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1. Introduction

Since Classical Gravity is essentially a theory describing the
geometry of spacetime, it seems natural to consider that a suit-
able definition of a “quantum” spacetime geometry emerging at
the Planck energy regime could be a reasonable feature of Quan-
tum Gravity. Indeed, specific mathematical frameworks for such
“quantum geometry” have to be proposed. In particular, “quantum
spacetime” is frequently introduced as a noncommutative alge-
bra whose noncommutativity is governed by a parameter related
to the Planck scale, thus leading to minimum length frameworks
through generalized spacetime uncertainty relations (see, for in-
stance, [1-5] and references therein).

In this context, quantum groups [6-8] provide a consistent ap-
proach to noncommutative spacetimes, since the latter are ob-
tained as noncommutative algebras that are covariant under the
action of quantum kinematical groups. For instance, the well-
known k-Minkowski spacetime [9-12] was obtained as a byprod-
uct of the k-Poincaré quantum algebra, which was introduced
in [13] (see also [14-16]) by making use of quantum group
contraction techniques [17,18]. One of the main features of the
k-Poincaré quantum algebra (which is the Hopf algebra dual to the
quantum Poincaré group, and is defined as a deformation of the
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Poincaré algebra in terms of the dimensionful parameter «) con-
sists in its associated deformed second-order Casimir, which leads
to a modified energy-momentum dispersion relation. From the
phenomenological side, this type of deformed dispersion relations
have been proposed as possible experimentally testable footprints
of quantum gravity effects in very different contexts (see [19-21]
and references therein).

Moreover, if the interplay between quantum spacetime and
gravity at cosmological distances is to be modeled, then the cur-
vature of spacetime cannot be neglected and models with non-
vanishing cosmological constant have to be considered [22-25].
Thus, the relevant kinematical groups (and spacetimes) would be
the (anti-)de Sitter ones, hereafter (A)dS, and the construction
of quantum (A)dS groups should be faced. In (1+1) and (2+1)
dimensions, the corresponding «-deformations have been con-
structed [26,27] (see also [28-30] for classification approaches).
In fact, it is worth stressing that the x-(A)dS deformation intro-
duced in [27] was proposed in [31] as the algebra of symmetries
for (2+1) quantum gravity (see also [32]), and compatibility con-
ditions imposed by the Chern-Simons approach to (2+41) gravity
have been recently used [33] in order to identify certain privi-
leged (A)dS quantum deformations [34] (among them, the twisted
k-(A)dS algebra [35-38]).

Concerning (341) dimensions, we recall that in the papers
[13-16] the x-Poincaré algebra was obtained as a contraction of
the Drinfel’d-Jimbo quantum deformation [6,39] of the s0(3,2)
and so(4, 1) Lie algebras, by starting from the latter written in the
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Cartan-Weyl or Cartan-Chevalley basis, and then obtaining suit-
able real forms of the corresponding quantum complex simple
Lie algebras. However, to the best of our knowledge, no explicit
expression of the (3+1) x-(A)dS algebras in a kinematical basis
(rotations J, boosts K, translations P) and including the cosmo-
logical constant A has been presented so far, thus preventing the
appropriate physical analysis of the interplay between A and the
quantum deformation. Moreover, explicit expressions for the (3+1)
k-(A)dS Casimir operators cannot be found in the literature.

The aim of this paper is to fill this gap and to provide the Pois-
son version of such (34+1) «-(A)dS algebra together with its two
deformed Casimirs with non-vanishing cosmological constant: the
deformed second-order invariant —which is related to the energy-
momentum dispersion relation- as well as the deformed fourth-
order Casimir, which would be related to the spin/helicity of the
particles [40,41]. We recall that in the case A =0 such deformed
Pauli-Lubanski 4-vector was obtained for the (3+1) «-Poincaré al-
gebra in [42].

