ON SOME MEASURES OF NON-COMPACTNESS
ASSOCIATED TO BANACH OPERATOR IDEALS

ANTONIO MANZANO AND MIECZYSLAW MASTYLO

ABSTRACT. We study two variants of measures of non-compactness of oper-
ators associated to a Banach operator ideal in the sense of Pietsch. These
measures are motivated by the notions of surjective-ideal-compactness and
injective-ideal-compactness, defined respectively by Carl and Stephani and
by Stephani. Interpolation results on these measures in the cases of Banach
couples generated by a single Banach space are given. As an application,
we obtain interpolation theorems on p-compact operators and quasi p-nuclear
operators.

1. INTRODUCTION AND BACKGROUND

Based on the well-known characterization given by Grothendieck [19] in 1955
(see also [26, p. 30]) for relatively compact sets in a Banach space X (K C X is
relatively compact if and only if K C {D> 7" | anty; (an) € By, } for some sequence
(xn) € co(X)), Sinha and Karn [32, p. 19-20] introduced in 2002 a strengthened
form of compactness in Banach spaces. Namely, if 1 < p < oo (and p’ satisfies
that 1/p+ 1/p’ = 1) a subset K in X is said to be relatively p-compact if and
only if K C p-co(zn) = {D ve i anxn; (a,) € By, } for some sequence (zn) €
¢,(X), where the following conventions are understood: (a,) € Bg, if p = 1,
and (z) € co(X) when p = oo. Thus, relatively compact sets may be referred
to as relatively oo-compact sets. Note that p-co(zy) is a relatively compact set
when (z,,) € £,(X) and so relatively p-compact sets (1 < p < o0o) are relatively
compact. If compact sets are viewed as co-compact sets, then every p-compact
set is a g-compact set, for 1 < p < ¢ < c.

The definition of relatively p-compact set leads to the notion of p-compact
operator (in the sense of Sinha and Karn): a bounded linear operator T € L(X,Y’)
is called p-compact operator if T(Bx) is a relatively p-compact set in Y. Let
Kp(X,Y) = {T € L(X,Y); T is p-compact}. It is well-known that [IC,, k| is
a Banach operator ideal (see [32, Theorem 4.2] and [13, Proposition 3.15]). This
kind of p-compactness for operators is different from the notion of p-compact
operator due to Fourie and Swart [17] and, independently, to Pietsch [29] (see
[28] and [1]).
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The relationships of the ideal K, with other classical ideals were studied for
the first time in [32], where it is shown for 7" € £(X,Y) that (see [32, Proposition
5.3]):

- If T is p-compact, then T™ is p-summing.
- When T is p-nuclear, T* is p-compact.
- If T* is p-compact, then T is p-summing.
This study has been continued by Delgado, Pineiro and Serrano in [13, Corol-
lary 3.4 and Proposition 3.8] proving that

T is p-compact if and only if T is quasi p-nuclear,
and
(1) T is quasi p-nuclear if and only if 7™ is p-compact.

The isometric counterparts of each one of these characterizations were given in
[18, Theorem 2.8].

It is worth noting that the research of different properties (such as approxima-
tion, duality or factorization) in connection with p-compact sets and p-compact
operators, as well as certain extensions of this form of compactness, has at-
tracted the interest in the recent years (see, e.g., the articles [1], [2], [10], [13],
[14], [21], [28] and [30]). A more general approach based on the notions of sur-
jective A-compactness and injective A-compactness, defined respectively by Carl
and Stephani [5] and by Stephani [33], allows the study of some of these questions
under this wider framework (see [11], [12], [23] and [24] and references therein).
This approach is followed by Delgado and Pineiro [12] when considering two mea-
sures of non-A-compactness of an operator, x4 and n4, associated to a Banach
operator ideal A, which the authors use to provide a quantitative version of (1)
(see [12, Corollary 3.13)).

In this paper we investigate the measures x4 and ny4. As explained next,
the measure y 4 (respectively, n4) vanishes precisely on the class of surjectively
(respectively, injectively) A-compact operators. Let us note that, in the particular
case when A is chosen as the ideal of all bounded linear operators, each of these
measures characterizes compactness (or oo-compactness) of an operator.

Before of giving the precise definition of the measures x4 and n 4, we recall
that (see for example [5, Sections 0 and 1] or [12, p. 98-99]) if A is an operator
ideal and X is a Banach space, a subset D C X is said to be A-bounded if
there is a Banach space Z and an operator S € A(Z, X) such that D C S(Bgz).
Analogously, D C X is called relatively A-compact, or simply A-compact (as in
[5]), if D C S(K) for some compact set K C Z. Clearly, the class of all £-
bounded sets in X is precisely the class of all bounded sets in X. Analogously,
if IC stands for the ideal of compact operators, the class of all K-bounded sets
coincides with that of all relatively compact sets. On the other hand, the class
of L-compact sets coincides with the class of relatively compact sets in X.

The definition of surjectively A-compact operator (referred to simply as A-
compact operator in [5, Definition 2]), generalizes the notion of compact operator
and it is the natural: T € L(X,Y) is surjectively A-compact if maps every
bounded subset in X into an A-compact subset in Y. The class K formed by all
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surjectively A-compact operators is a surjective operator ideal and K4 = A% o K
(see [5, Theorem 2.1]).

When a Banach operator ideal [A, ] is considered, the notion of .A-compactness
can be expressed in a similar way to precompactness in a Banach space [5, The-
orem 3.1]: An A-bounded set D C X is A-compact if and only if for every
€ > 0, there are finitely many elements z1,...,x, € X, a Banach space Z and
an operator S € A(Z, X), with «(S) < e, such that

n
D c | J{ax + S(B2)} .
k=1
If T e A" (X,Y) (equivalently T'(Bx) is A-bounded) is not surjectively .A-
compact, it is natural to wonder about the distance between T' and ICA(X Y.
From the aforementioned characterization of the A-compactness, Delgado and

Pifnieiro [12, Definitions 2.4 and 3.1] introduced the (outer) measure x4 of non-
A-compactness. Namely, for T € A" (X,Y),

n
wa(T) = int{e > 0; T(Bx) < | J{we +S(B2)} ),
k=1

where the infimum is taken over all possible y1,...,y, € Y, Banach spaces Z and
operators S € A(Z,Y) with a(S) < e. Note that T € A*"(X,Y’) ensures that in
the above definition the infimum is taken on a nonempty set of positive numbers.

In addition, we remark that x4(7) = lim, e, (7, .A), where e, (T, A) stands
for the generalized (outer) entropy number, introduced by Carl and Stephani
[5, Section 4]. Clearly, if A = £, then the measure y coincides with the (ball)
measure of non-compactness of an operator. Let us also note that T' € A% (X,Y)
is surjectively A-compact if and only if x 4(7) = 0.

Moreover, in [12, Remark 3.3] it is shown that x4 is a different notion from
the (outer) measure v, related to an operator ideal A, defined by Astala [3] in
1980:

Y, (T) :=inf {e > 0; T(Bx) C eBy + S(Bz),
for some Banach space Z and operator S € A(Z,Y)} .

Next we focus on the definition of the another function associated to a Banach
operator ideal, n 4, considered in [12]. Now the aim is to quantify in some sense
the degree of inyective non-A-compactness of an operator of the injective hull
A" First we recall that, given an operator ideal A, an operator T € L(X,Y) is
said to be injectively A-compact if there exist a Banach space Z, a sequence (z}) €
co(Z*) and an operator S € A" (X, Z) such that ||Tz|y < sup,ey (2}, Sz)| for
any ¢ € X (see [33, Section 1]). By the well-known characterization which
says that T € £(X,Y) is compact if and only if there is (z}) € co(X™*) such
that ||Tz|ly < sup,en|(z),z)| for all z € X, it follows that if A = L, the
preceding concept coincides with the notion of compact operator. The class HA
of all injectively A-compact operators is an injective operator ideal and it can be
described in terms of A" as HA = K o A™ (see [33, Theorem 1.1(b)]).

