).
2. If r ∈ ∧kg and P = ←−r − −→r then P is multiplicative and δP (X) = [X , r ]. In

the particular case, when k = 2 and r induces a Poisson structure �G , (G,�G) is
called a coboundary Poisson–Lie group (see [18, 23]).

Given a Poisson–Lie group (G,�G), the Jacobi identity for the Poisson structure
�G implies that the dual morphism of δ�G ,

δ∗
�G

= [·, ·]g∗ : ∧2g∗ → g∗

is a Lie bracket on g∗. In other words, the pair ((g, [·, ·]g), (g∗, [·, ·]g∗)) is a Lie
bialgebra. Conversely, if ((g, [·, ·]g, (g∗, [·, ·]g∗)) is a Lie bialgebra and G is the
corresponding connected and simply-connected Lie groupwith Lie algebra (g, [·, ·]g),
then there exists a unique Poisson–Lie structure �G on G such that the Lie bialgebra
associated with �G is just

((g, [·, ·]g), (g∗, [·, ·]g∗)).

In addition, there is a Lie algebra structure [·, ·]g⊕g∗ on g ⊕ g∗ given by

[X1+ξ1, X2+ξ2]g⊕g∗ = [X1, X2]g+(adg
∗
)∗ξ1 X2−(adg

∗
)∗ξ2 X1+[ξ1, ξ2]g∗+(adg)∗X1

ξ2−(adg)∗X2
ξ1,

(3.2)
for Xi ∈ g and ξi ∈ g∗. Here (adg

∗
)∗ : g∗ × g → g and (adg)∗ : g × g∗ → g∗ are

the coadjoint actions for (g, [·, ·]g) and (g∗, [·, ·]g∗), respectively, i.e.

(adg
∗
)∗ξ X(ξ ′) = 〈[ξ ′, ξ ]g∗ , X〉 and (adg)∗Xξ(X ′) = −〈ξ, [X , X ′]g〉 (3.3)

(for more details, see [23, 26, 30]).
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Definition 3.2 Let (G,�G) be a Poisson–Lie group and H a closed subgroup of G. A
(G,�G)-homogeneous Poisson structure� is a Poisson bi-vector field on the quotient
space G/H such that the action

φ : (G,�G) × (G/H ,�) → (G/H ,�) φ(g′, gH) = g′gH , ∀g, g′ ∈ G,

(3.4)
is Poisson.

We have the following characterization of a homogeneous Poisson structure on G/H
(see [10]).

Proposition 3.3 Let (G,�G) be a Poisson–Lie group and H a closed subgroup of G.
A bi-vector field � on G/H is a (G,�G)-homogeneous Poisson structure if and only
if these two conditions are satisfied

i) �(gH) = (φg)∗(�(eH)) + q∗�G(g), ∀g ∈ G,
ii) l�(eH) is a Lie subalgebra of (g ⊕ g∗, [·, ·]), where l�(eH) is the Drinfeld

Lagrangian subalgebra associated to (G/H ,�), i.e. the subspace of g ⊕ g∗

l�(eH) = {X + ξ | X ∈ g, ξ ∈ h0, iξ�(eH) = x + h}, (3.5)

h0 being the annihilator of the Lie algebra h of H.

Note that, in the previous proposition, �(eH) ∈ ∧2TeH (G/H) ∼= ∧2(g/h) and
g/h ∼= (h0)∗.

In this paper, we will deal with a natural family of Poisson homogeneous spaces.

Definition 3.4 Given a Poisson–Lie group G and a closed Lie subgroup H , a Poisson
homogeneous space (G/H ,�) is called a coisotropic Poisson quotient if H is a
coisotropic submanifold of G, that is, the subset of functions which vanish on H is a
subalgebra of the Poisson algebra of functions on G induced by the Poisson structure
�G .

Examples of this type of Poisson homogeneous spaces may be found in Sect. 5. For
this kind of Poisson homogeneous spaces, we have the following characterization [23].

Proposition 3.5 Let (G,�G) be a Poisson–Lie group and H be a closed subgroup
of G, such that (G/H ,�) is a Poisson homogeneous space. Then, the following are
equivalent:

i) (G/H ,�) is a coisotropic Poisson quotient;
ii) q : (G,�G) → (G/H ,�) is a Poisson epimorphism;
iii) �(eH) = 0;
iv) h0 = {ξ ∈ g∗ | ξ|h = 0} is a Lie subalgebra of (g∗, [·, ·]g∗).

Remark 3.6 a) If G/H is a coisotropic Poisson quotient then l�(eH) = {X + ξ | X ∈
h, ξ ∈ h0} ∼= h ⊕ h0.

b) Given a Poisson homogeneous space (G/H ,�), if we further assume that h0 is
an ideal in g∗, then H is a Poisson submanifold of G. In such a case, H is called a
Poisson–Lie subgroup of (G,�G).
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4 Unimodularity andmultiplicative unimodularity in coisotropic
Poisson homogeneous spaces

In this section, we will study the existence of semi-invariant volume forms on
coisotropic Poisson homogeneous spaces which are preserved by all the Hamiltonian
vector fields.

Given an orientable m-dimensional Poisson manifold (M, π), we denote by
Hamπ (M) the set of Hamiltonian vector fields. If we consider ν ∈ �m(M) a volume
form on it, themodular vector field associated to ν is defined as the unique vector field
Mπ

ν ∈ X(M) such that
Mπ

ν (h) = divν(X
π
h ) (4.1)

for Xπ
h = idhπ ∈ Hamπ (M), divν(Xπ

h ) being the divergence of Xπ
h with respect to

ν, i.e.
divν(X

π
h )ν = LXπ

h
ν. (4.2)

Note that if we consider other volume form ν′, then there is a function σ : M → R

such that ν′ = eσ ν and
Mπ

ν′ = Mπ
ν − π�(dσ), (4.3)

where π# : T ∗M → T M is the vector bundle morphism induced by the Poisson
2-vector π (so, π#(dσ) = Xπ

σ ).
In [9] (see also [17]), it was obtained that the expression of the modular vector field

of a Poisson–Lie group (G,�G) associated with a left invariant volume form νl on
G (ν ∈ ∧mg∗, ν 
= 0 and m = dimG) is

M�G
νl

= 1

2

(←−χg∗ + −→χg∗ + �
�
G(−→χg)

)
. (4.4)

Next, we will describe the modular class of a coisotropic Poisson quotient (G/H ,�).

Proposition 4.1 Let (G/H ,�) be a coisotropic Poisson quotient of the Poisson–Lie

group (G,�G) and ν be a volume form on G/H such that q∗ν = eσ ←−V0 , with σ :
G → R a function on G, V0 ∈ ∧m−nh0 and V0 
= 0 as in Theorem 2.2. Then, there
is an element xh0 of g which projects on χh0 ∈ (h0)∗ ∼= g/h, such that the modular
vector field M�

ν ∈ X(G/H) of (G/H ,�) is given by

M�
ν = q∗

(
−�

�
G(dσ) + 1

2

(−→χg∗ − ←−χg∗ + 2←−xh0 + �
�
G(−→χg)

))
. (4.5)

Here q : G → G/H is the quotient projection.

Proof Let {Y 1, . . . ,Ym−n} a basis ofh0 such thatV0 = Y 1∧. . .∧Ym−n .Wecomplete it
to a basis {X1, . . . , Xn,Y 1, . . . ,Ym−n} of g∗.Denote by {X1, . . . , Xn,Y1, . . . ,Ym−n}
the corresponding dual basis. In such a case, {X1, . . . , Xn} is a basis of h.

Then, the form ν̃ given by

ν̃ = ←−
X 1 ∧ . . . ∧ ←−

X n ∧ q∗ν = eσ ←−
X 1 ∧ . . . ∧ ←−

X n ∧ ←−V0
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is a volume form on G.
If h ∈ C∞(G/H), using (4.3) and (4.4), we have the relation

M�G
ν̃

(h ◦ q)ν̃ =
(

−�
�
G(dσ) + 1

2
(←−χg∗ + −→χg∗ + �

�
G(−→χg))

)
(h ◦ q) ν̃. (4.6)

On the other hand,

M�G
ν̃

(h ◦ q)ν̃ = L
X

�G
h◦q

ν̃ =
(
L
X

�G
h◦q

(
←−
X 1 ∧ . . .