From a technical perspective, the quantum (Poisson) algebra
will be fully constructed without making use neither of real forms
nor of contraction techniques, thus solving the kinematical basis
problem since the basis is fully fixed from the initial data. As it
was presented in [43], by making use of the Poisson version of the
quantum duality principle (see [6,44-46] and references therein),
it is possible to construct the full Poisson-Hopf algebra structure
from the Lie bialgebra that defines the cocomutator § (i.e., the first-
order of the coproduct A) of the x-(A)dS deformation. In short,
it can be said that a quantum Poisson algebra is just a Poisson-
Lie structure on the dual Lie group G*, which has as Lie algebra
g* (the one obtained by dualizing the cocommutator §). In fact,
this method was already used in [43] in order to recover the Pois-
son k-Poincaré algebra in (3+1) dimensions. Moreover, in all the
expressions of the k-(A)dS algebra that we will present, the cos-
mological constant A will be introduced as an explicit parameter,
and the A — 0 limit will automatically provide the x-Poincaré al-
gebra in the so-called bicrossproduct basis [8,10,47,48].

Evidently, the proper quantum «-(A)dS algebra would be ob-
tained by substituting the Poisson brackets here obtained by com-
mutators and by replacing the Poisson algebra generators by non-
commuting operators. This would lead to many ordering ambigu-
ities that have to be solved by the appropriate choice of a sym-
metrization prescription, which has to be also implemented on
the coproduct map (see the discussion in [43]). Nevertheless, the
Poisson approach here presented is enough to get a quite compre-
hensible description of the deep changes that the non-vanishing
cosmological constant generates within the x-deformation. In par-
ticular, the influence of the cosmological constant on the deformed
Casimir operators and on the noncommutative spacetime can be
explicitly evaluated. Moreover, the interplay between the cosmo-
logical constant and the (141) k-dS Poisson algebra has been re-
cently presented in [49,50] in the context of curved momentum
spaces and relative locality frameworks [51-54]. Thus, the results
here presented provide the tools needed in order to get a deeper
insight about the remnants of the quantum geometry that are en-
coded at the Poisson level in the more realistic (3+1) case.

The paper is structured as follows. In the next section, the
kinematical basis for the (A)dS and Poincaré algebras in (3+1) di-
mensions is revisited by considering the one-parameter Lie algebra
AdS,, whose parameter w is related with the cosmological constant
in the form w = —A. In Section 3, the Poisson x-deformation of
the (3+1) AdS,, algebra is fully constructed as a Poisson-Lie struc-
ture on the dual Poisson-Lie group defined by the Lie bialgebra
structure that underlies the «x-deformation. The explicit expression
of the two Casimir functions is then obtained and the x-Poincaré
limit is straightforwardly computed. This method can be further

applied to the twisted k-AdS, algebra arising from a Drinfel'd
double structure in (3+1) dimensions, and whose first-order non-
commutative spacetime has been recently introduced in [55]. A fi-
nal section including several comments and open problems closes
the paper.

2. The (3+1) AdS,, algebra

Let us consider the three (3+1) Lorentzian Lie algebras as
the one-parameter family AdS,, where w is a real (graded)
contraction-deformation parameter [41]. In the kinematical ba-
sis {Po, Pq, Kq, Ja} (@=1,2,3) of generators of time translation,
space translations, boosts and rotations, respectively, the commu-
tation rules for AdS,, read

[Ja, Jo] = €apc e,
[Ka, Po] = Pq,
[Po, Pq]l = wKaq,

[.]Clv Pb] = EabcPa
[Kq, Pp] = 6ap Po,
[Pa, Pp]l = —wéapc Jc,

[Ja, Kp] = €apc Ko,
[Kq, Kp] = —€apc Jc,
[Po, Jal1 =0,

(2.1)

where hereafter a,b,c =1, 2,3 and sum over repeated indices will
be assumed. In particular, the contraction parameter w is related
with the cosmological constant in the form w = —A, thus AdS,,
contains the AdS Lie algebra so(3,2) when w > 0, the dS Lie alge-
bra s0(4, 1) for w <0, and the Poincaré one iso(3, 1) for w =0.

The Lie algebra AdS, is endowed with two Casimir operators
(see, e.g., [41,56]). The quadratic one comes from the Killing-
Cartan form and is given by
cng—PZ-q-w(jz —1(2), (2.2)
where P% — P? is the square of the energy-momentum 4-vector
(Po, P). For w =0, (2.2) gives the square of the Poincaré invariant
rest mass.