On the other hand, when we consider a Banach operator ideal [A, a], the follow-
ing characterization for injectively A-compact operators holds (see [12, Theorem
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3.9]): An operator T € L(X,Y) is injectively A-compact if and only if for every
e > 0, there are z7, ..., 2z}, € X*, a Banach space Z and an operator S € A(X, Z),
with a(S) < e, such that

|Tally < sup |(af,a) +[Salz, =€ X.
1<k<n

The definition of the (inner) measure na of non-A-compactness is based on
this last fact (see [12, Definition 3.10]): for T € A" (X,Y), it is defined

na(T) = inf{e > 0 | Taly < suwp |(af,2)] +[Sallz, = € X},
1<k<n

where the infimum is taken over all choices of finitely many z7,...,z; € X7,
Banach spaces Z and operators S € A(X,Z) with a(S) < e. The condition
T € A™ (X,Y) ensures that this infimum is taken over a nonempty set of positive
numbers.

We note that n4(T) = lim,, ¢, (T, .A), where ¢,(T,.A) denotes the generalized
Gelfand number defined by Stephani [33, Section 4]. Then, when in particular
A = L, ng coincides with the seminorm || - ||,, studied by Lebow and Schechter
[25], and so x2(T)/2 < ng(T) < 2x2(T) (see [25, Theorem 3.1]). Observe that
T € A™I(X,Y) is injectively A-compact if and only if n4(T) = 0.

In [12, Remark 3.11] it is shown that n 4 is not the same concept that the
(inner) measure B4 related to an operator ideal A, introduced by Tylli [35] in
1995:

BA(T) := inf {e > 0; there are a Banach space Z and an operator S € A(X, Z)
such that | Tz|y <e|z|x + ||Sz| z, for any z € X}.

Using [5, Theorem 2.1] and the surjectivity of the dual ideal of the ideal IT,, of
p-summing operators, it holds that K = Hg o K. Since also K), = Hg o IC (see
for example [1, Corollary 4.9]), it follows that K = Kp. Then, we have

T is p-compact <= T is surjectively Hg—compact = Xng(T )=0.

Analogously, as a consequence of [33, Theorem 1.1(b)] and the injectivity of
the ideal II,, it holds that H» = K o II,. Moreover QN = K o II,, (see [33, p.
255]) and so H!'» = QN/,. Therefore,

T is quasi p-nuclear <= T is injectively II)-compact <= np,(T) =0.

We finish this section pointing out that these facts and [12, Corollary 3.13],
where it is proved that

ni, (T) = X1 (T*) for T € IL,(X,Y),

allow Delgado and Pineiro to obtain a quantitative version of (1).

As we have mentioned before, our aim is the study of the measures x 4 and n 4.
We do this after this introduction and the preliminary Section 2. On a hand, in
Section 3 we establish results on different properties of x 4 and n4 which extend
that known about them in [12]. On the other hand, in Section 4 we investigate the
behaviour under interpolation of these measures of non-A-compactness. As far
as we know there is no result in the literature in this sense. As a consequence of
our interpolation formulas for y 4 and n 4, we establish results on interpolation of



ON SOME MEASURES OF NON-COMPACTNESS ASSOCIATED TO ... 5

surjective A-compactness and injective A-compactness, for an arbitrary Banach
operator ideal A, in the cases in which one of the Banach couples reduces to
a single Banach space. In particular, we deduce interpolation theorems on p-
compact operators and quasi p-nuclear operators.

2. NOTATION AND BASIC DEFINITIONS

Throughout the paper we will use standard notation. Given a Banach space
X, we denote the closed unit ball of X by Bx and the dual space of X by
X*. If X and Y are Banach spaces, £(X,Y) stands for the Banach space of
all bounded linear operators T' from X into Y equipped with the operator norm
11| = sup,cp, Tzl

Let ¢1(Bx) be the Banach space of all absolutely summable families of scalars
(Az) indexed by elements of Bx. We denote by Qx: ¢;(Bx) — X the met-
ric surjection defined by Qx(Az)zeBy = erBX Azx. On the other hand, let
l~(Bx~) be the Banach space of all bounded families of scalars indexed by el-
ements of Bx«. By Jx: X — (. (Bx+) we mean the metric injection given by
Ixa = ((z%, %))z cByx-

Given two Banach spaces Zy and Z1, let (Zy® Z1)oo (resp., (Zo @ Z1)1) be the
direct sum of the Banach spaces Zy and Z; endowed with the norm ||(29, z1)|| =
max{||zol| 2o, [[21]| 2, } (resp., [|(z0, 20)|| = [[20ll 2, + l|21|2,), for (20,21) € Zo x Z1.

An operator ideal A is defined as a method of ascribing to each pair of Ba-
nach spaces (X,Y’) a linear subspace A(X,Y) of £L(X,Y') such that the following
properties are satisfied:

(I1) The operator z* ® y := (z*, )y € A(X,Y), for any z* € X* y € Y;

(I12) If S e L(U,X), T € A(X,Y) and R € L(Y,V), then RoT oS € A(U,V).

If in addition, for every (X,Y), the space A(X,Y) is supplied with a norm «
in such a way that:

(N1) a(z* @) = [l2*] - |y, for all 2* € X*,y € ¥

(N2) a(RoT o S) < |R| -a(T) - ||S||, whenever U and V are Banach spaces

and S € L(U,X), T € A(X,Y) and R e L(Y,V);

(N3) (A(X,Y),a) is a Banach space;
then [A, ] is called a Banach operator ideal. Familiar examples of Banach oper-
ator ideals are the ideals [L, ]| - ||] of all bounded linear operators, [IC, || - ||] of all
compact operators and W, || - ||] of all weakly compact operators, where || - || is
the usual operator norm.

As usual A% stands for the dual ideal of an operator ideal A, that is AY(X,Y) =
{T € L(X,Y); T* € A(Y*,X*)}. If [4,a] is a Banach operator ideal, [A%, o]
becomes a Banach operator ideal, with a?(T) := a(T*) for T € A%(X,Y).

We also recall that an operator ideal A is said to be surjective whenever A =
AU where AU is the (surjective hull) ideal whose components are

AU (XYY = {T € L(X,Y); T(Bx) C S(Bz),5 € A(Z,Y)}.

Analogously, an operator ideal A is called injective when A = A", where A"
is the (injective hull) ideal whose components are

AM(X,Y) = {T € LIX,Y); |[Tx|ly < |[Sz||z for x € X, S € A(X,2)}.
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For a Banach operator ideal [A4, a] it holds that [A®“" o] and [A™ o] are
also Banach operator ideals, where o**"(T') := inf{«a(S); T(Bx) C S(Bz),S €
A(Z,Y)} = a(ToQx) and o™ (T) := inf{a(S); ||Tz|y < ||Sz|z forz € X, S €
AX,Z2)} =a(Jy oT).

We conclude this section recalling the definition of two classes of operators
that are important in this paper, such as the ideal II, of p-summing operators
and the ideal QN of quasi p-nuclear operators. Given 1 < p < 0o, an operator
T € L(X,Y) is a p-summing if T maps weakly p-summable sequences in X
into p-summable sequences in Y (for the theory of p-summing operators, we
refer to [15, Chapter 2]). On the other hand, T" € L(X,Y) is called quasi p-
nuclear, 1 < p < oo, if there exists a sequence () € ,(X*) such that | Tz||y <

(>0 [y, z)|P) 1/p7 for any 2 € X (see for example [13, p. 293]).

n=1
An exhaustive study of operator theory can be carried out in the classical

books [15], [20] and [29]. We refer to these monographs for wide information, in
particular, about the Banach operator ideals [II,, 7,] and [QN},, v5).

3. SOME PROPERTIES OF Y4 AND n4

In this section we prove several properties of xy 4 and n 4 that complement those
studied in [12]. As we have pointed out in Section 1, x4 and ny4 are different
from the measures v, and (4, defined by Astala [3] and Tylli [35] respectively.
However, they share certain similar properties (see [7] and references therein for
the main properties of v, and 4). For example, it is easy to check that if
T € A5 (X,Y) (resp., T € A™(X,Y)), R L(Y,Yy) and S € L(X(, X), then

YA(RoT 0 8) < [RINa(T)|S|  (resp., na(RoT o S) < |Rlna(T)[S]).
The measures x4 and n 4 are also submultiplicative.