←−
X n)

)
∧ q∗ν

+←−
X 1 ∧ . . .

←−
X n ∧

(
L
X

�G
h◦q

q∗ν
)

=
∑
i

←−
X 1 ∧ . . . ∧

(
L
X

�G
h◦q

←−
X i

)
∧ . . .

←−
X n ∧ q∗ν

+←−
X 1 ∧ . . .

←−
X n ∧ (

(M�
ν (h) ◦ q)q∗ν

)
,

where, in the last equality, we have used that, since G/H is a coisotropic Poisson
quotient, then q : (G,�G) → (G/H ,�) is a Poisson map and q∗(X�G

h◦q) = X�
h .

Moreover, using that q∗(dh) = ∑
j h j

←−
Y j , with h j ∈ C∞(G),

∑
i

(L
X

�G
h◦q

←−
X i )(

←−
X i ) = −

∑
i

←−
X i ([X�G

h◦q ,
←−
X i ])

=
∑
i

(L←−
X i

�G)(q∗dh,
←−
X i ) +

∑
i

�G(L←−
Xi

(q∗(dh)),
←−
Xi )

=
∑
i

←−−−−−
δ�G (Xi )(q

∗dh,
←−
X i ) =

∑
i, j

h j
←−−−−−
δ�G (Xi )(

←−
Y j ,

←−
X i )

=
∑
i, j

h j [Y j , Xi ]g∗(Xi ) =
∑
j

h j (χg∗(Y j ) − xh0(Y j ))

= (←−χg∗ − ←−xh0)(q∗dh),

where xh0 ∈ g is an element which projects on χh0 . Note that in the previous equality,
we have used that L←−

Xi
(q∗(dh)) = 0 (this follows from q∗(dh) is a q-basic 1-form

and
←−
Xi is a q-vertical vector field).

Therefore,

M�G
ν̃

(h ◦ q)ν̃ = (←−χg∗(q∗dh) − ←−xh0(q∗dh) + (M�
ν (h) ◦ q)

)
ν̃. (4.7)

Combining equations (4.6) and (4.7), we conclude that (4.5) holds.
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Remark 4.2 In [24, Lemma 4.13], it is shown that the modular vector field on G/H

for a volume form ν, with q∗ν = eσ ←−V0, is given by1

M�
ν = q∗

(
−�

�
G(dσ) + 1

2

(←−xl + −→χg∗ + �
�
G(−→χg)

))
, (4.8)

where xl ∈ g is an element of g that satisfies that

xl(ξ) = χl(ξ) (4.9)

for all ξ ∈ h0.
Now, given a coisotropic Poisson homogeneous quotient (G/H ,�), the element

xl = −χg∗ + 2xh0 ∈ g

satisfies (4.9). Here, χh0 ∈ g is an element which projects on χh0 . Indeed, suppose
that {Xi } is a basis on h and complete it to a basis on {Xi ,Yα} on g. We denote the dual
basis on g∗ by {Xi ,Y α}. Therefore, l = h⊕h0 = 〈Xi 〉⊕ 〈Y α〉 and l∗ = h∗ ⊕ (h0)∗ =
〈Xi 〉 ⊕ 〈Yα〉.

Then, for any ξ ∈ g∗, we have that

χg∗(ξ) = Tr adg
∗

ξ = (adg
∗

ξ Xi )(Xi ) + (adg
∗

ξ Y α)(Yα). (4.10)

Furthermore, for any ξ ∈ h0, using (3.2) and (3.3), we deduce

χl(ξ) = Tr adlξ = (adlξ Xi )(X
i ) + (adlξY

α)(Yα) = −(adg
∗

ξ Xi )(Xi ) + (adg
∗

ξ Y α)(Yα)

= −χg∗(ξ) + 2(adg
∗

ξ Y α)(Yα) = −χg∗(ξ) + 2xh0(ξ).

Thus, (4.8) reduces to (4.5).

Theorem 4.3 If (G/H ,�) is a unimodular coisotropic Poisson quotient, that is
M�

ν = X�

F̂
with F̂ ∈ C∞(G/H), then h0 is a unimodular Lie algebra.

Proof From equation (4.5), we have that M�
ν (eH) = q∗(xh0), where we have

taken into account that �G(e) = 0. Now, by hypothesis, M�
ν = X�

F̂
for some

F̂ ∈ C∞(G/H). Thus, since X�

F̂
(eH) = 0 (from the fact that �(eH) = 0), it follows

that q∗(xh0) = 0 and thus xh0 ∈ h. By definition, xh0 is an element which projects
onto χh0 ∈ (h0)∗ ∼= g/h, from which we conclude that χh0 = 0.

If (G/H ,�) is unimodular, the results above imply that

M�
ν = q∗

(
−�

�
G(dσ) + 1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

))
. (4.11)

Motivated by this expression, we give the following definition.

1 Note that χg is AdG -invariant and thus −→χg = ←−χg.
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Definition 4.4 The vector field H�
ν of G

H�
ν = −�

�
G(dσ) + 1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

)
, (4.12)

is called the horizontal modular vector field of (G/H ,�) associated to the volume
form ν.Here σ : G → R is a function such that q∗ν = eσ ←−V0 and V0 ∈ ∧m−nh0,V0 
=
0.

Note that in the previous definition σ is determined up to an additive constant. So, the
vector field H�

ν is the same for all the functions σ.

Let us show some properties of the horizontal modular class.

Proposition 4.5 Given a semi-invariant volume form ν on a coisotropic Poisson
quotient (G/H ,�), the horizontal modular vector fieldH�

ν is a q-projectable multi-
plicative and Poisson vector field.

Proof From (4.11), it follows that H�
ν is q-projectable. On the other hand, in [9], it

also is shown that the vector field

1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

)

is multiplicative and Poisson. Thus, since σ is multiplicativewhen ν is a semi-invariant
form (see Theorem 2.5), we have that the vector field �#

G(dσ) is multiplicative (see
Example 3.1) and Poisson. This implies that

H�
ν = 1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

)
− �

�
G(dσ)

also is a multiplicative and Poisson vector field. ��
The previous proposition and the fact that the Schouten bracket preserves multi-

plicative multivector fields suggests to consider the sequence

C∞
mult,bas(G)

[�G ,·]
Xmult,proj(G)

[�G ,·]
X2
mult,proj(G) ... Xm

mult,proj(G),

(4.13)
where C∞

mult,bas(G) is the set of q-basic functions on G which are multiplicative and

Xk
mult,proj(G) is the set of multiplicative and projectable k-vector fields on G. Note

that the Schouten-Nijenhuis bracket of two projectable multivector fields is again
projectable. So, the sequence (4.13) defines a subcomplex of the Poisson cohomology
complex of (G,�G) introduced by Lichnerowicz [22] and of the projectable Poisson
cohomology associated with the Poisson submersion q : (G,�G) → (G/H ,�)

defined in [8].
A 1-cocycle for this subcomplex is a multiplicative and projectable Poisson vector

field. So, Proposition 4.5 implies that H�
ν is a 1-cocycle in this cohomology.

This motivates to introduce the following definition.
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Definition 4.6 Let (G,�G) be a Poisson–Lie group and H a closed Lie subgroup such
that (G/H ,�) is a coisotropic Poisson quotient. (G/H ,�) is said to bemultiplicative
unimodular if there exists a semi-invariant volume form ν and a q-basic multiplicative
function μ : G → R such that

H�
ν = X�G

μ , (4.14)

or equivalently the cohomology class of H�
ν associated with the subcomplex

Xk
mult,proj(G) of the Poisson cohomology complex is zero.

Proposition 4.7 If (G/H ,�) is multiplicative unimodular with respect to a semi-
invariant volume form ν and to a q-basic multiplicative function μ then e−μ̂ν is a
semi-invariant volume form and H�

e−μ̂ν
= 0, with μ̂ ◦ q = μ.

Proof We have that
H�

ν = X�G
μ . (4.15)

Since ν is semi-invariant, then q∗ν = eσ ←−V0, where σ is a multiplicative function
and V0 ∈ ∧m−nh0, V0 
= 0. Taking the volume form e−μ̂ν, we will show that it is
semi-invariant. Indeed, for g ∈ G, the diagram

G
Lg

q

G
μ

q

R

G/H
φg

G/H
μ̂

is commutative. Thus, since μ is multiplicative, we deduce that

(μ̂ ◦ φg) ◦ q = μ ◦ Lg = μ + μ(g) = (μ̂ + μ(g)) ◦ q

and therefore,
μ̂ ◦ φg = μ̂ + μ(g).

