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ABSTRACT 

In rush hours, the onboard crowd level within transit vehicles is a problem of any large city. 
At the expense of time savings, some users will avoid riding crowded lines if they consider 
that transit vehicles do not have enough personal space. This paper presents a hypergraph 
model and an algorithm to find multimodal shortest hyperpaths considering the user 
constraints on the sequence of boarded modes and their preferences of onboard crowding 
levels. It is assumed that transit inter-arrivals are random. A penalty for riding transit 
vehicles is defined to model how the users perceive the onboard crowd levels. This penalty 
depends on the onboard crowd levels and the seating capacity of the vehicles. A state-
automaton is used to model the user constraints on the sequence of boarded modes. To find 
the shortest hyperpaths, the user selects their origin, destination, the maximum number of 
modal transfers, and the onboard crowd level threshold. A use case on a sample multimodal 
network is presented. 

1. INTRODUCTION

Saturated transit networks are a common issue in any large city. Whenever possible, some 
users will avoid large crowds or wait at stops for less crowded vehicles. Transit users not 
only want to reduce their travel time, other factors like cost, transfers, and occupancy also 
affect their route choice (Raveau et al., 2014). Haywood et al. (2017) pointed out that 
traveling in crowded vehicles affects users' sanity by decreasing their perception of security 
and increasing their anxiety and stress.  

Expanding the fleet or transit routes may mitigate the effects of crowded vehicles, but these 
solutions are expensive or may take several years to carry out. An affordable solution to the 
onboard crowd problem is to display at the stops the crowd information of the incoming 
vehicles. This information leads to a shift in the passenger distribution among consecutive 
vehicles, thus reducing the onboard crowd levels (Zhang et al., 2017). Preston et al. (2017) 
found that it is unlikely that advanced information on onboard crowding will reduce crowd 
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levels during peak hours; however, crowding information will reduce the users' stress and 
improves the passenger experience while traveling.  

Since the onboard crowd information within transit vehicles is an important point to consider 
for some users, this paper presents a label-correcting algorithm to find multimodal shortest 
hyperpaths in a multimodal transport system where:  

 The user restrict the sequence of boarded modes
 Selects the maximum onboard crowd levels they would like to face during their trip

To find the shortest paths and extension of the algorithm by Lozano & Storchi (2002) is 
developed. Since transit users experience the onboard crowd levels differently (Whelan & 
Crockett ,2009), a penalty is defined to model the user perception of the onboard crowd 
levels. It is considered that the transit modes have random-arrivals, i.e., the arrival-rate at 
stops is random and the waiting times can only be estimated based on particular distribution. 

The subsequent sections are organized as follows. In Section 0, the related work is presented. 
Section 0 presents a brief introduction to hypergraph notation. Section 0 shows a hypergraph 
model of a multimodal transport system where: (1) the transit has random-arrivals, (2) the 
sequence of modes is restricted, and (3) the onboard crowd levels are considered. Section 0 
presents the algorithm for finding the shortest hyperpaths bound by modal transfers and 
onboard crowd levels. An example of usage is shown in Section 0, and in Section 0, the 
conclusions are highlighted. 

2. RELATED WORK

Assessing how users perceive the onboard crowding levels has been studied by conducting 
surveys. In 2009, Whelan & Crockett (2009) conducted a study in the UK trains to know 
how passengers perceive time while traveling in crowded vehicles. The authors conclude 
that standing passengers perceive longer travel times than seated passengers. The authors 
also found out that the perceived travel time of standing passenger is equal to the travel time 
multiplied by a scalar which depends on the onboard crowding. Let call this scalar the riding 
penalty. Qin (2014) uses the results of Whelan & Crockett (2009) and proposes three non-
linear functions to estimate the riding penalties. Other authors like Batarce et al. (2016), 
Haywood et al. (2017), Tirachini et al. (2017), Bansal et al. (2019), and Márquez et al. (2019) 
also conducted surveys to estimate the riding penalty. As expected, few similarities are found 
in the mentioned studies as the riding penalty estimation depends on the network geometry, 
the infrastructure, and the idiosyncrasy of passengers. In the presented research, a non-linear 
function proposed by Qin (2014) is adapted to estimate the riding penalty. 
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Finding shortest paths in transit networks considering onboard crowd levels helps users find 
routes that accommodate to their personal preferences. Nuzzolo et al. (2015) and Comi & 
Nuzzolo (2016) developed tailored utility functions to model travel costs in scheduled transit 
systems. By using surveys and individual preference learning processes, the utility functions 
are defined and calibrated to model the user preferences on arrival times, onboard crowding 
levels, and total transfers. Rajapaksha et al. (2017) leverage the use of ubiquitous data 
sources to propose a framework that could be used to find the shortest paths with low 
onboard crowding levels. Katona et al. (2017) propose an ant-colony algorithm to find 
multimodal shortest paths where onboard crowd levels are considered. Unlike other works 
where the transit is schedule-based, the presented work aims to develop a routing algorithm 
and hypergraph model for a multimodal transport network where the transit has random-
arrivals, such that the hyperpath algorithm considers: 
 

 The user preferences on onboard crowd levels 
 The user constraints on the sequence on board modes 
 The user bounds of modal transfers. 

 
In the presented paper, the crowd levels are modeled with a penalty that grows as more 
people get on the vehicles, and according to the reviewed research, this is how people 
perceive the crowd as the vehicle fills up. The penalty can be calibrated for a particular user 
or situation (commuting vs. leisure trip), but the calibration procedure is out of the paper's 
scope. Although the works mentioned in the last paragraph consider the onboard crowding 
levels for the path computation, the authors fail to present a model of how they estimate the 
crowding levels. 

 
3. PRELIMINARIES 
 
A directed hypergraph is a pair 𝐻 ൌ ሺ𝑉,𝐸ሻ, where 𝑉 is the set of nodes and 𝐸 is the set of 
arcs and hyperarcs. An arc 𝑎 ∈ 𝐸 is defined as a pair of nodes 𝑎 ൌ ሺ𝑖, 𝑗ሻ where ሼ𝑖, 𝑗ሽ ⊂ 𝑉. A 
hyperarc 𝑒 ∈ 𝐸 is defined as the pair 𝑒 ൌ ൫𝑡ሺ𝑒ሻ,ℎሺ𝑒ሻ൯ where 𝑡ሺ𝑒ሻ ⊂ 𝑉 is the set of tail nodes 
and ℎሺ𝑒ሻ ⊂ 𝑉 is the set of head nodes (Voloshin, 2009). A hyperarc 𝑒 ൌ ൫𝑖,ℎሺ𝑒ሻ൯ is a 
support hyperarc and a hyperarc 𝑒ᇱ ൌ ൫𝑖,ℎᇱሺ𝑒ሻ൯ ∶ ℎᇱሺ𝑒ሻ ⊆ ℎሺ𝑒ሻ is a contained hyperarc 
(Lozano & Storchi, 2002). Fig shows a directed hypergraph where 𝑒ଵᇱ ൌ ሺ1,7ሻ is a contained 
hyperarc of the support hyperarc 𝑒ଵ ൌ ሺ1, ሼ1,7ሽሻ. 
 