Lemma 1. Let [A, a] be a Banach operator ideal.
(i) Assume that T € A" (X,Y) and S € A*" (Y, Z). Then,

XA(SoT) < xa(S)xa(T).
(i) Assume that T € A™(X,Y) and S € A™(Y,Z). Then,
na(SoT) <na(S)na(T).

Proof.  'We just prove (ii) (part (i) has been established in [12, Proposition
3.5(6)]). Fix 8 > na(T). Then there exist z7,...,z}, € X*, a Banach space H
and an operator P € A(X, H), with a(P) < f3, such that

[Tzlly < sup [(z7,2)|+ |Pzlln, z€X.
1<i<m

Similarly, let v > n4(S), then there are y7,...,y; € Y*, a Banach space K and
an operator @ € A(Y, K), with a(Q) < =y such that

1Syllz < sup [(y;,9)| +11Qyllx, yeY.
1<j<n
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Hence, for every x € X,

[STzllz < sup [(y;,Tz)| + |QTz||xk < sup [(Ty;,z)| + [|QIT=|y
1<j<n 1<j<n

< swp [(T*y5, )] +11QI | sup [(@F,2)| + |[Pon) .
1<j<n 1<i<m

Combining the above, we get

T

15Tz < Sup (@) + 1P2)a, zeX,

where z7,...,2 € X* and @ := ||Q||P € A(X, H). Clearly, a(®) = ||Q]|a(P) <
a(Q)a(P) and so n4(SoT) < ~vp. This yields

na(SoT) <na(S)na(T).

Lemma 2. Let [A, a] be a Banach operator ideal and let X be a Banach space.

(i) If Idx € A" (X, X), then xa(Idx) = 0 if and only if X is finite dimen-
sional. In addition, x A(Idx) # 0 implies that x a(Idx) > 1.

(i) IfIdx € A" (X, X), then na(Idx) = 0 if and only if X is finite dimen-
sional. In addition, n4(Idx) # 0 implies that no(Idx) > 1.

Proof.  The statement (i) is given in [12, Proposition 3.5(7)]. To show (ii),
observe that n 4(Idyx) = 0 implies that Id x is injectively .A-compact and therefore
it is compact. Thus, X is finite dimensional.

Now assume that X is finite dimensional. Then, Idx is a finite rank operator.
In particular, Idx belongs to the ideal of injectively A-compact operators, which
means that n4(Idx) = 0.

Finally note that if n4(Idx) > 0, by Lemma 1(ii), we obtain that

na(Idx) = na(Idx oIdx) < (na(Idx))?,
which completes the proof. O

Remark 3. As a direct consequence of the definition of x4, for every metric
surjection q: Xo — X and T € A (X,Y), it follows that x 4(T) = xa(T o q).
Analogously, for each metric injection j: Y — Yy and T € A™(X,Y), it holds
that na(T) =na(joT).

The following minimal properties occur (similarly to those in [7, Section 2] for
the measures v, and $4). We include a proof for the sake of completeness.

Proposition 4. Let [A, o] be a Banach operator ideal.
(i) For any operator T € A**"(X,Y") one has

XA(Jy oT) =min{xa(joT); j: Y — Yy a metric injection} .
(ii) For any operator T € A™I(X,Y) one has

na(T oQx) =min{na(T oq); q: Xo — X a metric surjection} .
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Proof. (i) We claim that, for any metric injection j: Y — Y, one has

XA(Jy oT) < xa(joT).
By the metric extension property of ¢ (By+), we can find an operator S €
L(Yo, loo(By+)) such that Soijy) = Jy Ojf_(ly) and [|S]| = [ Jy Ojf_(ly)H, where
J J
i;(y) is the inclusion of j(Y') in Yp. Thus, we get
XA(Jy oT) = xa(SoijyyojoT) <|[S|xa(joT)=xa(joT)

and this proves our claim. Since the reverse inequality in the statement of (i) is
obvious, the proof is complete.

(ii) It is enough to establish n4(ToQx) < n4(Toq), for each metric surjection
q: Xo — X. Let R: Xo/Kerq — X be the isometric isomorphism induced by
q. If ¢perq: Xo — Xo/Kerq denotes the canonical quotient map, we have that
q¢ = R o ¢Kerg. By the metric lifting property of £;(Bx), for every € > 0, there
exists an operator S € L({1(Bx), Xo) such that ¢xerq 0 S = R 1'oQx and
18] < (1+&) R0 Qx| = 1 + . Then,

na(ToQx)=na(ToRodxerqoS) <na(Togols)
<na(Toq)IS| < (L +e)na(Toq).

This implies that n(T o Qx) < na(T o q) and the proof finishes. O

As it is pointed out in [12, p. 100], the following result follows straightaway
from [9, Proposition 5].

Proposition 5. Let [A, ] be a Banach operator ideal. Then, for any operator
T € A (X,Y) the following formula holds:

xA(T) = inf{a(S); T(Bx) C R(Br) + 5(Ba)}

where the infimum is taken over all Banach spaces F and G and operators R €

KAF,Y) and S € A(G,Y).
In a similar fashion, we show a characterization of n 4.

Proposition 6. Let [A,a] be a Banach operator ideal. Then for any operator
T € A™(X,Y) the following formula holds:

(2) na(T) = nf{a(S); [Tzlly <|[Rz|r+|Szlle, foralze X},

where the infimum is taken over all Banach spaces F' and G and operators R €
HAX,F) and S € AX,G).

Proof.  Let r4(T) denote the right-hand side of (2). If ¢ > r4(T"), then we can
find Banach spaces F and G and operators R € HA(X, F) and S € A(X, G) with
a(S) < e, such that

ITzlly <[|Re|r+|Szlla, =eX.

By [33, Theorem 1.1(c)], there exist a Banach space Z, a sequence (2 )nen €
co(Z*) and Q € A" (X, Z) so that

|Rz||p <supl|(z),Qzx)|, z€X.
neN
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Since Q € A™ (X, Z), there are a Banach space V and an operator P € A(X,V)
with [|Qz||z < ||Px||v, for any € X. Moreover, given any § > 0, there is ng € N
such that, for each n > ng and every z € X, we have |(z}, Qz)| < §||Qz||z. Hence

|Rzllr < sup|(z;, Qu)| < max{ sup |(z;, Qa)l.6]Qu]l |

neN 1<n<ng
< sup [{z},Qx)| + 0||Px||v .
1<n<ng

Combining the above, we get

[Tzlly < sup (2, Qu)[ +[|(0P)z]lv + |[Szla, =€ X.

1<n<ng

If we define K := (V & G)1 and L := ¢y o (6P) + g o S, where ¢y : V — K
and ¥y : G — K are the natural inclusions of V and G into K, respectively, it is
clear that a(L) < da(P) + € and

[Tzlly < sup [(z;,Qz)| + || Lz|k, z€X.
1<n<ng

This implies n4(T') < da(P) + ¢ and so na(T) < ra(T).
Now assume that ¢ > n4(T"). There are finitely many functionals z7,...,z} €
X*, a Banach space Z and an operator S € A(X, Z), with a(S) < ¢, such that

ITzlly < sup [z, z) +[|Szllz, @€ X,

<k<n

The operator R: X — (7, defined by Rz := ((x},))1<k<n has a finite rank, and
so R € HA(X, (%), and also

[Tzlly < |Rz|e, + [Sz]lz, ze€X.
This yields that r4(T) < na(T). O
Theorem 7. Let [A,a] be a Banach operator ideal.

() If T € A™I(X,Y), then xa(Jy oT) < nu(T).
(i) If T € A (X,Y), then na(T o Qx) < xa(T).

