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Abstract. In this paper we introduce a function for multilinear operators
that can be considered as an extension of the so-called outer measure
associated to a linear operator ideal. We prove that it allows to charac-
terize the operators that belong to a closed surjective ideal of multilinear
operators as those having measure equal to zero. We also obtain some in-
terpolation formulas for this new measure. As a consequence we deduce
interpolation results for arbitrary closed surjective ideals of multilin-
ear operators which recover, in particular, different results previously
established in the literature.
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1. Introduction

The study of compact operators and weakly compact operators is an impor-
tant topic in the theory of operators and Banach spaces. A helpful tool to
investigate each one of these ideals of linear operators is to consider a func-
tional that shows the deviation of a bounded linear operator 7' : £ — F
from the corresponding ideal. Examples of it are the (ball) measure of non-
compactness (in case of compact operators), defined as (see [25], [20] and
[11])

m

AT) =nt{=>0: T(Br) C | J{ye +eBr}ye € Fm e N},
k=1

and the measure of weak non-compactness (in case of weakly compact oper-
ators), given by (see [16])

w(T) =inf{e > 0:T(Bg) CeBp + W, W C F weakly compact} .
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Compact operators and weakly compact operators are relevant exam-
ples of closed surjective ideals of linear operators. Other important exam-
ples of linear operator ideals which are also closed and surjective are strictly
cosingular operators, Rosenthal operators, Banach-Saks operators, operators
of separable range, limited operators, Grothendieck operators and Asplund
operators (also called decomposing operators).

Given any linear operator ideal Z, the following functional introduced
by Astala [1] in 1980

’}/I(T) :=inf {8 >0 : T(BE) CeBp + R(Bz),
for some Banach space Z and operator R € Z(Z; F)},

characterizes the operators T that belong to the closed surjective hull .
(i.e. the smallest closed surjective ideal containing Z) of Z as those for which
~vz(T) = 0 (see [1, Theorem 3.11]). In particular, the so-called outer measure
v, satisfies that v,(T) = 0 if and only if T € Z, whenever Z is a closed
surjective ideal.

Astala also proved that for Z = KC, the ideal of compact operators, v, (T)
coincides with the (ball) measure of non-compactness of T' (see [1, Example
3.2(a)]). On the other hand, when Z = W, the ideal of weakly compact opera-
tors, 7,,, (T') coincides with the measure of weak non-compactness introduced
by De Blasi (see [1, Example 3.2(b)]).

The research of different properties of v, specially its behaviour under
interpolation, has been very useful and it has enabled to give an unified point
of view for previous results regarding certain linear operator ideals which
are closed and surjective (see for example [13], [15] and [14] and references
therein).

As far as we know, in the literature there is not a similar notion to the
measure 7, in the setting of multilinear operators. In this paper we introduce
(Definition 3.2) a function for multilinear operators that can be considered
as an extension of the outer measure 7, introduced by Astala. In addition
to showing some properties of this new measure, we prove that it allows to
characterize the operators that belong to a closed surjective ideal of multilin-
ear operators as those having measure equal to zero (see Theorem 3.1). We
also obtain interpolation formulas for the new measure (Theorems 4.1 and
4.4). Although we use similar ideas to the linear case to establish them, as a
consequence of these formulas we deduce interpolation results for arbitrary
closed surjective ideals of multilinear operators. Despite there are many rel-
evant examples where interpolation techniques have been used in the study
of concrete ideals of multilinear operators and related questions (see for in-
stance [10], [8], [22], [12] and [35]), as far as we know, interpolation results
established in the setting of general closed surjective ideals of multilinear op-
erators, such as those shown in this paper, are almost non-existent. We would
like to point out that some basic facts and techniques that are essential in the
linear operator theory cannot be translated to multilinear operators. In this



Closed surjective ideals of multilinear operators and interpolation 3

sense, let us mention for example that the kernel or the range of a multilinear
operator is not necessarily a linear subspace.