The second AdS,, Casimir is a fourth-order invariant that reads

W=W3-W>+w(-K?,

Wo=] P, Wq=—JaPo+ €apcKpPe, (2.3)

where (Wo, W) are just the components of the Poincaré Pauli-
Lubanski 4-vector. For w = 0, the invariant W(Z) — W2 provides the
square of the spin/helicity operator (see [40,41]), which in the rest
frame it is proportional to the square of the angular momentum.
As a consequence, the Casimir W (2.3) generalizes this operator to
the case with a non-vanishing cosmological constant.

Notice that setting w = 0 in all the above expressions corre-
sponds to apply an Inoénii-Wigner contraction leading to the flat
A — 0 limit [18]. The Cartan decomposition of AdS,, is given by

AdS, =h @Dy, h=Span{K,]J} ~s0(3,1), p=Span{Py, P},

where § is the Lorentz subalgebra. Thus, the family of the
three (3+1) Lorentzian symmetric homogeneous spaces with con-
stant sectional curvature w is defined by the quotient AdS?;rl =
S0 (3,2)/S0(3, 1), where the Lie groups SO(3,1) and SO (3,2)
have b and AdS,, as Lie algebras, respectively. The specific spaces
are:

e w>0,A <0: AdS spacetime AdS>*! =50(3,2)/50(3, 1).
e w <0, A >0: dS spacetime dS**! =50(4, 1)/50(3, 1).
e w= A =0: Minkowski spacetime M3*1 =1S0(3, 1)/S0(3, 1).

We emphasise that, throughout the paper, the cosmological con-
stant parameter w will be explicitly preserved and all the results
presented hereafter will hold for any value of w.
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3. The Poisson k -deformation of the (3+1) AdS,, algebra

The approach presented in [43] for the construction of the
Poisson version of quantum algebras is fully determined by the
first-order (in the deformation parameter z) of the quantum de-
formation, which is provided by the cocommutator map §. In our
case, the classical r-matrix for the x-deformation of the (3+1)
AdS,, given in terms of the kinematical generators, is [18]

r=z(Ki AP1+ Ky AP2+K3AP3+Vw]i A J2), (3.1)

and from §(X) =[X®1+1® X, r] we obtain the x-cocommutator
map

3(Po) =0, 3(J3) =0,
s(J=zJw]1 A J3, §(J)=zvw]a A J3,
8(P1)=z(P1APo—wJja AKs+w]3 AKay+@]1 AP3),
8(P2) =z (P2 APo—w]3 AKi +@J1 AKs +Vw]a AP3),
8(P3)=2z(P3 APy —w]i ANK2+ ]2 AKq

—Jw]1 AP1—Vw]y A P), (3.2)
8(K1)=2z(Ki APo+ J2AP3— J3APy+Vw]1 AK3),
8(K2)=z(K2 APo+ J3AP1— J1 AP3+ V@ 2 AK3),
8(K3)=2z(K3 APo+ J1 APy — J2 APy

—Vo]i AKi — Vo] AK).

Here the zero cosmological constant limit corresponds to setting
w =0, and the quantum deformation parameters q, x and z are
related as g =e? and z=1/«.

Now, the quantum duality principle [6,44-46] implies that the
Poisson version of the quantum AdS,, algebra is just a Poisson-Lie
structure on the dual group G}, whose Lie algebra g} is obtained
as the dual of the cocommutator map (3.2). Moreover, the coprod-
uct map for k-AdS,, is exactly the dual of the product on G}, ie.,
the multiplication law for the dual group in terms of the corre-
sponding local coordinates. Therefore, if {pg, p. Kk, j} is the basis for
the dual coordinates to {Pg,P,K,]J}, then § (3.2) defines the fol-
lowing (solvable) 10-dimensional dual Lie algebra g :

[j1,j2]1=0, i1, i3] =zJ/wj1,

[j2. j3] = zJ/wj2, i1, p1] = —z/wps3,

[j1, p2] = zk3, [j1. p3] = —z(ka — Jwp1),

[j2, p1] = —zks, [j2, p2] = —z/wps3,

[i2. p3l=z(k1 + Vwp2),  [j3.p1]=2zka,

[J3. p2] = —zk1, [j3. p3]1=0,

[i1, k1] = —zJ/wks, [j1, k2] = —zwps3, (33)
[j1. k3] = z(Jwki + @wp2),  [j2.k1]=zwp3, '
[j2. k2] = —z/wks, L2, k3] = z2(Jwk; — wp1),