Proof. (i) Fix e > na(T). By Remark 3 one has that n4(7") = na(Jy oT), and
so we can find functionals z7,...,z; € X*, a Banach space Z and an operator
S e A(X, Z), with a(5) < ¢, such that

|y Tx|y < sup |[(zf,z)| +|Sz|lz, z€X.
1<k<n

Put Z = (2 @ Z); and let 9 : €% — Z and ¢z: Z — Z be the natural
inclusions of ¢ and Z into Z. We define P: X — Z as
Pi=1m oSl +1z0S8,
where ST : X — (7, is given by SLx := ((x},2))i1<k<n. It is clear that
|JyTz|y < ||Px|z x€ X.
Then the operator R: P(X) — ls(By~) defined as Rv = Jy Tz, if v = Pz, has
norm less than or equal to 1. Let R denote the extension of R to P(X). By the

metric extension property of {(By+), it follows that we can find an operator
R € L(Z,ls(By~)) with ||R|| = |R|| < 1, and Rv = Rv if v € P(X).
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Taking into account the definition of P, we get
Jy(T(Bx)) € R(P(Bx)) C R(¢em (S%(Bx)) +12(S(Bx)))
C R(tbeg, (S5%(Bx))) + R(t2(S(Bx))).

Since R o then o S% is a finite rank operator, it holds that Ro g o S5, €
KA(X, loo(By+)). On the other hand, Ro 1z 0 S € A(X,ls(By-)) with a(R o
Yz08) < ||[Rotz||a(S) < e. Proposition 5 allows to conclude that y4(Jy oT) <
n4(T) and this completes the proof.

(ii) Suppose that € > x4(7"). Using Remark 3 we have that x 4(T") = xa(T o
@ x), and then there exist finitely many elements y1,...,y, € Y, a Banach space
Z and an operator S € A(Z,Y), with a(S) < ¢, such that

(3) T(Qx(Buy(sy)) € | J{ur + S(B2)} .
k=1
Let M = ([y1,---,ynl, |l - [Im), where || - |lar == || - |ly/ max{{ly1lly, ..., [lynlly }-

Consider Z = (M @® Z)s and let S: Z — Y be the operator defined as S :=
iy 0 Idps o by + § o ¢z, where iM M — Y is the canonical embedding~0f M
into Y, and ¢pr: Z — M and ¢z: Z — Z are the natural projections of Z onto
M and Z, respectively. By (3), we get

T(Qx (B, (By))) C S(B3).
Then using the metric lifting property of ¢1(Bx), namely [29, Lemma 8.5.4L for

any d > 0 it is possible to construct R € L(¢;(Bx), Z) such that ToQx = SoR
and ||R|| <1+ 0. Hence

ITQx (Aa)lly = ISRy < llinddardar ROy + [1S62R(N) |y,

for every (\y)zeny € ¢1(Bx). Since iproldps o daro R is a finite rank operator, it
follows that ip;oIdpsoppro R € HA(&(BX), Y). On the other hand, So¢zoR €
A(l1(Bx),Y) and a(So ¢z o R) < a(S)|¢z o R|| < e(1+ ). From Proposition
6 we conclude that na(T o Qx) < xa(T). O

4. INTERPOLATION FORMULAS FOR Y4 AND n4

A natural question is to study the behaviour under interpolation of charac-
teristics for operators acting between Banach spaces. In this section we show
interpolation estimates for both measures of non-.A-compactness of operators, x4
and n 4, associated to a Banach operator ideal A. We will use some techniques
inspired by the papers [6] and [8]. Before of establishing our results concerning
this matter, we recall some basic definitions on interpolation theory.

Let A = (Ag, A1) be a Banach couple, that is, Ag and A; are two Banach spaces
which are continuously embedded in some Hausdorff topological vector space.
The sum Ay + A; and the intersection Ag N A7 of Ag and A; become Banach
spaces when endowed with the norms K (1,-; A) and J(1, -; A), respectively, where
the K- and J-functionals are defined, for ¢ > 0, by

K(t,a) = K(t,a; A) := inf{||ao|| 4, + tlla1]la,; @ = ap+a1, a; € A;}, a € Ag+ A;.
J(t,a) = J(t,a; A) == max{||a| ., tl]alla, }, a € AgN A;.
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A Banach space A is called an intermediate space with respect to A = (Ag, A1)
if AgNA; — A — Ay + Aq, where “—” means continuous inclusion. Given an
intermediate space A with respect to a couple A = (A, A1), it is possible in
some sense to describe the “position” of A within the couple A by means of the
following functions:

Ya(t) = va(t; A) == sup{K(t,a); [lafla = 1}
and
pa(t) = palt; A) = inf{J(t,a); a € Ag N Ay, Jalla = 1}
These functions are variants of functions studied, e.g., in [16], [27] and [31].
Clearly, the functions 14(t) and p(t) are strictly positive and non-decreasing,
and the functions 14(t)/t and pa(t)/t are non-increasing.

Examples of intermediate spaces that will be relevant in this paper are the
spaces A7, that is, the closure of AgN A; in A; endowed with the norm of A; (i =
0,1). Other important intermediate spaces are the Gagliardo completion A7 of
A;(i=0,1)in Ag+ A;. The space A7 consists of all those a € Ayg+ A; for which
there exists a sequence (ap)nen of elements of A; such that

(4) sup |lan|la; < oo and  lim [ja — apl|lag+a, =0.
neN n—o0
The norm in A} is given by
lallar = inf{ sup ||an|l4;; (@n)nen satisfies (4)} )
neN

An intermediate space A with respect to A = (A, A1) is called an interpolation
space if for any operator T: A — A (that is, T' is a bounded linear operator from
Ap + Aq into Ag + A1 whose restriction to each A; defines a bounded operator
from A; into A; for i = 0, 1), the restriction 7: A — A is a bounded operator. In
that case, there is a constant C' = C (A4, A) such that

(5) HT”A,A < CHTHA,/L forall T: A — /_1,

where [|T'[| 5 5 := max{||T'[| 49,40, [T 4,4, }. We say that an intermediate space
A is a rank-one interpolation space if inequality (5) is fulfilled for all rank-one
operators T: A — A. In some papers (see [16] and [31]), rank-one interpolation
spaces are also referred to as partly interpolation spaces. An example of an inter-
mediate space with respect to the couple (L1, L) which is not an interpolation
space can be found in [22, p. 122]. Nevertheless, such a space is a rank-one
interpolation space because, according to [16] and [31], any space lying between
the Lorentz and the Marcinkiewicz spaces with the same fundamental function
is a rank-one interpolation space.

We also recall that an intermediate space A with respect to A = (A, A7) is
said to be of class C(0; A), where 0 < § < 1, if there is a constant C' > 0 such
that, for all ¢ > 0 and a € A,

K(t,a) < Ct%ala.

Analogously, A is called of class C(6; A), with 0 < § < 1, if there exists a con-
stant C' > 0 such that, for all t > 0 and a € Ag N Ay,

lalla < Ct=0J(t,a).
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An intermediate space A is said to be of class C(0; A) whenever it is of class
Ck(0; A) and of class Cj(0; A). The real interpolation space (Ao, A1)g,q and the
complex interpolation space (Ao, A1)[g are important examples of spaces of class
C(6; A).

Remark 8. If A is of class Ck(0; A), then
)
t—0 t—oo

On the other hand, if A is of class C;(0; A), then we get

=0.

t
lim —— = lim —— =0
50 pa(t) % pa(t)

We refer to the books [4], [34] for the fundamentals of interpolation theory,
and to the papers [6], [8] for further information about the functions 14 and pa.