 
Figure 1: Representation of a directed hypergraph  
 



3338 TRANSPORTE PÚBLICO 
 
Let 𝐵ሺ𝑗ሻ be a set of arcs 𝑎 ∈ 𝐸 and contained hyperarcs 𝑒ᇱ ∈ 𝐸 ∶ |ℎ′ ሺ𝑒ሻ| ൌ 1 entering to the 
node 𝑗, i.e., 𝐵ሺ𝑗ሻ ൌ ሼ𝑎 ൌ ሺ𝑖, 𝑗ሻ ∈ 𝐸 and 𝑒′ ൌ ሺ𝑖ᇱ, 𝑗ሻ ∈ 𝐸 ∶ ሼ𝑖, 𝑖ᇱ, 𝑗ሽ ⊂ 𝑉ሽ (López & Lozano, 
2020). For example, in the hypergraph shown in figure 1 𝐵ሺ4ሻ ൌ ሼ𝑎 ൌ ሺ2,4ሻ, 𝑒ᇱ ൌ ሺ3,4ሻሽ. 
A path 𝑟ௗ, that connects an origin 𝑜 and a destination 𝑑 is a sequence of nodes, arcs and 
hyperarcs. A hyperpath 𝑝ௗ is the minimum set of acyclic paths 𝑟ௗ, such that the destination 
𝑑 is connected to any node that belongs to 𝑟ௗ (Nguyen & Pallottino, 1989). A sub-hyperpath 
𝑝ௗሺ𝑙ሻ from the node 𝑖 to the node 𝑑 associated to the line 𝑙 is compose by a contained 
hyperarc 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ and a set of consecutive arcs ሼሺ𝑗, 𝑗ଵሻ, ሺ𝑗ଵ, 𝑗ଶሻ… ሺ𝑗ିଵ,𝑑ሻሽ, such that the 
contained hyperarc and all the arcs are associated to a unique transit line. In figure 1 the sub-
hyperpath 𝑝ଵ,ሺ𝑙ሻ  ൌ ሼሺ1,2ሻ, ሺ2,4ሻ, ሺ4,5ሻ, ሺ5,6ሻሽ. 
 
4. HYPERGRAPH MODEL 
 
Let 𝐻 be a hypergraph that models a multimodal transportation system, such all transit 
modes have random-arrivals. The hypergraph 𝐻 ൌ ሺ𝑉,𝐸,𝑀ሻ where, 𝑉 is the set of nodes, 𝐸 
is the set of arcs and hyperarcs and 𝑀 ൌ ሼ𝑀1,𝑀2,𝑀3,𝑀4ሽ is the set of modes such that: 
 

 𝑀1 ≔ Pedestrian mode 
 𝑀2 ≔ Bicycle mode 
 𝑀3 ≔ Non-rail transit modes 
 𝑀4 ≔ Rail transit modes 
 𝑀5 ≔ Modal transfers 

 
The arcs ሺ𝑖, 𝑗ሻ ∈ 𝐸 model the pedestrian, bicycle and modal transfers networks. The travel 
time of an arc ሺ𝑖, 𝑗ሻ ∈ 𝐸 is defined as 𝜏. Two consecutive stops of the same transit line are 
modeled with one contained hyperarc 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ and two arcs ሺ𝑗,𝑘ሻ and ሺ𝑗,𝑚ሻ, where 𝑒ᇱ 
represents boarding a transit vehicle at stop 𝑖, ሺ𝑗,𝑘ሻ represents riding the vehicle from stop 
𝑖 to stop 𝑘 and descending at stop 𝑘 and ሺ𝑗,𝑚ሻ represents riding the vehicle from stop 𝑖 to 
stop 𝑘 and not descending at the stop 𝑘. 
 
Since the inter-arrival of transit vehicles is random, the waiting time at stops depends on the 
transit lines the user is willing to board to get to the destination. Let 𝑒 ൌ ൫𝑖,ℎሺ𝑒ሻ൯ be a 
support hyperarc representing the set of lines stopping at 𝑖. Each contained hyperarc of 𝑒 is 
associated with one of the lines stopping at 𝑖. Let 𝐿 be the set of transit lines stopping at 𝑖 
associated with the support hyperarc 𝑒 ൌ ൫𝑖, ℎሺ𝑒ሻ൯. Given an origin and a destination, it is 

defined the attractive set of lines, 𝐿
್
⊆ 𝐿, such that at stop 𝑖, the user is willing to board 

the first arriving line in 𝐿
್ to reach the destination. The attractive set defines the concept of 

boarding hyperarc 𝑒 ൌ ቀ𝑖,ℎሺ𝑒ሻቁ ∶ ℎሺ𝑒ሻ ⊆ ℎሺ𝑒ሻ where each contained hyperarc of 𝑒 is 

associated with one line in the attractive set (Lozano & Storchi, 2002). 
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Next are defined four concepts for the lines contained in the attractive set (Spiess & Florian, 
1989):  
 

 𝜑
  is the arrival-rate of the line 𝑙 associated with the contained hyperarc 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ 

 𝜙್ is the arrival-rate of the lines contained in the attractive set. It is defined as 

𝜙್ ൌ ∑ 𝜑


∈್ሺሻ  such that, 𝑙 ∈ 𝐿
್ and 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ is a contained hyperarc of the 

boarding hyperarc 𝑒 
 𝜔್ ൌ 1/𝜙್ is the waiting time of the lines in the attractive set 
 𝜋್, ൌ 𝜑

 /𝜙್ is the probability of boarding the line 𝑙 in the attractive set 

 
The user constraints on the sequence of transport modes are modeled with a state automaton 
and are described as follows. Lozano & Storchi (2002) defined the viability of a hyperpath 
for knowing which combinations of modes are admissible according to the constraints on 
the sequence of boarded modes. A hyperpath is viable if all the sub-hyperpaths satisfy the 
constraints on the sequence of boarded modes. 
 
The combination of boarded modes in a hyperpath is indicated with the state of the 
hyperpath. In this paper, it is assumed that the bicycle and rail modes are constrained, i.e., if 
one of these modes is taken and then left, then the mode cannot be retaken in any other part 
of the trip. Since the hypergraph 𝐻 has two constrained modes, eight combinations of modes 
are viable, and eight states can be associated with the hyperpaths. 
 
The deterministic finite state automaton (DFA) shown in figure 2 defines the sequence of 
viable states and is used to know which hyperpaths are viable. The DFA is defined by the 
graph 𝐴 ൌ ሺ𝑆,𝑀, γ, 0,𝐹ሻ where: 𝑆 ൌ ሼ0,1,2,3, … 8ሽ is the set of states, 𝑀 ൌ
ሼ𝑀1,𝑀2,𝑀3,𝑀4,𝑀5ሽ is the set of modes, 0 is the initial state, and 𝐹 ൌ ሼ1,4,6,8ሽ is the set 
of states for finishing trips. All trips end by foot so all states in 𝐹 include the pedestrian 
mode (see figure 2). Finally, the function γሺ𝑚,𝑚ᇱ, 𝑠ሻ ൌ 𝑠ᇱ ∶ γ:𝑀 ൈ𝑀 ൈ 𝑆 → 𝑠 , models the 
arcs of the DFA, i.e., the tuple ሺ𝑠, 𝑠ᇱሻ is an arc in the DFA if it is possible to transfer from 
the mode 𝑚 to the mode 𝑚ᇱ while maintaining the constraints on the sequence of boarded 
modes. 
 