[J3, k1] = —zwp2, [j3, k2] = zwp1,

[j3, k3] =0, [ka, Po] = zkq,

[ka, kp] =0, [ka, Pp] =0,

[Pa. Po] = 2pq. [Pa. Pb] =0,

[Po, jal = 0.

Indeed, the limit z — O gives rise to an Abelian Lie algebra whose
group law is additive for all coordinates, thus giving rise to the
undeformed (primitive) coproduct A(X) =X ® 1+ 1® X for the
non-deformed quantum algebra.

Therefore, at the Poisson level the deformation induces a non-

Abelian dual group G}, whose group law provides the explicit

coproduct for the Poisson-Hopf algebra AdS,. Since the adjoint
representation p of g} is faithful, we can use it to obtain the cor-
responding 10-dimensional matrix representation of a generic Lie
group element in the form:

G =exp(—J3p(j3)") exp (= J2p(j2)") exp (= J1p(j1)")
x (—K3p(k3)") exp (—K2p(k2)")
exp (—K1p(k1)") exp (—P3p(p3)") exp (—P2p(p2)")
x exp (—P1p(p1)") exp (—Pop(po)').

A long but straightforward computation (see [43,57] for details
about the specific procedure) leads to the group law for G}, which
can be written as the following coproduct for the Poisson AdS,
algebra:

A(Pg)=Po®1+1Q Py, A(J3)=]38®1+1Q® J3,
AJD=heeVh 1181, AU =]0eV 418,
A(P1) = Py @ cosh(zvw J3) +e 7 @ Py
— VwK; ® sinh(zy/w J3) — 2J/wP3 ® J1 + 20K3 ® |2
+ 720 (VwKi = P2) ® J1 ]z(:‘fz‘/aj3

1
~ 570 (Voks + P1) @ (j% - ]5) e~ V@l3,
A(Py) = Py @ cosh(zv/w J3) + e ZP0 @ P,

+ VoK1 @ sinh(zv/w J3) — zJ/wP3 ® ]2 —z0K3 @ ]
—ZZC() («/51(2 + Pl) [ Jl ]26*2\/5]3
1

— 370 (VoK1 — P2) ® (]f _ ]g) e—ol3
A(P3)=P3®@1+e72P @ P3 +z(wKz + VooP1) ® Jie V@3

—z(wK1 — VoP2) ® Jpe VI3

inh
AKD = K1 ® Cosh(zy/@J3) + 70 @ K + Py i SIS
Jo

—2zP3® J2 —zJ/wK3 ® J1
— 72 (a)I(z + ﬂm) ® J1 126—2\/5]3

- %zz (K1 — V&oP) ® (j% - jg) e 2VO3,

sinh(z/@ J3)

A(K2) = K2® cosh(zvw J3) +e PP @Ky — P1 ®
Jo

+2P3® J1 —zJ/wK3® >
— 22 (wK1 — JP3) ® J1 Je~2V)3

1
+ 522 (wKz + VoP1) ® (]% - ]%) e VO3

A(K3) =K3®1+e P @ K3 + 2(JwKq — Py) @ Jie V@)
+2(J@Ky + P1) ® Joe VO3, (3.4)

We stress that we have obtained a two-parametric deformation,
which is ruled by a “quantum” deformation parameter z = 1/«
together with a “classical” deformation parameter w (the cosmo-
logical constant). Notice also that this coproduct is written in a
“bicrossproduct-type” basis that generalizes the one corresponding
to the (2+1) «-AdS,, algebra [38].