Theorem 9. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be a
Banach couple and let Y be a Banach space. Assume that X is an intermediate
space with respect to X. For any T € A*" (Xo + X1,Y), we have the following:

(1) If XA(TX(),Y) = 07

xA(Txy) < xa(Tx,y) - im wﬁ(t) :
(i) If xa(Tx,,y) =0,
Xa(Txy) = xa(Txoy) - limdx (t) .
(iii) If xa(Tx,y) >0 fori=0,1, then
XA(TX1,Y)>
xA(Txoy)/)

Proof.  Lete; > xa(Tx,y),i = 0,1. There are finitely many elements y, ...y} €
Y, Banach spaces Z; and operators S; € A(Z;,Y), with «(S;) < &;, such that

xA(Txy) < 2xa(Tx,y) - ¥x (

ng

T(Bx,) < | {y,i + Si(BZZ.)}, i=0,1.
k=1

Take ¢ > 0 and t > 0 arbitrarily. Given any = € By, since K(t,x) < 1x(t), we
can find z; € X, such that x = zo + 1 and

llzollxo +tlzillx, < Yx(t) +¢,

and so '
|zillx, < (Ux(t) +e)t™, i=0,1.
Then,

T(Bx) C (¥x(t) +¢)T(Bx,) + (¥x (t) + &)t 'T(Bx,)

c U{ Ux(t) + )0l + (Wx(t) +2)S0(Bz) |

+ U{ Ux(t) +e)t™ yk+ (Vx(t) ~|—5)t‘1SI(le)},
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Hence, we have a covering

T(Bx) C LnJ {yk + S(BZ)} 7

k=1
with y1,...,yn €Y, Z = (Zo® Z1)s and S: Z — Y the operator defined as
S(z0,21) = (¥x (t) + €)Soz0 + (Vx (t) + )t ' S121,
that is, S = (¥x(t) +€)(So 0 ¢o) + (Wx (t) + &)t~ 1(S1 0 ¢1), where ¢;: Z — Z; is

the natural projection (i = 0,1). Thus, S € A(Z,Y) and a(S) < (¥x(t) +¢€)eg +
(Vx(t)+e)tter = (Yx(t)+€)(eo+t ter). Tt gives that, for any € > 0 and t > 0,

(
xa(Txy) < (Wx(t) +€)(eo + 1t 'e1).

Therefore,

(6) xa(Txy) < ¥x(t) | xa(Txy) + leA(TXl,Y)], t>0.

When xa(Tx,y) = 0 for i = 0 or ¢ = 1, taking into account (6) and that
¥x(t)/t is non-increasing and ¥ x(t) is non-decreasing, we deduce (i) and (ii),
respectively. On the other hand, the case (iii) is obtained by choosing ¢ :=
Xa(Tx,y)/xa(Txo,y) in (6). O

Remark 10. Writing down Theorem 9 for A = L, we obtain [6, Theorem 3.1],
and so (see Remark 8) we also deduce [4, Theorem 3.8.1(i)].

Corollary 11. Let [A,a] be a Banach operator ideal. Let X = (Xg,X1) be a
Banach couple and let Y be a Banach space. Assume that X is an intermediate
space with respect to X. Given T € A" (X + X1,Y), it follows that T: X =Y
is a surjectively A-compact operator whenever one of the following assertions
holds:

o T: Xg—Y and T: X1 — Y are surjectively A-compact operators.

o T: Xog—Y is surjectively A-compact and limy_, th(t) =0.

o T: X1 =Y is surjectively A-compact and limy_,o 1 x (t) = 0.

As an application, we obtain results on interpolation of p-compact operators.
The next corollary is an example.

Corollary 12. Let 1 < p < oo. Let X = (Xo,X1) be a Banach couple and
let Y be a Banach space. Assume that T € Hg(Xo + X41,Y). When X is an
intermediate space of class C(0;X),0 <0 <1, then T: X =Y is a p-compact
operator if either T: Xg =Y orT: X1 = Y is p-compact.

The following result complements Theorem 9. Its first part states, in particular,
that if T: Xg — Y is a surjectively .A-compact operator, then every rank-one
interpolation space X for which T: X — Y is not surjectively A-compact must
necessarily verify that X7 < X. The second part shows that the sufficient
conditions obtained in Theorem 9(i) are also necessary under a suitable additional
hypothesis on the Banach couple X, namely when X¢ = X; holds. The proof of
Theorem 13 can be established by means of similar arguments to those used in
the proofs of [6, Theorem 3.9 and Corollary 3.11]. For the sake of completeness,
we include the details.
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Theorem 13. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be a
Banach couple and let Y be a Banach space. Suppose that T € A" (Xo+ X1,Y)
and X is a rank-one interpolation space with respect to X. If T: Xog — Y is a
surjectively A-compact operator, then at least one of the following conditions is

fulfilled:
(i) T: X =Y is surjectively A-compact.
(i) X7 — X .
Furthermore, if X7 = X1, the operator T: X —Y 1is surjectively A-compact if
and only if at least one of the next conditions holds:
(i) T: X1 =Y is surjectively A-compact.
(ii") Timy o0 X0 =0

Proof. By Theorem 9(i), we know that

XATxy) < xa(Tx,y) -tlim ¥x(t) .

—00 t

Then either x4(Txy) = 0, equivalently T: X — Y is surjectively .A-compact,

th(t) > 0 and so

or x4(Tx,y) > 0. In this latter case, we have that lim;
X7 <= X (see [6, Lemma 3.7(ii)]).

On the other hand, note that Theorem 9(i) ensures that either (i’) or (i”) is
sufficient to obtain that the operator T: X — Y is surjectively .A-compact.
Now assume that X7 = X; and T: X — Y is surjectively A-compact. If (1) is
not true, that is, T: X7 — Y is not surjectively A-compact, it necessarily implies
that lim; o0 w’i(t) = 0. In other case X{ < X holds (see [6, Lemma 3.7(ii)])
and, since X7 = X1, the operator 7': X; — Y would be surjectively A-compact,
which is a contradiction. Analogously, if (ii’) does not hold, then X7 — X and
soT: X7 — Y is surjectively A-compact. Taking into account that X7 = X, we
obtain that (i’) is fulfilled. O

Now we focus on the injective A-compactness and the measure n 4.

Theorem 14. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yp, Y1) be a Banach couple. Assume thatY is an intermediate space
with respect to'Y. For any T € A™ (X,YyNY7), we have the following:

(i) If na(Txy,) =0,

. t
na(Txy) <na(Txy,) }E%PT(@
(i) If na(Txy,) =0,
nA(Txy)SnA(Txy)- lim .
’ 7Y o0 py (1)

(iii) If na(Txy;) > 0 for i =0,1, then

2nA(Tx,y,) .
P(nA(TX,YO)/ nA(TX,Y1)>

na(Txy) <
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Proof.  Let g; > na(Txy,),i = 0,1. Then there exist finitely many functionals
fi---, fi € X*, Banach spaces Z; and operators S; € A(X, Z;), with a(S;) < &,
such that for both i = 0 and ¢ = 1, we have

ITzlly, < sup (fe o) + 1Sizllz,, veX.

<k<n;
Let t > 0. Put Z = (Zy® Z1)1 and let S: X — Z be the operator given by
1
St = ——(Spx,tS51x) .
PY(t)( )
that is, S = ( (o © So) + pyt(t)(<p1 0 Sy), where ¢;: Z; — Z is the natural

)
1). Hence, S € A(X, Z) and

Py
inclusion (i = 0,
€0 et
a(S) < =
py () py(t)  py(t)
Clearly, for each y € YoNY1, we have ||y|ly < J(t,y)/py(t). Hence, for all z € X,
J(t,Tx) 1
py(t)  py(t)

1 . , '
= maX{tZ sup [(fy, )| + '] Si }
py (t) i=01 U 1 Zpen, |(fr )| +[|Siz|| 2

(—= fk, >‘ |50 12 +

(60 + tsl) .

ITaly < max{ | Ty, ¢ Ty, }

IN

1512 2,

Lt
py ()

1<k<nz,z 0, 1‘

- [ fk7rc>1 + 1827
1<k<nz,z 0,1

This implies that, for any t > 0,

1
na(T < g0 +te1),
A( X,Y) py(t)( 0 1)
and so
1
(7) na(Txy) < [M(Tx,Yo) +tna(Txy)|, t>0.
py (t)

If na(Txy,) = 0 for i = 0 or i = 1, replacing this information in (7) and
keeping in mind that ¢/py (¢) is non-decreasing and 1/py (¢) is non-increasing, the
statements (i) and (ii), respectively, are proved. When n4(Txy,) > 0 fori = 0,1,
we conclude the proof by substituting in (7) the value t := na(Txy,)/nA(Tx.y,)-

O

Remark 15. As a consequence of Theorem 14, for the particular case A = L, we
have a similar estimate to that given in [6, Theorem 3.2], and thus (see Remark
8) we also recover [4, Theorem 3.8.1(ii)].