This implies that

φ∗
g(e

−μ̂ν) = e−μ̂◦φgφ∗
g(ν) = e−μ̂−μ(g)eσ(g)ν = e(σ−μ)(g)

(
e−μ̂ν

)
.

So, using that μ is a multiplicative function, so is σ − μ, and we can conclude that
e−μ̂ν is semi-invariant. Note that

q∗ν = e(σ−μ)←−V0

and, thus

H�

e−μ̂ν
= −�

�
G(d(σ − μ)) + 1

2

(−→χg∗ − ←−χg∗ + �
�
G(−→χg)

)
= H�

ν − X�G
μ = 0.

Here, we have used (4.5), (4.12) and (4.15).
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Next, we will prove an (almost) infinitesimal characterization of multiplicative
unimodular coisotropic Poisson quotient.

Theorem 4.8 Let (G,�G) be a Poisson–Lie group and H a closed Lie subgroup
such that (G/H ,�) is a coisotropic Poisson quotient. (G/H ,�) is multiplicative
unimodular if and only if

i) h0 is unimodular.
ii) There exists V0 ∈ ∧m−nh0, V0 
= 0 and θ0 ∈ g∗ 1-cocycle such that

dgV0 = −θ0 ∧ V0

and
1

2

([X , χg∗ ] − i(χg)δ�G (X)
) + i(θ0)δ�G (X) = 0, ∀X ∈ g.

iii) The closed left-invariant 1-form
←−
θ0 is exact, that is

←−
θ0 = dσ , with σ : G → R a

multiplicative function.

Proof Suppose that (G/H ,�) is multiplicative unimodular. Then, there is a semi-

invariant volume form ν on G/H . From Proposition 2.6, q∗ν = eσ ←−V0, where σ ∈
C∞(G) is amultiplicative function,V0 ∈ ∧m−nh0,V0 
= 0, and dgV0 = −dσ(e)∧V0.
Thus, θ0 = dσ(e) ∈ g∗ is a 1-cocycle.

Following Proposition 4.7, we will can suppose that H�
ν = 0 without loss of

generality. Then i) follows using Theorem 4.3. Moreover, from Proposition 4.5, H�
ν

is amultiplicative vector field and, therefore, the corresponding 1-cocycle δH�
ν

: g → g
given by

δH�
ν
(X) = 1

2

(−[X , χg∗ ] + i(χg)δ�G (X)
) − i(θ0)δ�G (X), ∀X ∈ g,

vanishes, which proves ii).
Finally, since σ is a multiplicative function and θ0 = dσ(e), we have that

←−
θ0 = dσ ,

which implies i i i).
Conversely, assume that i), i i) and i i i) hold. Then, using i i), i i i) and Proposition

2.6, there exists a semi-invariant volume form on G/H such that q∗ν = eσ ←−V0.
On the other hand, if H�

ν is the multiplicative vector field on G given by (4.12)
then the 1-cocycle δH�

ν
: g → g is

δH�
ν
(X) = 1

2

(−[X , χg∗ ] + i(χg)δ�G (X)
) − i(θ0)δ�G (X), ∀X ∈ g.

Thus, using i i), it follows that

δH�
ν
(X) = 0, ∀X ∈ g (4.16)

and, as a consequence, H�
ν = 0, i.e., (G/H ,�) is multiplicative unimodular. ��
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Example 4.9 Consider the Example 2.9, in which G was any connected Lie group and
H = {e}.

Suppose that G/H ∼= G is multiplicative unimodular. Then, using Theorem 4.8
and since h0 = g∗, we conclude that g∗ is unimodular. Conversely, assume that g∗ is
unimodular. Then, we take θ0 = 1

2χg ∈ g∗. We have that θ0 is a 1-cocycle. In fact, the

closed left-invariant form
←−
θ0 is exact and

←−
θ 0 = 1

2
←−χ g = 1

2dσ, with σ : G → R the
modular function on G, which is multiplicative. Thus, taking an arbitrary V0 ∈ ∧mg∗,
V0 
= 0, we deduce that the conditions in Theorem 4.8 hold and G/H ∼= G is
multiplicative unimodular.

Now, this is in agreement with the results presented in [17] for Poisson–Lie groups,
namely that a Poisson–Lie group G is unimodular iff g∗ is unimodular, since unimod-
ularity and multiplicative unimodularity are equivalent for Poisson–Lie groups (the
function for which the modular vector field is a Hamiltonian vector field is multiplica-
tive).

Example 4.10 (2-dimensional homogeneous space admitting invariant and semi-
invariant volumes) Consider the Example 2.10. We recall that g is given by

[X1, X2]g = 0, [X1, X3]g = X2, [X2, X3]g = −X2

and h = Lie H = 〈X1〉. Take a Lie bialgebra structure given by

δ�G (X1) = 0, δ�G (X2) = 0, δ�G (X3) = X1 ∧ X2,

or equivalently by

[X1, X2]g∗ = X3, [X1, X3]g∗ = 0, [X2, X3]g∗ = 0.

It is easy to check that δ�Gh ⊂ h∧ h, or equivalently [h0, g∗]g∗ ⊂ h0, and thus H is a
Poisson–Lie subgroup. We have that χg = X3 and χg∗ = 0, while h0 = 〈X2, X3〉 is
unimodular. Taking θ0 = χg = X3 and V0 = λX2 ∧ X3, we obtain that dgV0 = 0. To
prove that this Poisson quotient is multiplicative unimodular, we only have to show
that the second part of condition i i) from Theorem 4.8 is satisfied.

Now, since χg∗ = 0 and θ0 = χg, this condition holds.

Example 4.11 (3-dimensional homogeneous space admitting semi-invariant but not
invariant volume forms) Recall Example 2.11, where the Lie algebra g was given by

[X3, X4]g = −X3,

the rest of the brackets are zero and h = Lie H = 〈X4〉. Taking the Lie bialgebra
structure given by

δ�G (X1) = X1∧ X2, δ�G (X2) = 0, δ�G (X3) = X2 ∧ X3, δ�G (X4) = 0,

or equivalently by
[X1, X2]g∗ = X1, [X2, X3]g∗ = X3
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and the rest of the brackets are zero. Note that g∗ � r3(−1) ×R, where r3(−1) is the
Bianchi VI0 Lie algebra (solvable and unimodular), which is isomorphic to p(1+ 1).
We have that δ�Gh ⊂ h∧h, or equivalently [h0, g∗]g∗ ⊂ h0, and thus H is a Poisson–
Lie subgroup. Condition i) from Theorem 4.8 is satisfied since h0 = 〈X1, X2, X3〉 is
unimodular. Moreover, condition i i) is also satisfied taking θ0 = χg = X4, since if
V0 = λX1 ∧ X2 ∧ X3 ∈ ∧3 h0 then dgV0 = −χg ∧ V0 
= 0.

5 Unimodularity and semisimple Lie group quotients of dimension
two

Let us now illustrate our results for Poisson homogeneous spaces corresponding to
Poisson–Lie groups actions of semisimple groups of dimension 3. In general, our
Theorems 4.3 and 4.8 are sufficient to prove that neither of the Poisson quotients
considered here are multiplicative unimodular. Furthermore, we indeed prove that
no Poisson quotient for these Lie groups are unimodular. In same cases (when the
annihilator of the isotropy algebra is not a unimodular Lie algebra) this last result may
be deduced directly from Theorem 4.3. However, in other cases, the proof involves
global computations at the Lie group level.

5.1 Poisson homogeneous spaces on S2

Consider the Lie group G = SO(3), with Lie algebra g = so(3) given by

[J1, J2]g = J3, [J2, J3]g = J1, [J3, J1]g = J2.

The group SO(3) is unimodular, and then the modular character of so(3) is χso(3) = 0
(see Remark 2.7). All Poisson–Lie structures on SO(3) are coboundary, i.e. they are
defined by a r -matrix solution of the modified classical Yang-Baxter equation. In this
particular case, there is only one infinite family of r -matrices given by

r = ηJ1 ∧ J2, (5.1)

where η ∈ R
∗ is an essential parameter, i.e. if η 
= η′ then the Poisson–Lie structures

are not isomorphic. The associated one-parameter family of Lie bialgebras are defined
by the following cocommutator map

δη(J1) = ηJ1 ∧ J3, δη(J2) = ηJ2 ∧ J3, δη(J3) = 0,

or equivalently, the dual Lie algebra g∗ is

[J 1, J 2]g∗ = 0, [J 1, J 3]g∗ = ηJ 1, [J 2, J 3]g∗ = ηJ 2.