The Poisson brackets compatible with the previous coproduct
as a Poisson-Hopf algebra are given, by Drinfeld’s theorem [58],
as the unique Poisson-Lie structure on G}, whose tangent Lie bial-
gebra is given by the dual of the AdS, commutation rules (2.1).
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Since this dual Lie bialgebra is not a coboundary one, we have no
Sklyanin bracket available and the Poisson algebra relations have
to be obtained by making use of the computational procedure in-
troduced in [43]. In particular, we will assume that such Poisson
tensor is quadratic in the “elementary” functions that appear in
the previous coproduct, namely

[1, Po. P1. P2, P3. K1, Ky, K3, J1. J2. J3. e 2P0 V@5,

J1e VO3 [,emVOls [20-2V0ls j20-2V0ls g ]26—2@13}7

and the most general antisymmetric quadratic Poisson bracket de-
pending on these functions has to be constructed. Afterwards, we
impose on this bracket the Poisson homomorphism condition for
the deformed A (3.4) that we have previously obtained. This re-
quirement gives rise to a huge system of linear equations, that can
be solved by using a symbolic manipulation program. Finally, we
require that the linearization of this tentative Poisson tensor gives
back the AdS,, brackets (2.1). After enforcing this last requirement
we get the uniquely determined Poisson brackets, which fulfill the
Jacobi identity and are explicitly given by:

I N )

U Jad == —= (). s =—h
{J2, J3}=J1, {J1. P1} =zJ/w 1Py,

{J1. P2} =P3 —zJ/w]1P1, {J1, P3} = —P2,
{J2,P1}=—P3+2zJ/w]2P2, {J2,P2}=—2zJ/w]2P1,

{J2, P3} = Pq, {J3, P1} = P2,

{J3, P2} = —P1, {J3, P3} =0,

{J1. K1} =zJ/w]1Ka, {J1. K2} =K3 —z/w ] 1K1,
{J1, K3} =—K2, {J2. K1} = —K3 + z/w ]2 K3,
{J2. K2} = —z/w ]2 K1, {J2, K3} =K1,

{J3, K1} =Kz, {J3, K2} = —Kjq,
{13’K3}:O’ {Ka,PO}:Pa’

{Po, Pq} = wKq, {Po, Ja} =0,

{K1, P1} = 1 (cosh(22ﬁ13) _ e—ZZPo)
2z

3 2
2w 2z

+ e O (4 ) + 5 (P34 PR - PY)

zw

= [K3+ K3 =K+ J3 (1 - e72200)
+ 3 (1 + e*zz@“)],
1

(Ka. P2} = - (cosh(Zza/a) J3) — e—ZZ”O)

3.2
ZZw 2z
+ e O (4 ) + 5 (P4 P - PY)
Zw
+ 7[K% + K} = K3+ J3 (1+e722/00)

+ 13 (1-e=0n)],

1 _e—ZZPo
{K3, P3} =
2z

z
+ 5 [(Pr 4+ Voka)? + (P2 = VoK) - P} — k]|

+ zwe22V@Is (]% + J%) ,

+

(P1.Ky) =2 (P1 Py 4+ @K1 Ky — oP3Ks + ] ]ze—”ﬁh) ,

(Py. K1} =2z (P1 Py 4+ wK1 Ky + oP3K3 + wJq Jze*”@fa) ,

(P1, K3} = 5 @) (1= 208 [1 = 20 (2 + 1))
+z(P1P3 + wK1K3 + VWK, P3),

{P3, K1} = %@]1 (1-e2vob [1-20 (13 + 3)])
+2(P1P3 + wK1K3 — V/wP3K3),

(P2, Ks) = Voo o (1 -0 [1- 200 (13 + 13) )
+z(P2P3 + wK2K3 — VWK1 P3),

(P3. ko) = Vi s (1 -8 [1 - 20 (13 + 13) )

+ 2 (P2P3 + wK2K3 + vwP1K3),

sinh(Qz/wJ3) zJw
2z/w 2
B3

e )

(K, K3} = %12 (1 +e 22Vl [1 + 722w (J% + J%)])

(K1, Kz} = - (2 +13+263)

+ 20Kz K3,
{K2, K3} = —%]1 (1 e 2Vels [1 +7Z0 (]% + J%)])
— zJwK1 K3,
{P1, Py} = — Sinhfz%ah) _Z 2‘” (2P} +0Ui+13)
2O anvin (R4 )
[Py, P3) = %wjz (147208 [1420 (13 + 3)])
+ zy/@P, Ps3,
[Py, P3) = —%a)h (147208 [1420 (13 + 13)])
— zJ/®P1P3. (3.5)