3340 TRANSPORTE PÚBLICO

Figure 2: DFA graph with bicycle and rail transit mode restrictions 

For each pair of states 𝑠 and 𝑠ᇱ, such that the modes accepted in 𝑠 are also accepted in 𝑠ᇱ, it 
is possible to define a relationship to know which state dominates the other. This relationship 
defines an order between any pair of hyperpaths for knowing which hyperpath has a better 
chance to grow. Artigues et al. (2013) defines the dominance between states as follows: 

Definition 1. Let 𝑠 and 𝑠ᇱ be two states such that all modes accepted in 𝑠 are also accepted 

in 𝑠ᇱ. Define 𝑠 ≪ 𝑠ᇱ, 𝑠ᇱ dominates 𝑠, if for any modes 𝑚 ∈ 𝑀 and 𝑚ᇱ ∈ 𝑀 , such that 𝑚 is a 

feasible mode for 𝑠, one of the following conditions holds: 

 𝛿ሺ𝑚,𝑚ᇱ, 𝑠ᇱሻ ൌ ∅,
 𝛿ሺ𝑚,𝑚ᇱ, 𝑠ᇱሻ ൌ 𝛿ሺ𝑚,𝑚ᇱ, 𝑠ሻ

 𝛿ሺ𝑚,𝑚ᇱ, 𝑠ሻ ൌ 𝑠 and 𝛿ሺ𝑚,𝑚ᇱ, 𝑠ᇱሻ ൌ 𝑠ᇱ.

With the Definition 1 the set of states dominating 𝑠, 𝑃𝑆௦ ൌ ሼ𝑠ᇱ ∈ 𝑆 ∶  𝑠 ≪ 𝑠ᇱሽ, is obtained. 
The hyper transition of states is defined to get the resulting state when a boarding hyperarc 
𝑒 concatenates two hyperpaths. For example, if 𝑒 ൌ ሺ𝑖,ℎሺ𝑒ሻ ൌ ሼ𝑗,𝑘ሽሻ  concatenates the 
hyperpaths 𝑝ௗ

௦ೣ and 𝑝ௗ
௦ , then hyper transition of the states is 𝑠௫ ∘ 𝑠௬ ൌ 𝑠, such that 𝑠

indicates the combination of modes used in 𝑝ௗ
௦ೣ and 𝑝ௗ

௦
 (Lozano & Storchi, 2002).

Let 𝑝ௗ௦  be a hyperpath from 𝑖 to 𝑑 with state 𝑠. The expected travel time of 𝑝ௗ௦  (Lozano & 
Storchi, 2002) is recursively defined in Equation 1. 

𝜆ௗ
௦ ൌ ቄൣ𝜏  𝜆ௗ

௦ᇲ  if ሺ𝑖, 𝑗ሻ is an arc൧ 𝑜𝑟 ሾ𝜔್  ∑ 𝜋್,∈൫್൯ ∙

𝜆ௗ
௦ᇲ  if 𝑒 is a 𝑏𝑜𝑎𝑟𝑑𝑖𝑛𝑔 hyperarcሿቅ (1)
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The penalty for riding a transit vehicle models the user perception of the onboard crowding 
levels. It is assumed that: 
 

 No penalty is given if the user travels seated or there is enough personal space in the 
vehicle. 

 A penalty is given if the personal space in the vehicle is limited. 
 The user will not board vehicles at full capacity. 

 
The penalty for riding a transit vehicle is an exponential function that depends on the seating 
capacity and the people on board, this penalty is described as follows. Let 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ be a 
contained hyperarc and let ሺ𝑗, 𝑘ሻ and ሺ𝑗,𝑚ሻ two arcs. The contained hyperarc 𝑒ᇱ represents 
boarding a transit vehicle at stop 𝑖. The arc ሺ𝑗,𝑘ሻ represents riding the vehicle from stop 𝑖 to 
stop 𝑘 and descending at stop 𝑘. The arc ሺ𝑗,𝑚ሻ represents riding the vehicle from stop 𝑖 to 
stop 𝑘 and continuing the trip.  
 
Let 𝜃ሺ𝑙ሻ ൌ 𝑓ሺ𝑙ሻ/𝑠ሺ𝑙ሻ be the seat load factor of the arc ሺ𝑗, 𝑘ሻ associated to the line 𝑙, such 
that 𝑓ሺ𝑙ሻ is the average passenger flow of the arc ሺ𝑗,𝑘ሻ associated to the line 𝑙 and 𝑠ሺ𝑙ሻ is 
the number of seats of a line 𝑙 vehicle. Note that 𝜃ሺ𝑙ሻ ൌ 𝜃ሺ𝑙ሻ since both arcs ሺ𝑗,𝑘ሻ and 
ሺ𝑗,𝑚ሻ represent riding a transit vehicle of the line 𝑙 from stop 𝑖 to stop 𝑘. 
 
The seat load factor may change from one stop to another. For example, consider the sub-
hyperpath 𝑝ௗሺ𝑙ሻ ൌ ൫𝑒 ൌ ሺ𝑖, 𝑗ሻ, ሺ𝑗, 𝑗ଵሻ, ሺ𝑗ଵ, 𝑗ଶሻ, ሺ𝑗ଶ, 𝑗ଷሻ, ሺ𝑗ଷ,𝑑ሻ൯, such that ሼ𝑖,𝑘ଵ,𝑘ଶ,𝑘ଷ,𝑑ሽ are 
consecutive stops of 𝑙, see figure 3. A user boarding at stop 𝑖 and going to stop 𝑑, will 
experience different levels of crowd during the trip, hence the seat load factor might change 
for consecutive arcs, i.e., 𝜃భሺ𝑙ሻ ് 𝜃భమሺ𝑙ሻ ് 𝜃మయሺ𝑙ሻ ് 𝜃యௗሺ𝑙ሻ. An example of such 
phenomenon is represented in figure 3 where the passengers getting on and off the vehicle 
are represented with the red and green pawns, respectively, and the user going from 𝑖 to 𝑑 is 
the black pawn. For instance in figure 3 𝜃భమሺ𝑙ሻ ് 𝜃మయሺ𝑙ሻ, because from stop 𝑗ଵ to stop 𝑗ଶ 
there are three passengers in the vehicle while from stop 𝑗ଶ to stop 𝑗ଷ there are two. 
 