Corollary 16. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Y, Y1) be a Banach couple. Assume that'Y is an intermediate space
with respect to Y. Given T € A" (X,YyN Y1), it follows that T: X — Y is an
injectively A-compact operator whenever one of the following assertions holds:
oT: X =Yyand T: X — Y1 are injectively A-compact operators.
o T: X — Yy is injectively A-compact and lim;_,q ﬁ(ﬂ =
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o T: X — Y1 is injectively A-compact and limy_, p%(t) =0

As a consequence, results on interpolation of quasi p-nuclear operators can be
obtained. An example of this is the next corollary.

Corollary 17. Let 1 < p < co. Let X be a Banach space and let Y = (Yp, Y1) be
a Banach couple. Assume that T € I1,(X, Yo NY1). When'Y is an intermediate
space of class C7(0;Y),0< 0 <1, thenT: X — Y is a quasi p-nuclear operator
if either T: X = Yy orT: X — Y7 is quasi p-nuclear.

We also establish an analogous result to Theorem 13 in the “dual” situation
(see now [6, Theorem 3.10 and Corollary 3.12] for the case of compact operators).
Namely, we show that if T: X — Yj is an injectively A-compact operator, then
every rank-one interpolation space Y for which T: X — Y is not injectively A-
compact must necessarily satisfy that ¥ < Y|~. Furthermore, it is proved that
the sufficient conditions obtained in Theorem 14(i) are also necessary under the
additional hypothesis Y|~ = Y7.

Theorem 18. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yy,Y1) be a Banach couple. Suppose that T € A™(X,Yy N Y1)
and Y is a rank-one interpolation space with respect to Y. If T: X — Yy is an
injectively A-compact operator, then at least one of the following conditions is
fulfilled:

(i) T: X =Y is injectively A-compact.

(i) YV <= Y.
Moreover, if Y~ = Y1, the operator T: X — Y is injectively A-compact if and
only if at least one of the next conditions holds:

(") T: X — Y1 is injectively A-compact.

(ii") limg_o p%(t) =0.

Proof.  According to Theorem 14(i), whenever T: X — Y| is injectively A-
compact, we have that

na(Txy) <na(Txy,) - lim

=0 py (t)
Then either na(Txy) = 0, that is, T: X — Y is injectively .A-compact, or
nA(Tx,y) > 0. In this case, it must hold that lim;_o p%(t) > 0 and in consequence

Y — Y~ (see [6, Lemma 3.8(ii)]).

In addition, Theorem 14(i) guarantees that (i’), or (i), is a sufficient condition
to obtain that the operator T: X — Y is injectively A-compact.
Now assume that Y7¥ = Y] and T: X — Y is injectively A-compact. If (i’) is
not fulfilled, equivalently T': X — Y7 is not injectively A-compact, it necessarily
follows that lim;_, p%(t) = 0. If not, Y < Y7~ holds (see [6, Lemma 3.8(ii)]) and,
since Y~ = Y7, the operator T': X — Y7 would be injectively A-compact, which
is a contradiction. On the other hand, if (ii’) does not hold, then Y — Y7~ and
so T: X — Y is injectively A-compact. Due to Y~ = Y1, (i’) is true. O

Next we establish interpolation formulas for the measure of T: X — Y in
terms of the measures of the restrictions T: XoNX; - Y and T: Xg+ X1 > Y
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(respectively T: X — Yo NY; and T: X — Y + V1), for T € A" (X + X1,Y)
(respectively T € A" (X,Yp NY1)). This is interesting, since sometimes the
known information about the operator only refers to such extreme restrictions.

Theorem 19. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be a
Banach couple and let Y be a Banach space. Assume that X is an intermediate
space with respect to X. For every T € A" (Xo+X1,Y), the following statements
are true:

(i) When xa(Txonx,y) =0,

xa(Txy) < xa(Txpsx7) - (}1_{% dx (1) + lim
(ii) When xa(Tx,nx.y) >0,

Px (XA(TXoJer,Y)/XA(TX00X1,Y)>

xA(Txy) <2 +
(Txy) 1/xA(Txonx,,y)

Yx (XA(TXoﬂXl,Y)/XA(TX0+X1,Y)>

+
1/XA(TX0+X1,Y)
Proof.  Given o > xA(Tx,nx,,y), there are finitely many elements u1, ..., u, €
Y, a Banach space U and an operator R € A(U,Y), with a(R) < o, so that
m

(8) T(Bxnx) © | {we + R(Bo)} -

k=1

On the other hand, if 6 > xa(Txy+x,,y) we can find vy,...,v, € Y, a Banach
space V and an operator S € A(V,Y'), with a(S) < 0, such that

(9) T(BX0+X1) - U {'Uk + S(BV)} .
k=1
Let ¢ > 0 and 0 < t < 1 arbitrarily. Define W := (U @& V) and P € L(W,Y) as
-1
Plu,v) == (1+¢) <¢x(t‘1) + th(t)> Ru+ (1+¢) <¢X(t) + th(_tl)) Sv,

e, P = (1+¢) (vx (1) + 250 (Rogu) + (1+e) (ex(t) + 552 ) (S o),
where ¢py: W — U and ¢y: W — V are the natural projections. Whence,
P e AW,Y) and

a(P) < (1+e) (vxt ) +vx@)/t) o+ (L+¢) (vx(t) +x )/t 6.

Note that K(s,z) < ¥x(s)||z||x, for every z € X and any s > 0. Then, given
x € By, there are decompositions of = as x = x¢ + 1 = x(, + 2}, with x;, 2} €
X;(i=0,1), and

lzollxo + tllz1llx, < K(tz) +ex(t) < (1+e)Yx (1),

o]l x0 + Izt lx, < K7 2) +epx (t7) < (L+e)ox (7).
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Thus,
(10)  lzillx, < A +e)ux @)/t lafllx, < A +e)pxE )/t i=0,1.

Now let Z := z(, — x9 = x1 — 2} € Xo N X;. It follows from (10) and 0 < ¢ <1
that

@ lxonxy < mas{llzollx, + o)l xos o1l + 23 ]1x,}
< (1 ) max{wx () + x (1), wx (O)/t +wx )/t
< (1+ ) max{ g (8)/t + 0 (t7), v (B)/t + vx (t7) |
= (L+e) (ux(t™) +¥x(t)/t)

(11)

and
(12) o = Flxorx < loollx + ol < (1) (x(t) + wx(t™)/E7)
Using (11) and (12), we deduce that

Bx C (1+4¢) <1/Jx(t1) + 1/1);(15)) Bxonx, + (1+¢) (¢X(t) +

Keeping in mind (8) and (9), it follows that

x ()
+—1

)BX0+X1 .

Yx (1)
t

T(Bx) C (1+2) (wxa—l) n ) T(Bxyox)

Px ()
+—1

+
C 6 {(1 +e) <¢X(t—1) + wX(t)) up
R

)T(BX0+X1)

Therefore, there exist finitely many wy,...,w; € Y such that
l

T(Bx) € |J{we+ P(Bu) },
k=1

with P € A(W,Y) and

aP) < (T+e) (vx ) +ox@)/t) o+ (1 +e) (Ux(t) +¥x )/t .
It implies that, for each 0 <t <1,

xA(Txy) < <¢X(t_1) + ¥x(®)

t

+ (1/1X(t) +

> X.A(TX()F\XLY)

x ()
tfl

(13)

)XA(TXO+X1,Y) .



ON SOME MEASURES OF NON-COMPACTNESS ASSOCIATED TO ... 19
When x4(Tx,nx,,y) = 0, it follows that

Px ()

xa(Txy) < (¢X(t) +

)XA(TXO+X17Y) )

—1
and using that ¥ x () + Uxlt ) g non-decreasing, we have that

=1

1
XATxy) < xa(Txg4x1Y) - <}5}(1] Yx(t) + lim d}Xt(_t1)>
wx(t)) '

t

= XA(TXo+x1,Y) - <%g% Yx () + lim

Now assume that X_A(TXOQXL)/) > (. Since XA(TXoﬂXl,Y) < XA(TX0+X1,Y)7

_ xATxynx,.v)
XA(Txo+x,,Y)

Substituting this value in (13) yields that

t: <1.