This deformed Poisson algebra, together with the deformed co-
product A (3.4), provides the Poisson version of the k-AdS,, alge-
bra in (34+1) dimensions. Moreover, the deformed counterpart of
the second-order Casimir invariant (2.2) is found to be

C, = 232 [cosh(zP) cosh(zv/@ J3) — 1]
+wcosh(zPo)(J2 + J2)e V)3

_ ePo (p2 + wl(2> |:COSh(Z\/5]3)

2
+ 52U+ J%)e—zﬁb] (36)

sinh(z/ J3) R
e s

+2z (th + JoRy + @(ﬁ + 1§)R3> e‘zﬂh],

+ 2a)eZP°[

where Ry = €4pcKp Pc. The deformation of the fourth-order “Pauli-
Lubanski” invariant (2.3) leads to the (quite complicated) expres-
sion
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Wz:

B sinh?(zPg) [ sinh?(zy/w J3)
z2 22w
sinh?(zy/w J3)

+ 272w

(1+4e722V003) (2 J%)} +

N —

ZeZZPO(P§ +CL)K§) _ (eZZPU _ 1)([)2 + a)KZ)]
eZzPo [M
Jo
(e??Po — 1) sinh(2z/w J3) R
222\ /w ’
R+ 207D Py + 0Ky )]

L o220 [1 _e—22/0]3

X

—

2
(P? + wK?) — 2R3 cosh(zv/w ]3)}

I,

zJ/w
x [(J1P1+ J2P2)P3 + w(J1K1 + J2K2)K3]
eZZPO _ '1
2z
+e2P0e=2V0l [ 221 wik}) + I3 (P + K3 |

+zwe V0l (2 4 J%)}
(1+e72V@13)(J1R1 + J2R2)

1
- U+ ]5)[(e22”0 —)(L_ + e~ 22VPI3(P? 4 K?))
+2e22Po(e=22V0)3 _ 1) (p2 wl@)]

Z
+3 2P0 2203 (1R + J5Ry)

x [Ly + VOB L+ w1 —e %P0 (j2 + j3)]
— Zwe?Pe 2203 (1R 4 J5Ry)?

2
z
— G U+ DL +eOBLy)

2
~ Zwe BOh( 4 3y

sinh®(zPo)  5,p. > 5. ePo_1
x [T — e¥P0(P] + K3) + ——— L

3
z
+ ?weZZPge—Zz\/ng (_]% + J%)L7

Z. 12, 12
<[ iR+ J2Ra = SUR+ DL (3.7)
where we have used the notation L+ = P? + wK? + 2,/wR3. Both
the “classical” and “flat” limits z— 0 and @w — 0 are always well-
defined.

Indeed, what we have obtained is a commutative Poisson-Hopf
algebra, whose quantization has to be performed in order to obtain
the proper k-AdS, quantum algebra. Once this had been com-
pleted, a (presumably nonlinear and complicated) change of basis
should exist between the kinematical basis and the Cartan-Weyl
or Cartan—Chevalley basis used in [13-16]. Nevertheless, most of
the physically relevant features of this quantum deformation can
already be extracted from the kinematical Poisson structure here
obtained.

3.1. The Poisson k -Poincaré algebra

Under the w — 0 limit the classical r-matrix (3.1) and the co-
commutators (3.2) reduce to

r=z(Ki AP1+KyAPy+ K3z AP3),

8(Po) =0, §(Jq) =0, 8(Pg) =zP4 A Py,

3(Ka) =z (Kqg A Po+ €apcPp ® Jc),

which means that the dual group is “more Abelian” than the w #
0 one. Therefore the dual group law is simpler, and the w — 0
limit of (3.4) and (3.5) lead to the following coproduct and Poisson
brackets

A(Pg)=Po®1+1@® Py,

A(Ja)=]a®l+l®]av

A(P) =P ®1+e?0® Py,

A(Kq) =Ko ® 1+ 7770 © K + z€anc Py ® J,

{Ja» Jo) =¢€avcJe»  {Ja, Pp} = €apcPe, {Ja, Kp} = €apcKe,

{I<ﬂsP0}:Pav {K(151<b}:_€ﬂbc.’€7 {POa]ﬂ}:Os
{P07Pa}=0, {Pa,Pb}=0,

1 z
{Ka, Py} = 8a [ — (1 - e—zz”O) +%p2) —zp,p,.