 
Figure 3: Seat load factor of the line 𝒍 from the stop 𝒊 to the stop 𝒅 
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To estimate the seat load factor variations of the sub-hyperpath 𝑝ௗሺ𝑙ሻ, in Equation 2 is 
recursively defined the line seat load factor Θௗሺ𝑙ሻ of the sub-hyperpath 𝑝ௗሺ𝑙ሻ as the 
incremental weighted average of the arc seat load factors. 
 

Θௗሺ𝑙ሻ ൌ ቄቂሺ𝜏 ቀ𝜃ሺ𝑙ሻ െ Θௗሺ𝑙ሻቁሻ/𝛵ௗሺ𝑙ሻ 

Θௗሺ𝑙ሻ if ሺ𝑖, 𝑗ሻ is an arcቃ  𝑜𝑟 ሾΘௗሺ𝑙ሻ if ሺ𝑖, 𝑗ሻ is a 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 hyperarcሿቅ (2) 

 
such that, 𝛵ௗሺ𝑙ሻ is the in-vehicle travel time of the sub-hyperpath 𝑝ௗሺ𝑙ሻ.  
 
To capture the dispersion of the arc seat load factors of 𝑝ௗሺ𝑙ሻ, in Equation 3 is recursively 
defined the standard deviation of the arc seat load factor, 𝜎ௗሺ𝑙ሻ, of the sub-hyperpath 𝑝ௗሺ𝑙ሻ. 
 

𝜎ௗሺ𝑙ሻ ൌ ቊቈටሺሺቀ𝜎ௗሺ𝑙ሻቁ
ଶ
 𝜏 ቀ𝜃ሺ𝑙ሻ െ Θௗሺ𝑙ሻቁ ቀ𝜃ሺ𝑙ሻ െ Θௗሺ𝑙ሻቁሻ/𝛵ௗሺ𝑙ሻሻ if ሺ𝑖, 𝑗ሻ is an arc ,

𝑜𝑟 ሾ𝜎ௗሺ𝑙ሻ if ሺ𝑖, 𝑗ሻ is a 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 hyperarcሿቋ (3) 

 
Users are penalized for riding transit vehicles according to their preferences on onboard 
crowding levels. For example, some users might like to travel seated all the time, so they are 
penalized if Θௗሺ𝑙ሻ  1. Two bounds are set; one is for know when a user is not penalized 
for riding transit vehicles, and the other is for know when a user will not board a transit 
vehicle. Let 𝛿 be the lower seat load factor, such that if Θௗሺ𝑙ሻ ൏ 𝛿 the user is not penalized 

for riding the line 𝑙 from the stop 𝑖 to 𝑑. Let 𝛿 be the upper seat load factor, such that if 
Θௗሺ𝑙ሻ  𝛿 the user will not ride the line 𝑙 from the stop 𝑖 to 𝑑. In Equation 4 is defined the 
penalty for riding the sub-hyperpath 𝑝ௗሺ𝑙ሻ (Qin, 2014). 
 
𝑟ௗሺ𝑙ሻ ൌ ൛ൣ0 if Θௗ

 ൏ 𝛿൧, ሾ𝛵ௗሺ𝑙ሻ/ሺ1  𝑒ଵ൫ଵିሺሻ൯ሻ   𝛽𝛵ௗሺ𝑙ሻ𝑒ସ൫
ሺሻିఋ൯ if  𝛿  

Θௗ
  𝛿ሿ, ሾ∞ if Θௗ

  𝛿ሿൟ (4) 
 
such that, 𝛽 ∈ ሾ0,∞ሽ is a parameter that models the user haste, bigger 𝛽’s means the 
penalties are more considerable for ridding crowded buses. In contrast, with smaller 𝛽’s, the 
user is less penalized. For 𝛩ௗሺ𝑙ሻ  𝛿 the penalty for riding the sub-hyperpath 𝑝ௗሺ𝑙ሻ is 
infinity, meaning that users will not ride the line 𝑙 from node 𝑖 to node 𝑑. 
 
Figure 4 shows the plot of 𝑟ௗሺ𝑙ሻ over Θௗሺ𝑙ሻ such that 𝛵ௗሺ𝑙ሻ ൌ 1, 𝛿 ൌ 1.4, 𝛿 ൌ 2.5 and 𝛽 ∈
ሼ0, 0.25, 0.5, 0.75, 1ሽ. 
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Figure 4: Penalty for riding with different 𝜷 parameters  
 
As shown in figure 4, 𝑟ௗሺ𝑙ሻ is close to zero when 𝛽 ൌ 0 (see magenta line), i.e., impatient 
or hasty users are not penalized for riding crowded transit since they value more their time 
and will ride any line that takes them fast to their destination. While with bigger 𝛽’s, the 
penalty for riding transit grows exponentially, in this case, users are highly penalized, and 
therefore less crowded lines are preferred. 
 
To compute the penalty for riding the hyperpath 𝑝ௗ௦ , the expected seat load factor of 𝑝ௗ௦  is 
recursively defined in Equation 5. 
 

Θௗ
௦ ൌ ቄቂሺΤௗሺ𝑙ሻ ቀ𝜃ௗሺ𝑙ሻ െ Θௗ

௦ᇲ ሺെ𝑙ሻቁሻ/Τௗ
௦  Θௗ

௦ᇲ ሺെ𝑙ሻ if ሺ𝑖, 𝑗ሻ is an arcቃ , ሾ∑ 𝜋್,∈൫್൯ ∙

Θௗ
௦  if 𝑒 is an hyperarcሿቅ (5) 

 
such that, Τௗ௦  is the in-vehicle travel time of 𝑝ௗ௦ , Θௗ௦

ᇲ
ሺെ𝑙ሻ is expected seat load factor of the 

hyperpath 𝑝ௗ௦
ᇲ
∖ 𝑝ௗሺ𝑙ሻ, i.e., the sub-hyperpath 𝑝ௗሺ𝑙ሻ is not included in the computation of 

Θௗ
௦ᇲ ሺെ𝑙ሻ.  

 
The standard deviation of the expected seat load factor of 𝑝ௗሺ𝑡ሻ is recursively defined in 
Equation 6. 
 

Θௗ
௦ ൌ ቊቈටሺሺቀ𝜎𝑗𝑑

𝑠′ ሺെ𝑙ሻቁ
2
 Τ𝑖𝑑ሺ𝑙ሻ ቀΘ𝑖𝑑ሺ𝑙ሻ െ Θ𝑗𝑑

𝑠′ ሺെ𝑙ሻቁ ሺΘ𝑖𝑑ሺ𝑙ሻ െ Θ𝑖𝑑
𝑠 ሻሻ/Τ𝑖𝑑

𝑠 ሻ if ሺ𝑖, 𝑗ሻ is an arc ,

ሾ∑ 𝜋್,∈൫್൯ ∙ 𝜎𝑗𝑑
𝑠′  if 𝑒 is an hyperarcሿቋ (6) 
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such that, 𝜎ௗ௦
ᇲ
ሺെ𝑙ሻ is expected seat load factor of the hyperpath 𝑝ௗ௦

ᇲ
∖ 𝑝ௗሺ𝑙ሻ. 

Finally, the penalty for riding the hyperpath 𝑝ௗ௦  is defined in Equation 7. 