Ux (XA(TXole,Y)/XA(TXOJer,Y))
XA(Txonx:,v)/XA(Tx04+x1,Y)

T
xA(Txy) < | ¢¥x <XA( XO+X1’Y)> +
XA(Txonx1,y)

“XA(Txonx,y)

XA(Txonx1,y) Vx (XA(TXoJer,Y)/ XA(TXole,Y))
+ | ¥x < : )

XA(Txo+x1,Y) XA(Txo+x1,7 )/ XxA(Txonx1,7)
: X.A(TX0+X1 7Y)
Ux (X x0.3) /T, ) )

=2
1/xa(Txonx.y)

_|_

vx (XA(TXoﬁXl,Y)/XA(TX0+X1,Y)>
1/xA(Txo+x1Y)

+

O

Corollary 20. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be a
Banach couple and let Y be a Banach space. Assume that X is an intermediate
space with respect to X and T € A" (Xo+ X1,Y). If T: XoN X1 — Y s
surjectively A-compact and

Yx(t) _0,
t

e = By
then T: X — Y is a surjectively A-compact operator.
Corollary 21. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be a
Banach couple and let Y be a Banach space. Suppose X is of class Ck(0; X),0 <

0 < 1. ForT € A" (Xo + X1,Y), it follows that T: X — Y s surjectively
A-compact if and only if T: XoN X1 — Y is surjectively A-compact.
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Observe that the above corollaries, applied to the Banach operator ideal [A, «]
given by the dual ideal of p-summing operators, imply interpolation results on
p-compact operators. This fact motivates the study of the dual case and its
connections with the measure n 4.

Theorem 22. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yp, Y1) be a Banach couple. Assume thatY is an intermediate space
with respect to Y. For every T € A™ (X,YyNY1), the following statements are
true:

(i) When nA(TX7y0+yl) = 0,

< (lim —— + 1 .
na(Txy) < 20a(Txon) - (fim PO py(t))

(ii) When nA(TX,Y0+Y1) > 0,

na(Tx vy+vi)

p (nA(TX,Yo+Y1 )/mA(Tx voryy ))

nA(Txy) <3

na(Tx yonv;)

+
p(nA(TX,YonY1 )/ NA(Tx,YoJrYl))

Proof.  Suppose 0 > n(Tx vy+v;). Then, there exist finitely many functionals
fi,-- -y [, € X*, a Banach space H and an operator R € A(X, H), with a(R) <
o, so that

(14) 1Tz(vo+v < sup [(f5,2)| + [|Rz|[n, x€X.
1<k<m
Moreover, if 6 > na(Tx yv,ny,), then there exist functionals ¢7,...,qg; € X*¥,

a Banach space G and an operator S € A(X,G), with a(S) < 4, such that
(15) ITz|lyorvy < sup [{gg, z)| + [[Szlle, z€X.
1<k<n

Take ¢ > 0 and t > 1 arbitrarily. Let Z := (H & G); and define P € £(X, Z) by
1 t ¢! 1
Px:=[(14+¢ + Rx,(2+ ¢ + Saz).
(9 * @) ™ eI e * i)
—1
Thus, P = (1+4¢) (ﬁ—i_ﬁ(?ﬁ)) (pHOR)+(2+¢) (Wﬂ%@)) (pgoS), where
ep: H— Z and pg: G — Z are the natural inclusions. Whence P € A(X, Z)

and
1 t t! !
P <+9 (am+ o) 7+ 09 (e + )

On the other hand, for each z € X, there is a decomposition of Tz as T'z = yo+y1,
with y; € Y; and

(16) lyilly; < llvollve + llvallya < (X +e)lITz|lvytv,, i=0,1.

By (16) and (14),

(17) lyilly, < (1+¢) sup [(fi,z)|+ (L +e)|[Rxllg, i=0,1.
1<k<m
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Since y; € YoNY1 (1 =0,1), it follows from (16) that
HyiHY1—i = HTQj - yl*iHYi—i < ”TxHYl—i + Hyl—iHY1_i
< ||T33||Y0|’1Y1 + (1 + E)HTx||YO+Yl < (2 + 6)HTJ;HYoﬁYl >
for i = 0,1. Using (15),

(18) [yl < (2+¢) (g o) + 2+ e)l|Szlle, i=0,1.

sup |

1<k<n
Observe that, for every y € Yp NY; and for all s > 0, ||ylly < J(s,y)/py(s).
Thus, using (17) and (18), it follows that

Jty0) | J(Em)
py (t71) py (t)

1
-1
< ———max ||[Yollvo,t ||Yollvi ; + —= max {||[¥1]lvy: tllY1]lvs
) {llvollvest™ lwollv; } v (@) {llyillve: thyrllv: }

1
————max<(l+¢) su o)+ (1 + &) || Rx|| |,
e s ()] + () Rel

ITxlly < llyolly +llyrlly <

IA

@+ 2) swp f{gh,a)l + 2+ o)lSwq] |

max {(2+2) swp |(gi, @)+ 2+ 2)]|Se]le,
1<k<n

t1+e) swp ()l + (1 +o)lIReln)}
1<k<m

* py (1)

-1

t
— sup [{fr,2)],(24+¢e)———— sup [{g;,x }
py (t~1) ISkSmK el )/)Y(t Y 1§k§n|< il

< max{(l +¢)

-1

1 t
——||Rz||g + (2 +¢&)——— Sz
ey IRl 240 Sl

py (1) 1§S}:£m [(fe, )], (2 + E)py(t) 1;12271 |{gss x}\}

t 1
R +(2+¢ S
Bl @+ 0) s lsla

1 t *
py(t_l) + py(t)) 1§Slkl£m|<fk7x>|7

+(1+¢)

+max{(1 +¢)

+(1+¢)

< 2max{(1—|—f—:)(

t=1 1 .

e (Ge ) g, )

¢ t! 1
t

py(t)) IRz + (2 +¢) (py(t_l) o

149 (o + )lsalc.

and so
|Tz|y < sup [(hg, )| + || Pz z,
1<k<i

for certain functionals h},...,h € X* and P € A(X, Z), with

-1
a(P) < (1+€)< 7t Z+e) <pyt(t1) ! pyl(f)> :

1 N t >
py (1) py(t)
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Hence,

t 1 1
py (t~1) " PY(t))U S +6)(PY(t_1) " PY(t)>5'

na(Txy) < (1 +6)(

Thus, for any t > 1,

1 t
Tyy) < ( ) T
noy = G T e
t—1 1
+2< + >nA(TX,Y vi) -
py (t1)  py(t) ot

If nA(Tx,vy+v;) = 0, we obtain that

o) <2(— L YT

na , > — na , y

ST ) T ()

and keeping in mind that ﬁ + is non-increasing, we conclude that

1
py (t)
—1

nA(Txy) < 2n4(Tx vony:) - (hfcf)lo m + 1 Am py( )>

=2n4(Tx vorvy) - (hn% py (1) tﬁoo py (1) )

On the other hand, if na(Tx y,+v,) > 0, then na(Tx y,ny;) > 0 too, because
nA(Tx vo+v;) < nA(TX,Yomyl) Then, taklng
nA(Tx,vorvi)

t:=
nA(Tx,vo+v1)

v

1

n (19), we deduce that

na(Txy) <

nA(Tx vy+v1) n nA(Tx vony)

<
p (nA(TX,Yo+Y1 )/ma(Tx yvony; )) p (nA(TX,YomY1 )/na(Tx vourvi ))

49 nA(Tx vy+v1) N na(Tx.yvony,)

p (nA(Tx,Yo+Y1 )/ma(Tx vony, )) p (nA(TX,Yomyl )/mA(Tx Yot+vy ))
—3 nA(Tx,yo+v1) + nA(Tx,vonv)

p (HA(Tx,Yom )/nA(Tx yory, )) p (nA(Tx,YomY1 )/mA(Tx yy+vi ))

O
We specify two particular cases stated in the following corollaries.