2z 2

Since all the coordinate functions Poisson-commute, ordering am-
biguities do not exist and the quantization of this Poisson-Hopf
algebra is immediate, thus giving exactly the x-Poincaré alge-
bra in the bicrossproduct basis [10,47,48]. The deformed quadratic
Casimir function providing the deformed mass-shell condition is
obtained through the @ — 0 limit of (3.6); namely

2 4
C=> [cosh(zPg) — 1] — e*Pop? = = sinh?(zPg/2) — e*"op?.
(3.8)

The deformed Pauli-Lubanski invariant, coming from the w — 0
limit of (3.7), can be written in the form

2
z
W, = (cosh(zPo) vy eZP°P2> WZZV0 - w§ ,

V4
Woo=ezl0J.p,

sinh(zPg) (3.9)

z
Wza=—Ja + e*Poegp, (Kb + 3 €blisz> Pc,

to be compared with (2.3) with w =0.
3.2. Atwisted k-AdS,, algebra

If we add to the r-matrix (3.1) a Reshetikhin twist of the type
ry =10 J3 A Py, we are led to consider the two-parametric Lie bial-
gebra structure generated by

2,9 =Z(K1 AP14+Ky AP+ K3 AP3+w]i /\]2)
+ 9 J3 A P, (3.10)

which is just the r-matrix that generates a Drinfel’d double quan-
tum deformation of the AdS, algebra in (3+1) dimensions that
has been recently considered in [55]. The corresponding cocom-
mutator map is the sum of two terms 8,9 =& + 8y where § is
given in (3.2) while the twisted component §y reads

8y (Po) =0, 8p(J3) =0,
Sp(J1)=—0J2APo,  89(J2) =7 ]1 A Po,
dp(P1) =—3 (P2 APo+ w3 AK1),

3y (P2) =0 (P1 APo—w]3AK3),

dp(P3) =—%w]3 AKs,
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39 (K1) == (K2 APg— J3APq),
89 (K2) =1 (K1 A Po+ J3 A P3),

8p (K3) =1 J3 A P3. (3.11)

The Poisson version of the corresponding twisted «-AdS,, al-
gebra can be obtained by following the same method as in the
untwisted case, and will be presented elsewhere. In fact, the ad-
ditional twist contribution (3.11) to the cocommutator would lead
to a dual Poisson-Lie group G, , which would be “less Abelian”
than G}, thus leading to a more complicated dual group law.
Nevertheless, the Poisson-Lie brackets compatible with such two-
parametric coproduct will be the same as in the non-twisted
case. Again, the Lie bialgebra underlying the corresponding Poisson
twisted x-Poincaré algebra is obtained from (3.10) in the vanish-
ing cosmological constant limit w — 0 and, its full Hopf structure
has been worked out in [35-37,43].

4. Concluding remarks

Several features of the k-(A)dS Poisson-Hopf algebra presented
in the previous section are worth to be commented. Firstly, it
becomes apparent that the existence of a non-vanishing cosmolog-
ical constant implies a significantly more complicated Hopf algebra
structure. This will have a deep impact as far as the quantization
of the Hopf algebra is concerned, since many ordering ambiguities
(which are absent in the x-Poincaré case) appear. As it was already
pointed out in [43], such ordering issues can be minimized if we
consider a basis in which the deformed coproduct is invariant un-
der the composition of the flip operator o (X ® Y) =Y ® X with
the change z — —z in the deformation parameter. This “symmetri-
cal” basis for the «-(A)dS,, algebra can be found and turns out to
be

Po=Po, J3=Js, Ji=Je VOB, = e Ve,
~ y4 z V4 z
Pq = cosh E«/C()J3)€7POP1 + +/w sinh (Ex/a)jg)e?”ol(z