𝑟ௗ
௦ ൌ ൛ൣ0 if Θௗ

௦ ൏ 𝛿൧, ሾΤௗ
௦ /ሺ1  𝑒ଵ൫ଵି

ೞ ൯ሻ   𝛽Τௗ
௦ 𝑒ସ൫

ೞ ିఋ൯ if 𝛿 ൏ Θௗ
௦  𝛿ሿ,

ሾ∞ if Θௗ
௦  𝛿ሿൟ (7)

5. SHORTEST HYPERPATH ALGORITHM

A label-correcting algorithm is presented for finding the shortest hyperpaths. The algorithm 
finds a set of hyperpaths with minimum expected travel time, bounded by modal transfers 
and seat load factors. The pseudo-code of the algorithm is shown in Section 5.1. Before 
starting the shortest hyperpath computation, users select their origin 𝑜 ∈ 𝑉, destination 𝑑 ∈
𝑉, maximum modal transfers 𝑤௫, and seat load factors bounds (𝛿 and 𝛿). The interval 

from 𝛿 to 𝛿 is divided into two equal parts by 𝛿ᇱ to obtain the load factor levels 𝛿ଵ ൌ 𝛿, 

𝛿ଶ ൌ 𝛿ᇱ and 𝛿ଷ ൌ 𝛿. The set 𝑃 is created for storing all viable hyperpaths starting at node 𝑖. 

The sets of node-state pairs 𝑃௪, 𝑃௫௧, and 𝑄 are created for looping through the arcs in 
𝐵ሺ𝑗ሻ. On the first iteration 𝑃௪ ൌ ሼሾ𝑑, 0ሿሽ and 𝑃௫௧ ൌ ∅ and 𝑄 ൌ ∅. Storing elements in 
𝑃௪, 𝑃௫௧ and  𝑄 are for finding the shortest hyperpaths in incremental order with respect 
to load factor levels and modal transfers. The shortest hyperpaths with no modal transfers 
and load factor level below 𝛿ଵ are found in the first round. Then, the algorithm finds the 
shortest hyperpaths with no modal transfers and load factor level below 𝛿ଶ. The hyperpaths 
with no modal transfers and load factor level below 𝛿ଷ are found on the next round. After 
all the load factor levels are scanned, the number of modal transfers 𝑤 is incremented by 
one unit, and the algorithm finds the shortest hyperpaths with one modal transfer and load 

factor level below 𝛿ଵ; the process is repeated for 𝛿ଶ and 𝛿ଷ. The algorithm ends when 𝑤 
𝑤௫ or when all load factor levels are scanned for each modal transfer, i.e., 𝑃௪ ൌ ∅. 

All labels of the algorithm are initialized as follows: 

 𝜆ௗ
௦ ൌ ∞,𝑤ௗ

௦ ൌ 0 ∀ 𝑖 ∈ 𝑉 and 𝑠 ∈ 𝑆
 𝐶್

∗ ൌ ∞,Φ್
∗ ൌ ∞,ℎ್

∗ ൌ ∅  ∀ 𝑒 ∈ 𝐸

 𝜆ௗௗ
 ൌ 0;𝑤 ൌ 0; 𝛿 ൌ 𝛿ଵ ;𝑃௪ ൌ ሼሾ𝑑, 0ሿሽ;𝑃௫௧ ൌ ∅; Q ൌ ∅

 𝑃 ൌ ∅ ∀ 𝑖 ∈ 𝑉 ∖ ሼ𝑑ሽ;𝑃ௗ ൌ ሼ𝑝ௗௗ
 ሽ

If 𝑃௪ ് ∅, 𝛿  𝛿 and 𝑤  𝑤௫, get ሺ𝑖, 𝑗ሻ ∈ 𝐵ሺ𝑗ሻ and check if the last expected travel 

time of 𝑝ௗ௦  (𝑙𝑎𝑠𝑡൫𝑝ௗ௦ ൯) is greater than the actual expected travel time of 𝑝ௗ௦ . This condition 
eliminates dominated hyperpaths by checking if in previous loops a fastest hyperpath was 
found.  
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The sub-procedures getLambda and getHyperLambda concatenates arcs and contained 
hyperarcs, respectively. The procedure getLambda concatenates ሺ𝑖, 𝑗ሻ to hyperpath 𝑝ௗ௦  as 
follows:  
 

 If Θௗ௦  𝛿 or 𝜃ሺ𝑙ሻ  𝛿 the concatenation is canceled because of the user restriction 
on seat load factors. 

 With the function getStateAndTransfers, get the state 𝑠ᇱ that results from 
concatenating ሺ𝑖, 𝑗ሻ with the hyperpath 𝑝ௗ௦  (see the DFA shown infigure 2). If the 
concatenation produces more than 𝑤௫ modal transfers, the hyperpath is not viable 
and the procedure terminates 

 Check if 𝜏  𝜆ௗ
௦  is lower than 𝜆ௗ௦

ᇲ
∶ 𝑝ௗ

௦ᇲ ∈ 𝑃. If the condition does not hold, the 

new hyperpath is no generated because it is dominated by 𝑝ௗ௦
ᇲ. Otherwise, continue 

to the next step 
 Check if 𝜏  𝜆ௗ

௦  is lower than 𝜆ௗ௦
ᇲᇲ
∶ 𝑝ௗ

௦ᇲᇲ ∈ 𝑃 for at least one 𝑠ᇱᇱ ∈ 𝑃𝑆௦. If the 
condition does not hold, the new hyperpath is no generated because it is dominated 
by at least one 𝑝ௗ௦

ᇲᇲ
∈ 𝑃 ∶ 𝑠ᇱᇱ ∈ 𝑃𝑆௦ . Otherwise, continue to the next step. 

 Concatenate ሺ𝑖, 𝑗ሻ with the hyperpath 𝑝ௗ௦  to generate a viable hyperpath 𝑝ௗ௦
ᇲ and add 

𝑝ௗ
௦ᇲ to 𝑃 

 If the mode of ሺ𝑖, 𝑗ሻ is 𝑀2 or 𝑀3. Compute Θௗሺ𝑙ሻ, 𝜎ௗሺ𝑙ሻ, 𝑟ௗሺ𝑙ሻ, Θௗ௦
ᇲ , 𝜎ௗ௦

ᇲ, and 𝑟ௗ௦
ᇲ 

with Equations (2-7). If the mode of ሺ𝑖, 𝑗ሻ is different from 𝑀2 or 𝑀3, then 𝜃ௗሺ𝑙ሻ ൌ
𝜃ௗሺ𝑙ሻ, 𝜎ௗሺ𝑙ሻ ൌ 𝜎ௗሺ𝑙ሻ, 𝑟ௗሺ𝑙ሻ ൌ 𝑟ௗሺ𝑙ሻ, Θௗ௦