Corollary 23. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yo, Y1) be a Banach couple. Assume that'Y is an intermediate space
with respect to Y and T € A™(X,YoNYy). If T: X — Yy + Y1 is injectively
A-compact and

limL = lim —— =0,

=0 py () t=o0 py (t)
then T: X — Y is an injectively A-compact operator.
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Corollary 24. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yy,Y1) be a Banach couple. Suppose Y is of class C;(0;Y),0 < 0 <
1. For T € A™ (X,YyNY1), it follows that T: X — Y is injectively A-compact
if and only if T: X — Yy + Y1 is injectively A-compact.

Let us point out that if [A, ] is the Banach operator ideal of p-summing
operators, then the above corollaries yield interpolation results on quasi p-nuclear
operators.

We now observe that applying Corollaries 20 and 23 and [6, Lemmata 3.7
and 3.8], respectively, it is possible to establish results in the same line that [8,
Corollaries 3.11 and 3.10].

Corollary 25. Let [A,a] be a Banach operator ideal. Let X = (Xo,X1) be
a Banach couple and let Y be a Banach space. Suppose that T € A" (Xo+X1,Y)
and X is a rank-one interpolation space with respect to X. If T: XoN X1 = Y
is a surjectively A-compact operator, then at least one of the following conditions
is fulfilled:
(i) T: X =Y is surjectively A-compact.
(i) X5 — X.
(iii) X7 — X.
Corollary 26. Let [A,a] be a Banach operator ideal. Let X be a Banach space
and let Y = (Yy,Y1) be a Banach couple. Suppose that T € A™ (X,YyNY1) and
Y is a rank-one interpolation space with respect to Y. If T: X — Yo+ Y] is an
injectively A-compact operator, then at least one of the following conditions is
fulfilled:
(i) T: X =Y is injectively A-compact.
(i) Y — Yy
(iii) YV — Y.

Acknowledgements. We thank the referees for the helpful comments that
led to an improvement of the paper.

REFERENCES

[1] K. Ain, R. Lillements, E. Oja, Compact operators which are defined by ¢,-spaces, Quaest.
Math. 35 (2012) 145-159.

[2] K. Ain, E. Oja, On (p, r)-null sequences and their relatives, Math. Nachr. 288 (2015) 1569
1580.

[3] K. Astala, On measures of non-compactness and ideal variations in Banach spaces, Ann.
Acad. Sci. Fenn. Ser. A. I. Math. Dissertationes 29 (1980) 1-42.

[4] J. Bergh, J. Lofstrom, Interpolation Spaces. An Introduction, Springer, Berlin-Heidelberg-
New York, 1976.

[5] B. Carl, I. Stephani, On A-compact operators, generalized entropy numbers and entropy
ideals, Math. Nachr. 119 (1984) 77-95.

[6] F. Cobos, M. Cwikel, P. Matos, Best possible compactness results of Lions-Peetre type,
Proc. Edinburgh Math. Soc. 44 (2001) 153-172.

[7] F. Cobos, A. Manzano, A. Martinez, Interpolation theory and measures related to operator
ideals, Quarterly J. Math. 50 (1999) 401-416.

[8] F. Cobos, A. Manzano, A. Martinez, P. Matos, On interpolation of strictly singular opera-
tors, strictly co-singular operators and related operator ideals, Proc. Royal Soc. Edinburgh
Sect. A 130 (2000) 971-989.



24

[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

A. MANZANO AND M. MASTYLO

A. Defant, M.S. Ramanujan, Surjective A-compactness and generalized Kolmogorov num-
bers, Note Mat. 11 (1991) 109-117.

J.M. Delgado, E. Oja, C. Pifieiro, E. Serrano, The p-approximation property in terms of
density of finite rank operators, J. Math. Anal. Appl. 354 (2009) 159-164.

J.M. Delgado, C. Pifieiro, An approximation property with respect to an operator ideal,
Studia Math. 214 (2013) 67-75.

J.M. Delgado, C. Pineiro, Duality of measures of non-A-compactness, Studia Math. 229
(2015) 95-112.

J.M. Delgado, C. Pifeiro, E. Serrano, Operators whose adjoints are quasi p-nuclear, Studia
Math. 197 (2010) 291-304.

J.M. Delgado, C. Pineiro, E. Serrano, Density of finite rank operators in the Banach space
of p-compact operators, J. Math. Anal. Appl. 370 (2010) 498-505.

J. Diestel, H. Jarchow, A. Tonge, Absolutely Summing Operators, Cambridge University
Press, Cambridge, 1995.

A.A. Dmitriev, The interpolation of one-dimensional operators, Voronez Gos. Univ. Trudy
Nauén.-Issled. Inst. Mat. VGU Vyp. 11Sb. Statej Funkcional. Anal. i Prilozen 11 (1973)
31-43 (in Russian).

J. Fourie, J. Swart, Banach ideals of p-compact operators, Manuscripta Math. 26 (1979)
349-362.

D. Galicer, S. Lassalle, P. Turco, The ideal of p-compact operators: a tensor product
approach, Studia Math. 211 (2012) 269-286.

A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math.
Soc. 16, 1955.

H. Jarchow, Locally Convex Spaces, Teubner, Stuttgar, 1981.

J.M. Kim, K.Y. Lee, B. Zheng, Banach compactness and Banach nuclear operators, Results
Math. 75,161 (2020). https://doi.org/10.1007/s00025-020-01295-0.

S.G. Krein, J.I. Petunin, E.M. Semenov, Interpolation of Linear Operators, Amer. Math.
Soc., Providence R. I, 1982.

S. Lassalle, P. Turco, The Banach ideal of .A-compact operators and related approximation
properties, J. Funct. Anal. 265 (2013) 2452-2464.

S. Lassalle, P. Turco, On null sequences for Banach operator ideals, trace duality and
approximation properties, Math. Nachr. 290 (2017) 2308-2321.

A. Lebow, M. Schechter, Semigroups of operators and measures of non-compactness, J.
Funct. Anal. 7 (1971) 1-26.

J. Lindenstrauss, L. Tzafriri, Classical Banach Spaces I, Springer Verlag, Berlin-Heidel-
berg-New York, 1977.

L. Maligranda, M. Mastylo, Notes on non-interpolation spaces, J. Approx. Theory 56 (1989)
333-347.

E. Oja, A remark on the approximation of p-compact operators by finite-rank operators, J.
Math. Anal. Appl. 387 (2012) 949-952.

A. Pietsch, Operator Ideals, North—Holland, Amsterdam, 1980.

C. Pineiro, J.M. Delgado, p-convergent sequences and Banach spaces in which p-compact
sets are g-compact, Proc. Amer. Math. Soc. 139 (2011) 957-967.

E. Pustylnik, Embedding functions and their role in interpolation theory, Abstract Appl.
Anal. 1 (1996) 305-325.

D.P. Sinha, A.K. Karn, Compact operators whose adjoints factor through subspaces of ¢,
Studia Math. 150 (2002) 17-33.

I. Stephani, Injectively .A-compact operators, generalized inner entropy numbers and
Gelfand numbers, Math. Nachr. 133 (1987) 247-272.

H. Triebel, Interpolation Theory, Function Spaces, Differential Operators, North-Holland,
Amsterdam, 1978.

H.O. Tylli, The essential norm of an operator is not self-dual, Israel J. Math. 91 (1995)
93-110.



ON SOME MEASURES OF NON-COMPACTNESS ASSOCIATED TO ... 25

ANTONIO MANZANO, DEPARTAMENTO DE MATEMATICAS Y COMPUTACION, UNIVERSIDAD DE
BuUrcos, ESCUELA POLITECNICA SUPERIOR, CALLE VILLADIEGO $/N, 09001 BURGOS. SPAIN.
FE-mail address: amanzano@ubu.es

MieczystAw MASTYLO, FACULTY OF MATHEMATICS AND COMPUTER SCIENCE, ADAM MICK-
IEWICZ UNIVERSITY, UNIWERSYTETU POZNANSKIEGO 4, 61-614 POZNAN, POLAND.
E-mail address: mastylo@math.amu.edu.pl