Therefore, the modular character χg∗ of g∗ is χg∗ = −2ηJ3.
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Table 1 The subgroup sphere and coisotropic sphere SO(3)-covariant Poisson homogeneous spaces con-
structed as quotients of SO(3) by different uniparametric subgroups

r = ηJ1 ∧ J2
χg∗ = −2ηJ3

[r , r ]g 
= 0

G/H = S2 = Subgroup sphere χh0 = 0, but not M.U. by Th. 4.8 i i)

h = 〈J3〉, h0 = 〈J1, J2〉 [h0, g∗]g∗ ⊂ h0 ⇒ H is a PL subgroup

G/H = S2 = Coisotropic sphere χh0 
= 0 ⇒ Not U. by Th. 4.3

h = 〈J1〉, h0 = 〈J2, J3〉 [h0, g∗]g∗ 
⊂ h0 ⇒ H is a coisotropic subgroup

In the first column, for each quotient we show its isotropy subalgebra h and its annihilator h0. In the second
columnwe show themost relevant features of its Poisson homogeneous structure: themodular characterχh0
stating if the structure is knownnot to be unimodular (U.) byTheorem4.3 or not bemultiplicative unimodular
(M.U.) by Theorem 4.8. In fact, in the case when H is only a coisotropic subgroup (the coisotropic sphere),
the Lie subalgebra h0 is not unimodular and, thus, the Poisson homogeneous space is not unimodular by
Theorem 4.3. However, when h0 is not unimodular, that is, H is a Poisson–Lie (PL) subgroup, we need to
use Theorem 4.8 in order to prove that the Poisson homogeneous space is not multiplicative unimodular

In order to compute the associated Poisson–Lie structure for SO(3), we instead
work with its double cover SU (2). We can parametrize the Lie group SU (2) as

SU (2) =
{(

x + iy −z + i t
z + i t x − iy

)
| x, y, z, t ∈ R, x2 + y2 + z2 + t2 = 1

}
. (5.2)

Using this coordinates, a straightforward computation shows that the coboundary
Poisson–Lie structure defined by (5.1) is given by

{x, y} = 1
2η(z2 + t2), {x, z} = − 1

2ηyz, {x, t} = − 1
2ηyt,

{y, z} = 1
2ηxz, {y, t} = 1

2ηxt, {z, t} = 0.

We see that this Poisson structure is real, and it indeed defines a Poisson–Lie structure
on SO(3).

Consider the two different SO(3)-covariant Poisson homogeneous structures on
S2 = SO(3)/S1 that are described as Poisson quotients in Table 1. For the first
of these structures, which we call subgroup sphere, the isotropy subgroup H is a
Poisson–Lie subgroup (or equivalently, h0 is an ideal of g∗), while for the second one
(the coisotropic sphere) h0 is only a Lie subalgebra of g∗. The Poisson cohomology
of these SO(3)-covariant Poisson structures on the sphere has been already computed
in [15, 29]. In particular, it was shown that neither of them are unimodular. Here we
present an alternative proof of this result.

Inwhat follows, wewill show that no Poisson quotient of SO(3) can be unimodular.
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In the coordinates given in (5.2) we have that

←−χg∗ = η

(
y

∂

∂x
− x

∂

∂ y
+ t

∂

∂z
− z

∂

∂t

)
,

−→χg∗ = η

(
y

∂

∂x
− x

∂

∂ y
− t

∂

∂z
+ z

∂

∂t

)
.

(5.3)

On the other hand, the modular characteres χso(3) and χh are zero in both cases of
the subgroup sphere and of the coisotropic sphere. From Corollary 2.8, we have an
invariant volume form ν.

Therefore, the vector field defined in (4.12) is given for this particular case by

H�
ν = 1

2
(−→χg∗ − ←−χg∗) = η

(
−t

∂

∂z
+ z

∂

∂t

)
.

For (SO(3)/S1,�) to be unimodular, the modular vector field M�
ν ∈ X(G/H),

deduced from ν, must be a Hamiltonian vector field. We have thatM�
ν is Hamiltonian

if and only if H�
ν is q-basic Hamiltonian, i.e. H�

ν = �
�
G(dμ) for some q-basic

function μ ∈ C∞(G). We have that

�
�
G(dμ) = η

2

(
(z2 + t2)

(
∂μ

∂x

∂

∂ y
− ∂μ

∂ y

∂

∂x

)
− yz

(
∂μ

∂x

∂

∂z
− ∂μ

∂z

∂

∂x

)

− yt

(
∂μ

∂x

∂

∂t
− ∂μ

∂t

∂

∂x

)

+ xz

(
∂μ

∂ y

∂

∂z
− ∂μ

∂z

∂

∂ y

)
+ xt

(
∂μ

∂ y

∂

∂t
− ∂μ

∂t

∂

∂ y

) )

= η

2

(
− (z2 + t2)

∂μ

∂ y
+ yz

∂μ

∂z
+ yt

∂μ

∂t

)
∂

∂x

+ η

2

(
(z2 + t2)

∂μ

∂x
− xz

∂μ

∂z
− xt

∂μ

∂t

)
∂

∂ y

+ η

2
z

(
− y

∂μ

∂x
+ x

∂μ

∂ y

)
∂

∂z
+ η

2
t

(
− y

∂μ

∂x
+ x

∂μ

∂ y

)
∂

∂t
.

In particular, it must be

z �
�
G(dμ)(t) − t ��

G(dμ)(z) = zH�
ν (t) − tH�

ν (z).

However, we have that

z �
�
G(dμ)(t) − t ��

G(dμ)(z) = 0 
= η(z2 + t2) = zH�
ν (t) − tH�

ν (z).

Therefore, we have showed thatH�
ν is not Hamiltonian for the Poisson–Lie structure

�G on SO(3), and in particular, it is not a Hamiltonian vector field for any q-basic
function. Therefore, no Poisson quotient of SO(3)/S1 can be unimodular.
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5.2 Poisson homogeneous spaces for SL(2,R)

Let us now study the semisimple group G = SL(2,R), the matrix Lie group defined
by 2 × 2 matrices with determinant equal to one, i.e.

G = SL(2,R) =
{(

x y
z t

)
∈ GL(2,R) | xt − yz = 1

}
. (5.4)

Three interesting quotients for SL(2,R), relevant for (1 + 1) dimensional gravity
(see [4]), are the Anti-de Sitter space (one-sheeted hyperboloid), the two-sheeted
hyperbolic space and the light cone. These three spaces are described as quotients
in the first column of Table 2, in which we have used two different basis for the Lie
algebra sl(2,R). The first one {P1, P2, J12}, used to describe the Anti-de Sitter and
hyperbolic spaces, reads

[P1, J12]g = −P2, [P2, J12]g = −P1, [P1, P2]g = J12 (5.5)

while the second one {J+, J−, J3}, which is used to construct the light cone, is given
by

[J3, J+]g = 2J+, [J3, J−]g = −2J−, [J+, J−]g = J3. (5.6)

In the following, we explicitly describe the Poisson–Lie structures on SL(2,R)

given in Table 2 and show that neither of the Poisson homogeneous spaces are unimod-
ular.We recall that all Poisson–Lie structures on semisimpleLie groups are coboundary
and therefore can be straightforwardly computed using the classical r -matrix. The
names hyperbolic, elliptic and parabolic for these r -matrices are the ones given in
[28].