ᇲ
ൌ Θௗ

௦ , 𝜎ௗ௦
ᇲ
ൌ 𝜎ௗ

௦ , and 𝑟ௗ௦
ᇲ
ൌ 𝑟ௗ

௦  
 If the mode of ሺ𝑖, 𝑗ሻ is a modal transfer, add the pair ሾ𝑖, 𝑠ᇱሿ to 𝑄, unless it is already 

in there. If the mode of ሺ𝑖, 𝑗ሻ is not a modal transfer consider the following cases:  
 

o If 𝜃  𝛿 add ሾ𝑖, 𝑠ᇱሿ to 𝑃௪, unless it is already in there 
o If 𝜃  𝛿 add ሾ𝑖, 𝑠ᇱሿ to 𝑃௫௧, unless it is already in there 

 

The procedure getHyperLambda concatenates the contained hyperarc 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ to 
hyperpath 𝑝ௗ௦  as follows: 
 

1. If Θௗ௦  𝛿, the concatenation is canceled because the restrictions on seat load 

factors 
2. Check if 𝑝ௗ௦̂ ∈ 𝑃, such that 𝑒 ൌ ሼ𝑖, ℎሺ𝑒ሻሽ is the last hyperarc of 𝑝ௗ௦̂ . If 𝑝ௗ௦̂ ് ∅ 

then 𝑠 ൌ 𝑠 ∘ �̂�, otherwise 𝑠 ൌ 𝑠 
3. If 𝜆ௗ௦  𝜆ௗ

௦̂  the hyperpath 𝑝ௗ௦  is dominated by 𝑝ௗ௦̂  and the concatenation does not 
proceed. Otherwise, continue to the next step 
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4. Let 𝑒 ൌ ሺ𝑖, ℎሺ𝑒ሻ ∪ ሼ𝑗ሽሻ, compute Φ್
∗  as the sum of the average arrival-rates of all

the lines associated to 𝑒.  If Φ್
∗ ൌ 𝜑 continue to step 4.1, otherwise continue to

step 4.2
4.1. Add the estimated waiting time of the contained hyperarc ሺ𝑖, 𝑗ሻ to the expected

travel time of the hyperpath 𝑝ௗ௦ , 𝐶್
∗ ൌ ଵ

ఝೕ
  𝜆ௗ

ୱ . Since ሺ𝑖, 𝑗ሻ is a contained 

hyperarc and 𝑝ௗ௦  is a hyperpath starting at 𝑖, then the expected seat load factor 
and the penalty for riding are exported inherited from the hyperpath 𝑝ௗ௦ , i.e., 
Θௗ
∗ ൌ Θௗ

௦  and 𝑟ௗ∗ ൌ 𝑟ௗ
௦ . 

4.2. Compute 𝐶್
∗  as the incremental weighted average of 𝐶್

∗  and 𝜆ௗ௦ . In this case,

the algorithm is concatenating the hyperpaths 𝑝ௗ௦  and 𝑝ௗ௦̂  with the contained 
hyperarc ሺ𝑖, 𝑗ሻ. Hence is necessary to compute (in Section 5.1, see the sub-
procedure getIncHPenalty):  

4.2.1. Θ್
∗  as the incremental weighted average of Θ್

∗  and Θௗ௦

4.2.2. 𝜎್
∗  as the incremental weighted average of 𝜎್

∗  and 𝜎ௗ௦

4.2.3. 𝑟್
∗  with the Equation 7

5. If 𝐶್
∗  𝜆ௗ

௦ ∶ 𝜆ௗ
௦ ∈ 𝑃 , 𝑠 ൌ 𝑠 ∘ �̂�, and Θ್

∗  𝛿, get the set 𝑃𝑆௦ and continue to the
next step, otherwise the new hyperpath is dominated by 𝑝ௗ

௦ or the new hyperpath is
restricted by the user upper load factor.

6. If 𝐶್
∗  𝜆ௗ

௦ᇲᇲfor at least one 𝑠ᇱᇱ ∈ 𝑃𝑆௦, continue to the next step. Otherwise, the new

hyperpath is not generated because it is dominated by 𝑝ௗ௦
ᇲᇲ

7. Concatenate 𝑒ᇱ ൌ ሺ𝑖, 𝑗ሻ with the hyperpath 𝑝ௗ௦  (and with the hyperpath 𝑝ௗ௦̂ , if
exists) to produce a new viable hyperpath 𝑝ௗ

௦

8. Make 𝑟್
∗ ൌ 𝑟ௗ

௦, Θ್
∗ ൌ Θௗ

௦ , 𝑟ௗሺ𝑙ሻ ൌ 𝑟ௗሺ𝑙ሻ and Θௗሺ𝑙ሻ ൌ Θௗሺ𝑙ሻ. Note that the
penalty for riding the sub-hyperpath 𝑝ௗሺ𝑙ሻ and the seat load factor of 𝑝ௗሺ𝑙ሻ are
inherited from the sub-hyperpath 𝑝ௗሺ𝑙ሻ because ሺ𝑖, 𝑗ሻ is a contained hyperarc.

9. Add ሾ𝑖, 𝑠ሿ to 𝑃௪, unless it is already in there.

When the algorithm ends, it generates a solution set, 𝑃, of viable hyperpaths. To obtain the 
Pareto-Optimal set of solutions, select from 𝑃 the non-dominated hyperpaths regarding the 
expected travel time, the modal transfers, and the penalty for riding. From the Pareto-
Optimal set, the users choose the hyperpath they prefer according to their personal views, 
such as the number of transfers or onboard crowding conditions of the ride. The expected 
seat load factor standard deviation, 𝜎ௗ௦ , can be used for comparing two hyperpaths in terms 
of the passengers onboard. For instance, if two hyperpaths have similar penalties but one of 
them has a smaller 𝜎, a user may prefer the hyperpath with the small 𝜎 since the onboard 
crowd will be more stable during the trip. 
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5.1. Shortest hyperpaths algorithm pseudo-code 
Procedure. Combined Real-Time Shortest Hyperpaths  
𝜆ௗ
௦ ൌ ∞,𝑤ௗ

௦ ൌ 0 ∀ 𝑖 ∈ 𝑉 and 𝑠 ∈ 𝑆 
𝐶್
∗ ൌ ∞,Φ್

∗ ൌ ∞,ℎ್
∗ ൌ ∅  ∀ 𝑒 ∈ 𝐸  

𝜆ௗௗ
 ൌ 0;𝑤 ൌ 0; 𝛿 ൌ 𝛿;𝑃௪ ൌ ሼሾ𝑑, 0ሿሽ;𝑃௫௧ ൌ ∅; Q ൌ ∅  
𝑃 ൌ ∅ ∀ 𝑖 ∈ 𝑉 ∖ 𝑑;𝑃ௗ ൌ ሼ𝑝ௗௗ

 ሽ  
WHILE 𝑤  𝑤௫ AND 𝑃௪ ് ∅  
 WHILE 𝛿  𝛿 AND 𝑃௪ ് ∅ 
  WHILE 𝑃௪ ് ∅  
   SELECT ሾ𝑗, 𝑠ሿ FROM 𝑃௪  
    𝑃௪ ൌ 𝑃௪ ∖ ሾ𝑗, 𝑠ሿ  
    FOR ሺ𝑖, 𝑗ሻ ∈ 𝐵ሺ𝑗ሻ  
    IF 𝜆ௗ