+ %x/ae*%(ﬁhfp‘)) (J1P3 — Vw]2K3),

ﬁz=cosh<5@]3)e§P°P2—ﬁsinh(fﬁjg>e%’)°l<1
2 2
zZ z

+ S we 3BT (JoPs + Vo 1Ks).
~ V4 z
Py = [Ps + 5 V@ (J2(/oki = P2) = i (VoK + P) [e? ™,
- z tpy . SN (5V@)3) 2p
K1_cosh(2\/513)ez K1 — e e270p,
+Ee_%(ﬂ]3—P0) (.]2133_{_\/5]11(3)7

sinh (%ﬁJB)E%POP1
)

\]

~ ya z
I<2:cosh(§«/w]3)eipol<2+
zZ _z _
3¢ 1V@Is=P0) (]1P3 — Vw J2Ks).

Rs=[Ks = 2 (Ji(W@Ky = P2) + 2ok + Pp) | e3P,

Under this change of basis functions we have, for instance, that

~ Z

Ay =J1®eils ye il ],
A(J2) =2 ®eili e ibg J2.

All the remaining new coproducts in this basis can straightfor-
wardly be written, but we omit them for the sake of brevity. The

(4.1)

full solution of the quantization problem is currently under inves-
tigation.

It is also worth mentioning that expressions (4.1) reflect that
the rotation sector of the (3+1) x-(A)dS algebra is a quantum
50(3) subalgebra, which is generated by the /w]J1 A J, term in
the classical r-matrix (3.1). This constitutes an essential difference
with respect to the Poincaré case, since in the limit w — 0 this ro-
tation subalgebra becomes a non-deformed one. The same happens
for w # 0 in the (2+1) k-(A)dS deformation, which is generated by
the classical r-matrix

r=z(Ki AP1+KyAPp),

where the cosmological constant does not appear. Moreover, both
in the (2+1) and (3+1) cases the Lorentz sector is not a Hopf
subalgebra for any value of w.

On the other hand, it can also be appreciated that the Casimirs
(3.6) and (3.7) are profoundly modified by the cosmological con-
stant when they are compared with their x-Poincaré counter-
parts (3.8) and (3.9). In particular, the quadratic one (3.8) giv-
ing rise to the x-Poincaré dispersion relation is now transformed
into (3.6), where both boost and rotation generators do contribute.
The physical significance of this fact deserves further study, that
could be approached by taking into account the results obtained
in [49,50] for the (1+1) «-dS case, and the common features
with respect to the (24+1) «-(A)dS Casimirs that were commented
in [33].

Another important aspect to be considered is the noncommuta-
tive xk-(A)dS spacetime associated with the deformation here pre-
sented. This noncommutative spacetime will be a nonlinear algebra
whose first-order can be directly obtained as a Lie subalgebra of
the dual Lie algebra (3.3). If we identify X° = pg and X% = pq,
we find that the first-order x-(A)dS,, noncommutative spacetime
reads

a

R01=230, [x4x1=o0, a,b=1,2,3.

(4.2)

This is just the well known (3+1) k-Minkowski spacetime (see
[9-12]), and the cosmological constant does not appear at this
first-order level. Higher-order contributions will indeed contain w,
and they will arise when the full Hopf algebra duality for the
k-(A)dS coproduct (3.4) is computed (see [59]). Alternatively, such
all-orders (3+1) noncommutative spacetime can be obtained as a
Poisson subalgebra within the Poisson-Lie structure defined by the
Sklyanin bracket coming from the classical r-matrix (3.1) (see [38]
for the (24+1) case). In the same manner, the first-order twisted
version of this noncommutative spacetime is obtained by adding
to (4.2) the contributions coming from (3.11), and yields

(X z=1/k,

3

KL =zx' + 0%, [ =z -vi, [.30=z%,

[%,%1=0, ab=1,2,3,

which is not isomorphic to the (3+1) x-Minkowski spacetime
(see [55]). Again, the cosmological constant will appear for higher-
orders within the full commutation rules. We recall that in the
(2+1) case the twist guarantees the compatibility with the Chern-
Simons approach to gravity [33]. Work on all these problems is in
progress and will be presented elsewhere.
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