5.2.1 Hyperbolic Poisson–Lie structure

The hyperbolic (also called standard or Drinfel’d-Jimbo) Poisson–Lie structure (first
column Table 2) is defined by the r -matrix

r = 2ηP1 ∧ P2 = ηJ+ ∧ J−, (5.7)

where η ∈ R − {0}. Its Lie bialgebra structure is given by

δ(J12) = 0, δ(P1) = 2ηP1 ∧ J , δ(P2) = 2ηP2 ∧ J , (5.8)

or equivalently, by

[P1, J 12]g∗ = 2ηP1, [P2, J 12]g∗ = 2ηP2, [P1, P2]g∗ = 0, (5.9)

in the basis (5.5), or by

δ(J3) = 0, δ(J±) = ηJ± ∧ J3, (5.10)
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or equivalently
[J 3, J±]g∗ = −ηJ±, [J+, J−]g∗ = 0, (5.11)

in the basis (5.6). From the explicit expressions of the dual Lie algebra (5.9) and (5.11),
using Theorem 4.3, we can see that the Poisson homogeneous structures on H2 × Z2
and L2 induced by this Poisson–Lie structure are not unimodular sinceχh0 
= 0, where
h = 〈J12〉. However, this is not enough for the first Poisson quotient, the 2-dimensional
anti-de Sitter space AdS2 (note that this is the only one that is a Poisson quotient of
Poisson subgroup type). In order to prove that this Poisson quotient is notmultiplicative
unimodular, we need to check that the infinitesimal characterization given in Theorem
4.8 i i) is not fulfilled, which can be easily seen since dg(λP1 ∧ P2) = 0 and θ0 = 0
is the only admissible cocycle on SL(2,R).

Not unimodular Poisson homogeneous spaces for the hyperbolic Poisson–Lie struc-
ture As we have just showed, Theorems 4.3 and 4.8 are sufficient to prove that none
of the Poisson quotients for the hyperbolic Poisson–Lie structure described in Table 2
are multiplicative unimodular. In order to complete the analysis of these examples, let
us show that no Poisson homogeneous space for the hyperbolic Poisson–Lie structure
is unimodular. In order to do that, similarly to the SO(3) case, the modular characters
χsl(2,R) and χh are zero and, from Corollary 2.8, we have an invariant volume form ν

on G/H .
Suppose that the modular vector field M�

ν ∈ X(G/H), deduced from ν, must be
a Hamiltonian vector field. We have that M�

ν is Hamiltonian if and only if H�
ν is

q-basic Hamiltonian, i.e. H�
ν = �

�
G(dμ) for some q-basic function μ ∈ C∞(G).

Using the parametrization (5.4), the Poisson–Lie structure defined on SL(2,R) by
(5.7) reads

{x, y} = ηxy, {x, z} = ηxz, {x, t} = 2ηyz,

{y, z} = 0, {y, t} = ηyt, {z, t} = ηzt .
(5.12)

In addition, the modular character of the dual Lie algebra can be computed from (5.9)
and results in

χg∗ = −4ηJ12. (5.13)

The left- and right-vector fields associated to the modular character read

←−χg∗ = 2η

(
−x

∂

∂x
+ y

∂

∂ y
− z

∂

∂z
+ t

∂

∂t

)
, −→χg∗ = 2η

(
−x

∂

∂x
− y

∂

∂ y
+ z

∂

∂z
+ t

∂

∂t

)
, (5.14)

and finally the multiplicative vector field H�
ν reads

H�
ν = 2η

(
−y

∂

∂ y
+ z

∂

∂z

)
. (5.15)

In order for H�
ν to be Hamiltonian, it has to satisfy that

�
�
G(dμ)( f ) = H�

ν ( f ), (5.16)
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for someμ ∈ C∞(G) and all f ∈ C∞(G). In particular, using (5.12), (5.15) and (5.16)
with f = y, we have that

ϕ(x, y, z, t) = −2η, (5.17)

where we have written

ϕ(x, y, z, t) := x
∂μ

∂x
− t

∂μ

∂t
. (5.18)

However, from �
�
G(dμ)(z) = H�

ν (z) we have that

ϕ(x, y, z, t) = 2η. (5.19)

Therefore, these two equations cannot be simultaneously satisfied and thusM�
ν is not

a Hamiltonian vector field. This proves that no Poisson quotient for the hyperbolic
Poisson–Lie structure (first column from Table 2) on SL(2,R) is unimodular.

5.2.2 Elliptic Poisson–Lie structure

Wenowconsider the elliptic Poisson–Lie structure on SL(2,R)definedby the classical
r -matrix

r = 2ηJ12 ∧ P2 = ηJ3 ∧ (J+ + J−), (5.20)

where η ∈ R− {0}. Using the basis (5.5) the Lie bialgebra structure on sl(2,R) reads

δ(J12) = 2ηJ12 ∧ P1, δ(P1) = 0, δ(P2) = −2ηP1 ∧ P2, (5.21)

or equivalently its dual Lie algebra is given by

[P1, P2]g∗ = −2ηP2, [P1, J 12]g∗ = −2ηJ 12, [P2, J 12]g∗ = 0. (5.22)

In terms of the basis (5.6), the Lie bialgebra cocycle takes the form

δ(J3) = 2ηJ3 ∧ (J+ − J−), δ(J+) = −2ηJ+ ∧ J−, δ(J−) = −2ηJ+ ∧ J−,

(5.23)
or equivalently in terms of the dual Lie algebra

[J 3, J+]g∗ = 2ηJ 3, [J 3, J−]g∗ = −2ηJ 3, [J+, J−]g∗ = −2η(J+ + J−).

(5.24)
Similarly to the previous examples, Theorem 4.3 directly guarantees that two of these
Poisson quotients, in this case the Anti-de Sitter space (one-sheeted hyperboloid) and
the light-cone, are not unimodular. In fact, from (5.9) and (5.11), we can see that in
these two cases χh0 
= 0.

It remains to prove that the two-sheeted hyperboloid H2 ×Z2 is not multiplicative
unimodular (remarkably, this is again the only Poisson quotient of Poisson subgroup
type for this structure). In order to do so, we again check that the infinitesimal char-
acterization given in Theorem 4.8 i i) is not satisfied, since dg(λP2 ∧ J 12) = 0 and
θ0 = 0 is the only admissible cocycle on SL(2,R).
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Not unimodular Poisson homogeneous spaces for the elliptic Poisson–Lie structure
Similarly to the previous example,wefinally show that there are nounimodular Poisson
homogeneous spaces for the elliptic Poisson–Lie structure. We have that χsl(2,R) = 0
and χh = 0 and then there is an invariant volume form ν on G/H (see Corollary 2.8).

The fundamental Poisson brackets for the elliptic Poisson–Lie structure defined by
(5.20) are given by

{x, y} = η

2
(x(t − x) − y(y + z)) , {x, z} = η

2
(x(x − t) + z(y + z)) ,

{x, t} = η

2
(x − t)(y − z), {y, z} = η

2
(x + t)(y + z),

{y, t} = η

2
(−t(x − t) + y(y + z)) , {z, t} = η

2
(t(x − t) − z(y + z)) .

(5.25)

The modular character of g∗ can be directly computed from (5.22) and reads

χg∗ = −4ηP1, (5.26)

while the left- and right-invariant vector fields associated to it are given by

←−χg∗ = 2η

(
y

∂

∂x
− x

∂

∂ y
+ t

∂

∂z
− z

∂

∂t

)
, −→χg∗ = 2η

(
−z

∂

∂x
− t

∂

∂ y
+ x

∂

∂z
+ y

∂

∂t

)
.

(5.27)
The multiplicative vector field H�

ν is then given by

H�
ν = η

(
−(y + z)

∂

∂x
+ (x − t)

∂

∂ y
+ (x − t)

∂

∂z
+ (y + z)

∂

∂t

)
. (5.28)

If we suppose that the modular vector field M�
ν is a Hamiltonian vector field, then

H�
ν is also Hamitonian.
To show that H�

ν is not Hamiltonian we need to see that there is not a function
μ : SL(2,R) → R such that H�

ν = �
�
G(dμ). A simple computation shows that

�
�
G(dμ)(y + z) = −η

2
(y + z)ϕ(x, y, z, t), H�

ν (y + z) = 2η(x − t), (5.29)

and

�
�
G(dμ)(x − t) = −η

2
(x − t)ϕ(x, y, z, t), H�

ν (x − t) = −2η(y + z), (5.30)

where

ϕ(x, y, z, t) := (x + t)

(
∂μ

∂z
− ∂μ

∂ y

)
+ (y − z)

(
∂μ

∂x
+ ∂μ

∂t

)
. (5.31)

Now, from (5.29) we have that

4(x − t) = −ϕ(x, y, z, t)(y + z) (5.32)
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while from (5.30) we obtain

(x − t)ϕ(x, y, z, t) = 4(y + z). (5.33)

Therefore, these equations imply that ϕ(x, y, z, t)2 = −16, so it cannot exist a Hamil-
tonian functionμ for the vector fieldH�

ν and, as a consequence, for themodular vector
field M�

ν . It is important to remark that this argument shows that none of the three
Poisson quotients for the elliptic Poisson–Lie structure (second column from Table 2)
are unimodular as Poisson homogeneous spaces, not only that they are not multiplica-
tive unimodular.