In our interpolation results (Theorems 4.2 and 4.5 and Corollaries 4.6
and 4.7) we consider intermediate spaces of class Ck(6; E;) and bounded
multilinear operators acting from a product X(Ej) x --- x X(E,) of sums
of spaces from Banach couples E, ..., E,, into a fixed Banach space I (see
notation, definitions and precise results in Section 4). The most relevant in-
terpolation methods, that is, the classical real method E‘M and the complex
method E[Q], produce interpolation spaces of class Cx (0; E). As a result of
Corollary 2.8, we show that each n-ideal [Z4,...,Z,], where Z,...,Z, are
closed surjective linear operator ideals, turns out to be closed and surjec-
tive, and so our results can be applied to a good number of concrete closed
surjective ideals of multilinear operators (see Example 1). This also allows
to give an extension to the multilinear case of different well-known interpo-
lation results regarding important linear operator ideals (see Remark 4.8).
As another consequence, by considering the particular case of the ideal of
compact multilinear operators, we obtain for the classical real method and
the complex method some known compactness results of Lions-Peetre type
established for bilinear operators (see Remark 4.10). We find it convenient
to highlight the interest that interpolation of compact bilinear (multilinear)
operators is receiving in last years by the applications that these operators
have in harmonic analysis (see for instance [21], [22], [23], [34], [12], [35] and
references therein).

This paper continues the research started by the authors in [32], but
now dealing with the case of general closed surjective ideals of multilinear
operators and their interpolation properties.

2. Closed surjective ideals of multilinear operators

Next let us recall some basic definitions we will need throughout the paper.
We consider real or complex Banach spaces without distinction. If F, ..., E,
and F are Banach spaces, then L(E1,. .., E,; F) stands for the Banach space
of all continuous n-linear operators T : 4 X --- X E, — F with the norm

IT|| := sup{||T(x1,...,zn)||lF : 1 € Bg,,-..,%n € Bg, },

where B, is the closed unit ball of Ej, j = 1,...,n. In particular, L(E; F)
is the Banach space of all continuous linear operators from F into F.

Definition 2.1. Let n € N be fixed. An ideal of n-linear operators, or an
n-ideal, is a class M, of n-linear maps such that for all Banach spaces
Ey,...,E, and F, the components M,,(E1,...,E.; F):= L(E1,...,E,; F)N
M, satisfy
(i) Mu(Eq,...,E,; F) is a linear subspace of L(Ey,..., E,; F) that con-
tains the n-linear maps of finite type.
(11) IfR € ,C(F,H), T € Mn(Ela .. .,En;F) and Sj S ,C(Gj;Ej), for ] =
1,...,n,then RoT o (S1,...,5,) € Mu(G1,...,Gpn; H).
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If for each n € N, M,, is an ideal of n-linear operators, the class

M:GMn

n=1

is called an ideal of multilinear operators or a multi-ideal.

The symbol £ will stand for the multi-ideal of all continuous multilinear
operators. To avoid confusions, we will use the letter Z to denote a linear
operator ideal (instead of M; or Zy).

There are standard methods to construct multi-ideals from linear opera-
tor ideals. One of them is based on considering the linear mappings associated
to a multilinear operator and has its origin in the paper by Pietsch [38]. Next

let us review its construction. We will use the notational convention to
mean that the i-th term, or the i-th coordinate, does not appear.

Definition 2.2. Let 71, . .., Z, be linear operator ideals. The n-ideal [Z1, ... ,Z,]
is defined as follows: Let T € L(E1, ..., En; F),

T e[Ly,....T,)(Ey,...,Ey; F) if, and only if, T; € Z;(E;; L(Ey, 1., E,; F))
for all i = 1,2,...,n, where T} : E; — L(Ey, ., E,; F) is defined as
Ti(mi)(xl, M,an) = T(.I‘l, . ,xn), € Fby,...,x, € F,y.

As usual it is understood that if n = 1, then T3 = T for T € L(FE; F) and
[Z] = Z for each linear operator ideal Z.

Another way to construct multi-ideals is the composition method, that
produces a multi-ideal Z o £ formed by all multilinear operators A = u o B,
where B is a continuous multilinear operator and u belongs to the linear
operator ideal Z. In a similar way to the multilinear case, ideals of polynomials
can be constructed. In particular, the composition ideal of polynomials ZoP is
defined in an analogous manner. An m-homogeneous polynomial is a mapping
P : E — F for which there exists an m-linear mapping T : Ex---x E — F so
that P(z) = T(z,...,z) for every € E. Given a continuous m-homogeneous
polynomial P : E — F, there is a unique continuous symmetric m-linear
operator P such that P(z,...,2) = P(z). In [9, Proposition 3.2(b)], it is
proved that P € T o P if, and only if, P € Zo L.