௦ ൏ 𝑙𝑎𝑠𝑡൫𝜆ௗ
௦ ൯  

     𝑙𝑎𝑠𝑡൫𝜆ௗ
௦ ൯ ൌ 𝜆ௗ

௦   
    IF ሺ𝑖, 𝑗ሻ is an arc  
     g𝑒𝑡𝐿𝑎𝑚𝑏𝑑𝑎൫𝑠, ሺ𝑖, 𝑗ሻ, 𝜆ௗ

௦ ൯  
    IF ሺ𝑖, 𝑗ሻ is a 𝑐𝑜𝑛𝑡𝑎𝑖𝑛𝑒𝑑 hyperarc  
     𝑔𝑒𝑡𝐻𝑦𝑝𝑒𝑟𝐿𝑎𝑚𝑏𝑑𝑎൫𝑠, ሺ𝑖, 𝑗ሻ, 𝜆ௗ

௦ ൯    
   𝑃௪ ൌ 𝑃௫௧; 𝑃௫௧ ൌ ∅; 𝛿 ൌ 𝛿  𝛿ᇱ  
  𝑃௪ ൌ 𝑄; 𝑄 ൌ ∅; 𝑤 ൌ 𝑤  1; 𝑐 ൌ 𝛿 
 
Sub-procedure. 𝑔𝑒𝑡𝐿𝑎𝑚𝑏𝑑𝑎൫𝑠௫, ሺ𝑖, 𝑗ሻ, 𝜆ௗ

௦ೣ൯ 

IF Θௗ
௦  𝛿 OR 𝜃ሺ𝑙ሻ  𝛿  

  BREAK 
𝑠, 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 ൌ 𝑔𝑒𝑡𝑆𝑡𝑎𝑡𝑒𝐴𝑛𝑑𝑇𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠൫𝑠௫ , ሺ𝑖, 𝑗ሻ൯  
IF 𝑠 ് 0 AND 𝜏  𝜆ௗ

௦ೣ  𝜆ௗ
௦   

 𝑃𝑆௦ ൌ 𝑝𝑟𝑒𝑓𝑒𝑟𝑟𝑒𝑑𝑆𝑡𝑎𝑡𝑒𝑠ሺ𝑠ሻ   
ELSE  
 𝑃𝑆௦ ൌ ∅  
FOR 𝑠௬ ∈ 𝑃𝑆௦  

 IF 𝜏  𝜆ௗ
௦ೣ  𝜆ௗ

௦  

  𝜆ௗ
௦ ൌ 𝜏  𝜆ௗ

௦ೣ 

  𝑤ௗ
௦ ൌ 𝑤ௗ

௦ೣ  𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 
  IF ሺ𝑖, 𝑗ሻ ∈ ሼ𝑀2,𝑀3ሽ 

   𝑟ௗሺ𝑙ሻ,Θௗሺ𝑙ሻ ൌ 𝑔𝑒𝑡𝐿𝑃𝑒𝑛𝑎𝑙𝑡𝑦 ቀሺ𝑖, 𝑗ሻ,𝑝ௗ
௦ೣቁ 

   𝑟ௗ
௦ ,Θௗ

௦ ൌ 𝑔𝑒𝑡𝐻𝑃𝑒𝑛𝑎𝑙𝑡𝑦 ቀሺ𝑖, 𝑗ሻ,𝑝ௗ
௦ೣቁ 

  ELSE 
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𝑟ௗሺ𝑙ሻ,Θௗሺ𝑙ሻ, 𝑟ௗ
௦ ,Θௗ

௦ ൌ 𝑟ௗሺ𝑙ሻ,Θௗሺ𝑙ሻ, 𝑟ௗ
௦ೣ ,Θௗ

௦ೣ

  IF ሾ𝑖, 𝑠ሿ ∉ 𝑃௪ AND 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 ൌ 0 AND 𝜃ሺ𝑙ሻ  𝛿  
𝑃௪ ൌ 𝑃௪ ∪ ሾ𝑖, 𝑠ሿ  

  IF ሾ𝑖, 𝑠ሿ ∉ 𝑃௫௧ AND 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 ൌ 0 AND 𝜃ሺ𝑙ሻ  𝛿 
 𝑃௫௧ ൌ 𝑃௫௧ ∪ ሾ𝑖, 𝑠ሿ  

  IF ሾ𝑖, 𝑠ሿ ∉ 𝑄 AND 𝑡𝑟𝑎𝑛𝑠𝑓𝑒𝑟𝑠 ൌ 1 
𝑄 ൌ 𝑄 ∪ ሾ𝑖, 𝑠ሿ  

  BREAK 

Sub-procedure. 𝑔𝑒𝑡𝐻𝑦𝑝𝑒𝑟𝐿𝑎𝑚𝑏𝑑𝑎൫𝑠௫, ሺ𝑖, 𝑗ሻ, 𝑝ௗ
௦ೣ൯

IF Θௗ
௦ೣ   𝛿

BREAK 
IF 𝑝ௗ

௦ ് ∅  
 𝑠 ൌ 𝑔𝑒𝑡𝐻𝑦𝑝𝑒𝑟𝑆𝑡𝑎𝑡𝑒ሺ𝑠௫, 𝑠ሻ 
ELSE  
 𝑠 ൌ 𝑠௫ 
IF 𝜆ௗ

௦ೣ ൏ 𝜆ௗ
௦ 

Φ್
∗ ൌ Φ್

∗  𝜑


IF Φ್
∗ ൌ 𝜑



𝐶್
∗ ൌ ଵ

ఝೕ
  𝜆ௗ

௦ೣ

𝑅್
∗ ,Θ್

∗ ൌ 𝑅ௗ
௦ೣ ,Θௗ

௦ೣ

ELSE  

𝐶್
∗ ൌ 𝐶್

∗ െ
ቀ

್
∗ ିఒೕ

ೞೣቁఝೕ


 
್
∗

𝑟್
∗ ,Θ್

∗ ൌ 𝑔𝑒𝑡𝐼𝑛𝑐𝐻𝑃𝑒𝑛𝑎𝑙𝑡𝑦൫ሺ𝑖, 𝑗ሻ,𝑝ௗ
௦ೣ ,𝑝ௗ

௦ ൯

IF 𝐶್
∗  𝜆ௗ

௦  AND Θ್
∗  𝛿

  𝑃𝑆௦ ൌ 𝑝𝑟𝑒𝑓𝑒𝑟𝑟𝑒𝑑𝑆𝑡𝑎𝑡𝑒𝑠ሺ𝑠ሻ 
ELSE  

  𝑃𝑆௦ ൌ ∅ 
FOR 𝑠௬ ∈ 𝑃𝑆௦  

IF 𝐶್
∗  𝜆ௗ

௦

𝜆ௗ
௦ ൌ 𝐶್

∗

ℎ್
∗ ൌ ℎ್

∗ ∪ ሼ𝑗ሽ

𝑤ௗ
௦ ൌ maxቄ𝑤ௗ

௦ೣ ,𝑤ௗ
௦ ቅ

𝑟ௗ
௦ ,Θௗ

௦ ൌ 𝑟್
∗ ,Θ್

∗

   𝑟ௗሺ𝑙ሻ,Θௗሺ𝑙ሻ ൌ 𝑟ௗሺ𝑙ሻ,Θௗሺ𝑙ሻ 
   IF ሾ𝑖, 𝑠ሿ ∉ 𝑃௪  
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    𝑃௪ ൌ 𝑃௪ ∪ ሾ𝑖, 𝑠ሿ    
   BREAK 
 