5.2.3 Parabolic Poisson–Lie structure

Finally, consider the parabolic Poisson–Lie structure defined on SL(2,R) by the clas-
sical r -matrix

r = ηJ12 ∧ (P1 + P2) = 1

2
ηJ3 ∧ J+, (5.34)

where η ∈ R − {0}. In the basis (5.5), the Lie bialgebra cocycle reads

δ(J12) = ηJ12 ∧ (P1 + P2), δ(P1) = ηP1 ∧ P2, δ(P2) = −ηP1 ∧ P2, (5.35)

and the dual Lie algebra takes the form

[P1, P2]g∗ = η(P1 − P2), [P1, J 12]g∗ = −ηJ 12, [P2, J 12]g∗ = −ηJ 12.
(5.36)

Similarly, using the basis (5.6), we obtain the Lie bialgebra structure

δ(J3) = ηJ3 ∧ J+, δ(J+) = 0, δ(J−) = −ηJ+ ∧ J−, (5.37)

and the dual Lie algebra

[J 3, J+]g∗ = ηJ 3, [J 3, J−]g∗ = 0, [J+, J−]g∗ = −ηJ−. (5.38)

Similarly to the previous cases, simply using Theorem 4.3, we can directly check
that the two coisotropic quotients, which in this case are the Anti-de Sitter space
(two-sheeted hypeboloid) and the one-sheeted hyperboloid are not unimodular since
χh0 
= 0. Also, given that dg(λJ 3 ∧ J−) = 0 and θ0 = 0 is the only admissible
cocycle on SL(2,R), condition i i) from Theorem 4.8 is not satisfied, and thus this
last Poisson quotient L2 (which is again the only Poisson quotient of Poisson subgroup
type for this structure) is not multiplicative unimodular.

Not unimodular Poisson homogeneous spaces for the parabolic Poisson–Lie struc-
ture To complete our analysis, we prove that again there are no unimodular Poisson
homogeneous spaces for the parabolic Poisson–Lie structure.

We have that χsl(2,R) = 0 and χh = 0. Therefore, there is an invariant volume form
ν on G/H (see Corollary 2.8).
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We will show that the multiplicative vector field H�
ν is not a Hamiltonian vector

field.
For the coboundary Poisson–Lie structure defined by (5.34) the fundamental brack-

ets are given by

{x, y} = η
2 (−x(x − t) − yz) , {x, z} = η

2 z
2,

{x, t} = − η
2 (x − t)z, {y, z} = η

2 (x + t)z,

{y, t} = η
2 (−t(x − t) + yz) , {z, t} = − η

2 z
2.

(5.39)

From (5.36) or (5.37) we have that

χg∗ = −2ηJ+. (5.40)

Its left- and right-invariant vector fields are

←−χg∗ = −2η

(
x

∂

∂ y
+ z

∂

∂t

)
, −→χg∗ = −2η

(
z

∂

∂x
+ t

∂

∂ y

)
, (5.41)

and therefore the multiplicative vector field H�
ν = 1

2 (
−→χg∗ − ←−χg∗) reads

H�
ν = η

(
−z

∂

∂x
+ (x − t)

∂

∂ y
+ z

∂

∂t

)
. (5.42)

To see that there is not a function μ : SL(2,R) → R such that H�
ν = �

�
G(dμ), we

compute

�
�
G(dμ)(z) = η

2
ϕ(x, y, z, t), H�

ν (z) = 0, (5.43)

where we have written

ϕ(x, y, z, t) := (x + t)
∂μ

∂ y
+ z

(
∂μ

∂x
+ ∂μ

∂t

)
. (5.44)

Since �
�
G(dμ)(z) = H�

ν (z), we have that ϕ(x, y, z, t) = 0. However, we have that

�#
G(dμ)(x − t) = η

2
(x − t)ϕ(x, y, z, t), H�

ν (x − t) = −2ηz, (5.45)

and therefore �
�
G(dμ)(x − t) 
= H�

ν (x − t), so H�
ν cannot be a Hamiltonian vector

field.
Some last comments regarding our examples on semi-simple groups are in order.

Firstly, we have shown that none of the Poisson quotients considered are unimodular.
We have done so by performing the explicit computation at the Lie group level and
showing that the multiplicative vector field H�

ν that projects to the modular vector
field on the quotient cannot be Hamiltonian, since in every case contradictions appear
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when trying to solve the associated system of PDEs, and therefore no Hamiltonian
function exists for H�

ν . Secondly, quite remarkably, in all these examples Theorem
4.3 allows to conclude that none of the the coisotropic quotients are unimodular, but
it fails to detect this feature when the quotient is of Poisson subgroup type, and thus
we need to use Theorem 4.8, which indeed is sufficient to infinitesimally check that
none of these Poisson quotients are multiplicative unimodular. Finally, we can end
this Section by summing up these results in the following theorem

Theorem 5.1 There are no unimodular coisotropic Poisson homogeneous spaces for
the groups SO(3) and SL(2,R).

6 Invariant volume forms for Hamiltonian systems on coisotropic
Poisson homogeneous spaces

As we have previously mentioned, an arbitrary Poisson manifold is unimodular if and
only if there exists a volume form which is preserved by all Hamiltonian vector fields
(see, for instance, [17]).

In the particular case of a connected Poisson–Lie group (G,�) with unimodular
dual Lie algebra g∗, from an arbitrary volume form on G, one can consider a new
volume form which is preserved by all Hamiltonian vector fields. A converse of this
result is given in [17] (see Theorem 3.7 in [17]) for a particular kind of Hamiltonian
functions: the Morse functions at the identity element of the Poisson–Lie group.

In this section we will analyze the relation between the preservation of volume
forms and the unimodularity of coisotropic Poisson homogeneous spaces. We will
show that in this case the relationship between these two notions is not as simple as
the one that exists in the Poisson–Lie group framework.

Let ν be a volume form on a coisotropic Poisson homogeneous space (G/H ,�)

and h : G/H → R a Hamiltonian function. Then there is a function σ ∈ C∞(G) and
V0 ∈ ∧m−nh0 with V0 
= 0 satisfying

q∗ν = eσ ←−V0

and the conditions i) and i i) given in Theorem 2.2.
Now, let ν̃ be a volume form on G/H which is preserved. Then, there is a function

τ : G/H → R such that ν̃ = eτ ν, and the preservation of the volume forms implies

0 = LX�
h
(eτ ν) = eτ (X�

h (τ ) + M�
ν (h))ν = eτ (−X�

τ (h) + M�
ν (h))ν, (6.1)

where M�
ν is the modular vector field of � with respect to ν. Then, using (4.11),

Proposition 3.5 and that q∗ is an injective morphism, we deduce the following result

Proposition 6.1 Let (G/H ,�) be a coisotropic Poisson homogeneous space and h :
G/H → R a Hamiltonian function. Then, the Hamiltonian vector field X�

h preserves
a volume form on G/H if and only if there exist a function τ : G/H → R and a
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function σ : G → R such that

X�G
h◦q(σ + τ ◦ q) + 1

2

(−→χg∗(h ◦ q) − ←−χg∗(h ◦ q) − −→χg(X�G
h◦q)

)
= 0. (6.2)

In such a case, the preserved volume form ν̃ satisfies

q∗(ν̃) = e(σ+τ◦q)←−V0,

with V0 ∈ ∧m−nh0 such that the conditions i) and ii) (for σ and V0) from Theorem
2.2 hold.

Example 6.2 Consider the Poisson quotient H2 × Z2 corresponding to the elliptic
Poisson–Lie structure on SL(2,R) (second row and second column from Table 2).
Consider the Hamiltonian function ĥ : SL(2,R) → R given by

ĥ = 1

2
〈A, A〉 = 1

2
Tr(At A) = 1

2
(x2 + y2 + z2 + t2). (6.3)

We have that ĥ is q-basic since

←−
P1(ĥ) = 1

2

(
y
∂ ĥ

∂x
− x

∂ ĥ

∂ y
+ t

∂ ĥ

∂z
− z

∂ ĥ

∂t

)
= 0. (6.4)

We recall that χg = 0 and that, since SL(2,R) has an invariant volume form, the
function σ : G → R on SL(2,R) in the equation (6.2) is the zero function.