We also recall that Q € L(E;F) is called a metric surjection if Q
trasforms the open unit ball of E onto the open unit ball of F', that is, if

Q(éE) :ép. Given a Banach space F, Qg : {1(Bg) — E will stand for the

natural metric surjection given by Qg((Aw)weBr) = D yep, AwlW-

Definition 2.3. Let M,, be an n-ideal. It will be denoted by M,, the class of
n-linear operators formed by components M, (F1, ..., E,; F) that are given
by the closure of M, (E1,...,E,; F) in L(Ey,...,Ey; F). An n-ideal M,, is
said to be closed when M,, = M,,.
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On the other hand, M (E, ..., E,; F) will denote the following class
of operators:

M (Eq, ... Ep; F) := {T € L(E1,...,Ey; F): there are Banach spaces Z;
and P € My (Z1,..., Zn: F)s.t. T(Bp, X -~ x Bp. )C P(By, x - x an)}.

By a surjective n-ideal M,, we mean an n-ideal M,, such that, for any Banach
spaces Ei,...,E, and F, it holds that T € M, (F1,...,E,; F) whenever
T e MW (Ey,...,E,; F).

In [5] the concept of surjectivity of ideals of polynomials, and so sur-
jectivity of multi-ideals, has been considered from a different point of view.
According to [5, Corollary 4.3], for a surjective operator ideal Z, the com-
position ideal Z o P is surjective in the sense of [5, Definition 2.1]. However,
it is not clear that the composition multi-ideal Z o £ is surjective in the
sense of Definition 2.3 (see [5, Proposition 3.4] that relates both definitions
in the case of polynomials). Examples of composition ideals of polynomials
are compact polynomials and weakly compact polynomials, which turn out
to be composition of continuous polynomials with compact operators and
weakly compact operators, respectively. Analogously, compact and weakly
compact multilinear operators are examples of composition multi-ideals.

Remark 2.4. Note that if T € L(Ey,...,E,;F) is an operator such that
To(Qg,,---,Qr,) € My(l1(Bg,),...,¢1(Bg,); F), then it holds that T' €
MW (Ey, ..., Ey; F). This directly follows from the fact that Qg, (j =
1,...,n) is a metric surjection and thus, for any 1 > 0, it holds that

T(Bp, x++-xBg,) C (14+0)(To(QE,,- - Qr,))(Be,(Bg,) X X B, (Bg,))-

When n = 1, it is well-known that, given T € L(E;F), then T o Q €
Z(¢1(Bg); F) if, and only if, T € Z°“"(E; F). The assertion “if” can be proved
by using a (fundamental) fact: if two operators S € L(¢1(I); F) and R €
L(Z; F) satisty that S(By, (1)) € R(Bz), then there is u € L(¢1(I); Z) such
that S = Rowu (see for instance [37, Lemma 8.5.4]).

The following lemma, inspired by [5, Proposition 3.3], provides a cer-
tain extension of the last fact mentioned in Remark 2.4 when S and R are
multilinear operators.

In what follows, given an arbitrary set I and any ¢ € I, by e; we mean
the element (Ag)ger € ¢1(I) defined as A; = 1 and Ay = 0 for k # 4.

Lemma 2.5. Let I1,...,I, be sets and S € L(41(I1),....61(In); F). If R €
L(Z,...,Zy; F) is such that for each j = 1,...,n and every i; € I; there
are z;, € Bz, so that

S(eil,...,ein) = R(zm...,zin)

for any i1 € In,...,in € I, then there are u; € L(61(1;);Z5), j=1,...,n,
such that S = Ro (uy,...,uy).
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Proof. For each j = 1,...,n, we define u; : £1(I;) — Z; as uj(e;;) = 2z

Then, for any finite subset F; C I; we have:
5 gl = || X e
€F; i;EF; (1)

(2 aves)], =] X ], <
ijEF} i;EF} ij
As finite sums are dense in ¢; (I;), we can extend u; continuously to the whole
of ¢1(1;). Hence,

Ro(ul,...,un)<§ @iy Ciyye e g ainein)

ry

€M in€F,
=R< E Uiy Zigs oo ey g ainzin): E E aiy i, R(ziyy ooy 24,)
i1€F1 in€Fn i1 €F in€Fp
= g g aiy o a;, S(€iyy .. €)= ( E iy €ipy ey E ainei">.
i1 €F in€Fn i1€F in€Fy
By continuity we can conclude that Ro (ug,...,u,) =S. O

From Lemma 2.5, we obtain the next proposition that yields a necessary
and sufficient condition for T' o (Qg,,...,Qg,) to belong to an n-ideal M,,.
When in particular n = 1, Proposition 2.6 recovers the equivalence ToQg € 7
if and only if T' € Z°%", previously mentioned in Remark 2.4.