Sub-procedure. 𝑔𝑒𝑡𝐿𝑃𝑒𝑛𝑎𝑙𝑡𝑦 ቀሺ𝑖, 𝑗ሻ, 𝑝ௗ
௦ೣቁ  

Θௗሺ𝑙ሻ ൌ
ఛೕቀఏೕሺሻିೕሺሻቁ

ఁሺሻ
 Θௗሺ𝑙ሻ  

𝛵ௗሺ𝑙ሻ ൌ 𝜏  𝛵ௗሺ𝑙ሻ  

IF Θௗሺ𝑙ሻ  𝛿   
 𝑟ௗሺ𝑙ሻ ൌ 0  
ELSE  

 𝑟ௗሺ𝑙ሻ ൌ
ఁሺሻ

ଵାభబబబቀభష౸
ሺሻቁ
 𝛽𝛵ௗሺ𝑙ሻ𝑒ସ൫

ሺሻିఋ൯    

 

Sub-procedure. 𝑔𝑒𝑡𝐻𝑃𝑒𝑛𝑎𝑙𝑡𝑦 ቀሺ𝑖, 𝑗ሻ,𝑝ௗ
௦ೣቁ  

Θௗ
௦ ൌ

ሺሻ൬ఏሺሻିೕ
ೞೣሺିሻ൰


ೞ  Θௗ

௦ೣሺെ𝑙ሻ  

Τௗ
௦ ൌ 𝜏  Τௗ

௦ೣ  

IF Θௗ
௦  𝛿   

 𝑟ௗ
௦ ൌ 0  

ELSE  

 𝑟ௗ
௦ ൌ


ೞ

ଵାభబబబቀభష౸
ೞ ቁ
 𝛽Τௗ

௦ 𝑒ସ൫
ೞ ିఋ൯ 

 
Sub-procedure. 𝑔𝑒𝑡𝐼𝑛𝑐𝐻𝑃𝑒𝑛𝑎𝑙𝑡𝑦൫ሺ𝑖, 𝑗ሻ,𝑝ௗ

௦ೣ ,𝑝ௗ
௦ ൯ 

Θ್
∗ ൌ Θ್

∗ 
ቀ

್
∗ ିೕ

ೞೣቁఝೕ


್
∗   

Τ್
∗ ൌ Τ್

∗ 
ቀ

್
∗ ିೕ

ೞೣቁఝೕ


್
∗   

IF Θ್
∗  𝛿   

 𝑟್
∗ ൌ 0  

ELSE  

 𝑟್
∗ ൌ


್
∗

ଵା
భబబబ൬భష౸

್
∗ ൰

 𝛽Τ್
∗ 𝑒ସቀ್

∗ ିఋቁ 

 
6. EXAMPLE 
 
Figure 5 shows a multimodal hypergraph composed of three modes; pedestrian (𝑀1), buses 
(𝑀2), and private bicycles (𝑀3). The mode 𝑀5 is the modal transfer arcs. The pairs 

ቀ𝜏 ,𝜃ሺ𝑙ሻቁ on top of the arcs are the arc’s travel time and seat load factor. On the top of 

the contained hyperarcs is the associated average arrival-rate of the bus line. 
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Figure 5: Example hypergraph with three modes and viable hyperpaths 

Figure 6 shows the results of computing the shortest hyperpaths from the node 𝑜 to the node 
𝑑 with a maximum of three modal transfers such that, 𝛿 ൌ 1, 𝛿 ൌ 1.4, and 𝛽 ൌ 1. The vector 
ሺ𝜆ௗ

௦ ,𝑤ௗ
௦ , 𝑠, 𝑟ௗ

௦ ሻ near the nodes indicates the expected travel time, the maximum modal 
transfers, the state, and the penalty for riding of the viable hyperpath 𝑝ௗ௦ . For example, the 
vector ሺ25,1,1,7.5ሻ on top of node 6 is associated with the viable hyperpath 𝑝ௗଵ , such that 
𝜆ௗ
ଵ ൌ 25, 𝑤ௗଵ ൌ 1, 𝑠 ൌ 1 and 𝑟ௗଵ ൌ 7.5. The viable hyperpath 𝑝ௗଵ  is composed of the 

contained hyperarc ሺ6,3ሻ and the arcs ሺ3,10ሻ, ሺ10,12ሻ, and ሺ12,𝑑ሻ. Since 𝜃ସ,ଵଵ ൌ 2 and 𝛿 ൌ
1.4, the contained hyperarc ሺ6,4ሻ and its consecutive arcs are not in 𝑝ௗଵ  as the user prefers 
not to board vehicles with such onboard crowd levels. The Pareto-Optimal set of solutions 
are the starred vectors on top of node 𝑜. 

Figure 6: Solution set of viable hyperpaths 
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Figure 7 shows the three shortest hyperpaths in the Pareto-Optimal set. In the first solution, 
the user rides a bicycle for 60min to get to the destination. Solution 2 is 58 minutes long; to 
reach the destination, the user walks to location 1 and then goes to stop 5 for boarding a bus 
with high onboard crowd levels. Solution 3 is the fastest solution with the lowest onboard 
crowd levels. However, this solution has the most modal transfers. In solution 3, the user 
walks to location 1 and then at stops 2 boards the first arriving bus to reach the destination. 
The decision on selecting the path depends on the user inclinations. Take a long trip by bike 
to avoid buses (solution 1). Ride a single bus with high onboard crowd levels (solution 2). 
Alternatively, make many modal transfers to ride buses with low onboard crowd levels 
(solution 3). 
 

 
Figure 7: Shortest hyperpath in the Pareto-Optimal set 
 
7. CONCLUSIONS 
 
The presented paper describes a hypergraph model and routing algorithm to find the shortest 
hyperpaths in a multimodal network where the transit has random-arrivals and are 
considered the user constraints on the sequence of boarded modes and onboard crowd levels. 
The states and seat load factors transform the ‘traditional’ route planners (that only consider 
generic factors such as time, cost, or transfers) into personal trip assistants with tailored 
routes. Nowadays, the enormous amounts of accessible transportation-data set an ideal 
ground for developing tailored routing algorithms to user habits or idiosyncrasies. In light 
of the COVID19 pandemic, the presented model and algorithm could be used to find the 
paths with the lowest levels of onboard crowd and thus reduce the risk of contagion. 
However, for this tool to be valuable and accurate for COIVD19 applications, real-time 
information on onboard crowd levels is required. 
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