On the other hand, using (5.27), we deduce

−→χg∗(ĥ) − ←−χg∗(ĥ) = 0.

Therefore, from Proposition 6.1, we have that the Hamiltonian vector field X�
h pre-

serves the (invariant) volume form ν, where ĥ = h ◦ q and q : SL(2,R) → H2 × Z2
is the canonical projection.

Next, we will analyze the implications of the existence of a volume form which
is preserved by the Hamiltonian vector field for a particular kind of Hamiltonian
functions: the H -Morse functions at the identity element of the Poisson homogeneous
space.

Definition 6.3 Let G/H be a homogeneous space. A function h ∈ C∞(G/H) is said
to be H -Morse at eH if

i) eH is a singular point of h, that is, dh(eH) = 0.
ii) (Hess h)(eH) is nondegenerate, with (Hess h)(eH) : g/h×g/h → R the Hessian

of h at eH , i.e., the symmetric bilinear form on g/h given by

(Hess h)eH (X ,Y ) = X(VY (h)), X ,Y ∈ g/h ∼= TeH (G/H), (6.5)

where VY ∈ X(G/H) is an arbitrary vector field such that VY (eH) = Y .
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Note that in the particular case when H = {e}, that is, the homogeneous space is the
Lie group G, we recover the definition of a Morse function in G at e (see Definition
3.5 in [17]).

Theorem 6.4 Let (G/H ,�) be a coisotropic Poisson homogeneous space and h ∈
C∞(G/H) a H-Morse function at eH. If there exists a volume form ν on G/H which
is preserved by X�

h , i.e. LX�
h

ν = 0, then h0 is unimodular.

Proof From the preservation of ν, and using (4.1) and (4.2), we deduce thatM�
ν (h) =

0.
From the definition of the Hessian, for any Y ∈ g/h ∼= Te(G/H), we obtain that

(Hess h)eH (Y ,M�
ν (eH)) = Y (M�

ν (h)) = 0. (6.6)

Using now that h is H -Morse at eH (and therefore its Hessian is non-degenerate at
eH ), we obtain that M�

ν (eH) = 0. From equation (4.5) and since �G(e) = 0, we
know that M�

ν (eH) = q∗(xh0) and thus xh0 ∈ h. But, χh0 is the projection of xh0

via the dual map ι∗ : g → (h0)∗ of the inclusion ι : h0 → g∗. Thus, we conclude that
the condition xh0 ∈ h implies χh0 = 0, i.e. h0 is unimodular.

In the particular case when H = {e} (that is, the Poisson homogeneous space
G/H is the Poisson–Lie group G ), we deduce that h0 = g∗ is unimodular. So, G
is unimodular and we recover Theorem 3.7 in [17]. For the more general case of a
Poisson homogeneous space, the situation ismore complicated. In fact, wewill present
examples that show that the existence of a H -Morse function on a coisotropic Poisson
homogeneous space, with h0 unimodular, does not imply that the Poisson structure on
the quotient is unimodular.

Example 6.5 Recall the ‘subgroup sphere’ described in Table 1. As we have proved
above, this Poisson homogeneous space is not unimodular although h0 is unimodular.

Consider the function

ĥ : SO(3) → R

(x, y, z, t) → (x2 + y2)(z2 + t2),
(6.7)

where x, y, z, t are coordinate functions on SO(3) as in (5.2). In particular, the identity
element is e = (1, 0, 0, 0). Moreover, ĥ is q-basic since

←−
J3 (ĥ) = 1

2

(
− y

∂ ĥ

∂x
+ x

∂ ĥ

∂ y
− t

∂ ĥ

∂z
+ z

∂ ĥ

∂t

)
= 0, (6.8)

and therefore, it induces the function on the quotient h : S2 � SO(3)/S1 → R, with
h ◦ q = ĥ.

The Hamiltonian vector field of h preserves a volume form. In fact, from (5.3) and
that g is unimodular, we have

−→χg∗(h ◦ q) − ←−χg∗(h ◦ q) − −→χg(X�G
h◦q) = η

(
− t

∂ ĥ

∂z
+ z

∂ ĥ

∂t

)
= 0. (6.9)
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Since SO(3) is semisimple, there are not non-trivial 1-cocycles and therefore σ = 0
(see Remark 2.7). Taking τ = 0 in (6.2) and using (6.9), we deduce that X�

h preserves
a volumen form on G/H .

Moreover, h is H -Morse since

i) dĥ = 2((z2 + t2)(xdx + ydy) + (x2 + y2)(zdz + tdt)), and then dĥ(e) = 0.
Thus, q∗(dh(eH)) = 0. Since q∗ is injective, then dh(eH) = 0.

ii) Taking into account that TeH (SO(3)/S1) � 〈J1, J2〉, we have that

(Hess h)eH (J1, J1) = 1/2,

(Hess h)eH (J1, J2) = (Hess h)eH (J2, J1) = 0,

(Hess h)eH (J2, J2) = 1/2,

(6.10)

i.e.,

[(Hess h)eH ]{J1,J2} =
(
1/2 0
0 1/2

)
(6.11)

and the Hessian is not degenerate at eH .

Next, we will present a higher dimensional example that shows that, even when the
dynamical system is completely integrable, the preservation of a global volume form
is by no means guaranteed.

Example 6.6 Consider the Lie group

G = SL(n,R) = {A ∈ GL(n,R) | det A = 1} (6.12)

and the Poisson–Lie group structure given by the following fundamental brackets

{ai j , akl} = ((−1)(i−k) − (−1)(l− j))ailak j . (6.13)

This Poisson–Lie group structure is the one associated to the standard or Drinfel’d-
Jimbo r -matrix (see [13] and references therein). In order to describe the dual Lie
algebra, let us introduce the non-degenerate bilinear form 〈·, ·〉 : sl(n,R)×sl(n,R) →
R given by 〈A, B〉 = Tr(AB). This bilinear form allows us to identify sl(n,R)∗ �
sl(n,R) as vector spaces, and the dual Lie algebra can therefore be described as
a second Lie bracket on sl(n,R) given by [A, B]∗ = [RA, B] + [A, RB], where
R : sl(n,R) → sl(n,R) is the following map

RA =

⎧⎪⎨
⎪⎩

−A if A ∈ t+
0 if A ∈ d

A if A ∈ t−
, (6.14)

where d, t+, t− are the sets of diagonal, upper and lower triangular matrices with zero
trace, respectively.

Consider now the closed subgroup H = SO(n,R) and the homogeneous space
G/H=SL(n,R)/SO(n,R). Note that for n = 2, this quotient corresponds to the one
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presented in the second row, first column of Table 2. In order to describe this quotient,
we decompose the semisimple Lie algebra sl(n,R) as sl(n,R) = d ⊕ s ⊕ q (as a
vector space), where d are diagonal matrices with zero trace, while s, q are symmetric
and skew-symmetric matrices with zeroes at the main diagonal entries. We have that
dim d = n − 1, dim s = n(n−1)

2 and dim q = n(n−1)
2 . Consider the basis of sl(n,R),

adapted to the quotient above, given by

Di := Eii − Ei+1,i+1, 1 ≤ i ≤ n − 1,

Si j := Ei j + E ji , 1 ≤ i < j ≤ n,

Qi j := Ei j − E ji , 1 ≤ i < j ≤ n,

where Ei j is the n × n matrix with entries 1 in the position i, j and 0 elsewhere. In
terms of this basis, the commutation relations of sl(n,R) read

[Qi j , Qkl ] = δil Q jk + δ jk Qil − δ jl Qik − δik Q jl ,

[Qi j , Skl ] = −δil S jk + δ jk Sil + δ jl Sik − δik S jl ,

[Si j , Skl ] = δil Q jk + δ jk Qil + δ jl Qik + δik Q jl ,

[Dk, Qi j ] = (λi − λ j )Si j ,

[Dk, Si j ] = (λi − λ j )Qi j ,

[Di , Dj ] = 0,

where λi are defined, for any diagonal matrix D = (d1, . . . , dn), by λi (D) =
λi (d1, . . . , dn) = di . Note that h = so(n,R) = 〈Qi j 〉.

Since both SL(n,R) and SO(n,R) are unimodular Lie groups, we know that there
exist invariant volume formson SL(n,R)/SO(n,R) and they cannot be semi-invariant
(see Proposition 2.6 and Corollary 2.8).

In terms of this basis, the map (6.14) reads

R(Qi j ) = −Si j , R(Si j ) = −Qi j , R(Di ) = 0 (6.15)

and the dual Lie algebra is given by

[Qi j , Qkl ]∗ = −[Si j , Qkl ] − [Qi j , Skl ] = 2(δil S jk − δ jk Sil),

[Si j , Qkl ]∗ = −[Qi j , Qkl ] − [Si j , Skl] = 2(δil Qk j − δ jk Qil),

[Si j , Skl ]∗ = −[Qi j , Skl ] − [Si j , Qkl ] = 2(δil Sk j − δ jk Sil),

[Dk, Qi j ]∗ = −[D, Si j ] = −(λi − λ j )Qi j ,

[Dk, Si j ]∗ = −[D, Qi j ] = −(λi − λ j )Si j ,

[Di , Dj ]∗ = 0.

Note that Te(SL(n,R)/SO(n,R)) � h0 � so(n,R)0 � 〈Dk, Si j 〉.
From these commutation relations, we can see that χh0 = −2

∑n−1
k=1 Dk =

−2(E11 − Enn), so the Poisson quotient (SL(n,R)/SO(n,R),�) is not unimod-
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ular by Theorem 4.3. Moreover, we have that

χg∗ = −4
n−1∑
k=1

Dk = −4(E11 − Enn).

From this expression we can easily compute

←−χg∗ = −4
n∑

i=1

(
ai1

∂

∂ai1
− ain

∂

∂ain

)
, −→χg∗ = −4

n∑
i=1

(
a1i

∂

∂a1i
− ani

∂

∂ani

)
,

and therefore the horizontal modular class of (SL(n,R)/SO(n,R),�) associated to
an invariant volume form ν is given by

H�
ν = 1

2
(−→χg∗ − ←−χg∗) = 4

(
a1n

∂

∂a1n
− an1

∂

∂an1

)

−2
n−1∑
i=2

(
a1i

∂

∂a1i
− ai1

∂

∂ai1
− ani

∂

∂ani
+ ain

∂

∂ain

)
.

The Hamiltonian function

ĥ : SL(n,R) → R

A → Tr(AAT ) =
∑

1≤i, j≤n

a2i j
(6.16)

on the Poisson–Lie group, defines the dynamics of the Toda lattice, a well-known
completely integrable system. The Hamiltonian vector field reads

X�G

ĥ
=

∑
1≤i, j,k,l≤n

((−1)i−k − (−1)l− j )ai j ailak j
∂

∂akl
.

The function ĥ induces a Hamiltonian function h : SL(n,R)/SO(n) → R on the
Poisson homogeneous space such that ĥ = h ◦ q. Note that

ĥ(SO(n,R)) = ĥ(Idn,n).

In order to see that the vector field X�
h does not preserve any volume form, consider

the point

g =
⎛
⎝ 0 a 0

− 1
a 0 0
0 0 Idn−2,n−2

⎞
⎠ ∈ SL(n,R),
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with a ∈ R − {0}, and write

X�G

ĥ
(g) =

∑
1≤ j,k,l≤n

((−1)1−k − (−1)l− j )a1 j a1lak j

+
∑

1≤ j,k,l≤n

((−1)2−k − (−1)l− j )a2 j a2lak j

+
∑
i≥3

1≤ j,k,l≤n

((−1)i−k − (−1)l− j )ai j a1lak j

= ((−1)1−1 − (−1)2−2)a3 − ((−1)2−2 − (−1)1−1)
1

a3

+
∑
i≥3

((−1)i−i − (−1)i−i )a3i i = 0,

and thus g is a singular point of X�G

ĥ
.

Moreover, we have that

H�
ν (h) = 4

(
2
(
(a1n)2 − (an1)2

) −
n−1∑
i=2

(a1i )2 − (ai1)2 − (ani )2 + (ain)2
)

,

and thus

(H�
ν (h))(g) = − 4

a2
(a2 + 1)(a + 1)(a − 1),

so, for any a /∈ {−1, 1}, (H�
ν (h))(g) 
= 0. Therefore, the equality (6.2) is not possible

for any function τ on SL(n,R)/SO(n,R).

In conclusion, we have that the Toda lattice Hamiltonian (6.16) (which is a well-
known completely integrable system) projects on SL(n,R)/SO(n,R). Its projection
is the Hamiltonian vector field X�G

ĥ
(which is a direct consequence of Proposition

3.5) but, from Proposition 6.1, this last dynamics does not preserve any volume form
on the Poisson homogeneous space (SL(n,R)/SO(n,R),�).

In Examples 2.11 and 4.11, we presented the infinitesimal description of a Poisson
homogeneous space which admits semi-invariant but not invariant volume forms and,
in addition, the Poisson structure is multiplicative unimodular.

Next, we will give a global description of the Poisson homogeneous space and,
moreover, we will see that a compartmental epidemiological model (see [3]) is Hamil-
tonian with respect to this Poisson structure. Then, it is clear that the dynamics
preserves a semi-invariant volume form and we will obtain an explicit description
of such a volume form.

Example 6.7 Consider the dynamical system defined by

ẋ1 = 1 − x1, ẋ2 = x1 − 1 − x3, ẋ3 = x3. (6.17)
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Since ẋ1 + ẋ2 + ẋ3 = 0, this is a compartmental model and therefore it admits a
Hamiltonian description (see [3]), with Hamiltonian function given by

h = x1 + x2 + x3. (6.18)

Now, we will see that this system can be described in terms of the multiplicative
unimodular Poisson Hamiltonian system given in Example 4.11.

We can parameterise the Lie group G associated to the Lie algebra g given in
Example 2.11 using exponential coordinates of the second kind as

G = exp(x1X1) exp(x
2X2) exp(x

3X3) exp(x
4X4). (6.19)

In terms of these coordinates, the group multiplication reads

(x1, x2, x3, x4)◦ (y1, y2, y3, y4) = (x1 + y1, x2 + y2, x3 + ex
4
y3, x4 + y4). (6.20)

From here, the left-invariant vector vector fields can be directly computed

←−
X 1 = ∂

∂x1
,

←−
X 2 = ∂

∂x2
,

←−
X 3 = ex

4 ∂

∂x3
,

←−
X 4 = ∂

∂x4
. (6.21)

Following a standard integration procedure (see [30]), it can be shown that the Poisson–
Lie structure which integrates the Lie bialgebra given in Example 4.11 reads

{x1, x2} = x1 − 1, {x1, x3} = 0, {x2, x3} = x3, {x4, ·} = 0. (6.22)

In Example 4.11 it was proved that G/H , where h = Lie H = 〈X4〉, is a Poisson
quotient. The Poisson structure may be explicitly described as follows

{x1, x2} = x1 − 1, {x1, x3} = 0, {x2, x3} = x3. (6.23)

We can recover the compartmental model (6.17) by means of this Poisson structure
(6.23) and the Hamiltonian function (6.18)

ẋ1 = {h, x1} = 1 − x1,

ẋ2 = {h, x2} = x1 − 1 − x3,

ẋ3 = {h, x3} = x3.

(6.24)

Therefore, this dynamical systempreserves a semi-invariant volume form.This volume

form is given by q∗ν = eσ ←−V0, with V0 = X1 ∧ X2 ∧ X3 and σ : G → R such that
dσ = ←−

X 4. The left-invariant one-forms on G are given by

←−
X 1 = dx1,

←−
X 2 = dx2,

←−
X 3 = e−x4dx3,

←−
X 4 = dx4, (6.25)
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and therefore σ = x4 and q∗ν = dx1 ∧ dx2 ∧ dx3. The Hamiltonian vector field for
the system (6.17) reads

X�
h = (1 − x1)

∂

∂x1
+ (x1 − 1 − x3)

∂

∂x2
+ x3

∂

∂x3
, (6.26)

and it is clear that LX�
h
(dx1 ∧ dx2 ∧ dx3) = d(iX�

h
(dx1 ∧ dx2 ∧ dx3)) = 0, so the

semi-invariant volume form dx1 ∧ dx2 ∧ dx3 is preserved.
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