Proposition 2.6. Let M,, be an n-ideal and let T € L(F1,...,E,;F). The
following assertions are equivalent:
(a) To (QE17 R QEH) € Mn(gl(BE1)7 cee 761(BETL); F)
(b) There are Banach spaces Z; and an operator R € My (Z,...,Zn; F)
so that for each j = 1,...,n and every i; € B, there is an element
zi; € Bz, in such a way that

T(i1,...,in) = R(2iyy...,2i,), foranyiy € Bg,,...,i, € Bg,.
Proof. (a) = (b) f T'o (Qr,,.-.,Qp,) € Mu(lti(Bg,),...,t1(Bg,); F), by
the definition of Qg (j = 1,...,n), the assertion (b) follows by taking the

operator R=To (Qg,,...,Qr,).
(b) = (a) By hypothesis, there are Banach spaces Z; and an n-linear
operator R € My(Z1,...,Zy; F) so that for every i; € Bpg, there is an

element z;; € Bz,,j =1,...,n, in such a way that

(TO (QEU' .. ,QEn))(eil, .. .,ein) = T(il,. .. ,Zn) = R(Zila- .. ;Zin);
for all i1 € Bg,,...,i, € Bg,. Lemma 2.5 allows to find operators u; €
L(61(Bg,); Zj), j = 1,...,n,such that To(Qg,,...,Qg,) = Ro(u1, ..., uy),
and so (a) holds. O

Remark 2.7. For the class of n-ideals [Z1, ..., Z,], it holds that [Z3, ..., Z,]°""
C [Z7vr, ..., Z3*). In fact, if there exist Banach spaces Z;(j = 1,...,n)
and an operator P € [Iy,...,Z,|(Z1,...,Zn; F) such that T'(Bg, X X
Bg,) C P(Bz, X --+ X Bz, ), then in particular it follows that T;(Bg,) C
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P;(Bgz,), with P; € Z;(Z;; L(Z1, .[?].,Zn;F)), foreachi=1,...,n. Then T; €
v (B L(Fy, BB, F)),i=1,2,...,n, and thus T € [Z7v, ..., Z34"].

On the other hand, we also note that [Zy,...,Z,] C [Z1,...,Z,] for any linear
operator ideals Zy,...,Z, (see for example [7, Section 3] and [32, Lemma

3.1(b)]).
As a straightforward consequence we obtain the following result.

Corollary 2.8. Let Zy,...,Z, be linear operator ideals.

(a) IfT4,...,I, are surjective, then [I1,...,Z,] is a surjective n-ideal.
(b) If T4, ...,Z, are closed, then [I1,...,T,] is a closed n-ideal.

Observe that if M,, is a surjective n-ideal (Definition 2.3), according to
Remark 2.4, for each T € L(E1, ..., E,; F) such that T o (Qg,,...,QE,) €
M, (61(Bg,), - .., 01(Bg,); F), it follows that T' € M,,(E1, ..., Ey; F). Thus,
Corollary 2.8(a) gives [24, Hilfssatz in p.154] without any hypothesis of in-
jectivity on the linear operator ideals Zy,...,Z,.

Next we show some examples of closed surjective n-ideals.

Ezample 1. The n-ideal [Z1,...,Z,] is closed and surjective whenever the
linear operator ideals 7, ...,Z, vary among any of the following classes (to
mix different classes is allowed):

1. Compact operators.

Weakly compact operators.
Strictly cosingular operators.
Rosenthal operators.
Banach-Saks operators.
Operators of separable range.
Limited operators.
Grothendieck operators.
Asplund operators.

© X NSO N

A table that summarizes the aforementioned properties for the linear
operator ideals enumerated above can be found in [26]. We refer to the classi-
cal books [17], [19], [29] and [37] for wide information about operator theory.

3. A measure associated to ideals of multilinear operators

A natural question is if it is possible to consider a similar notion to the outer
measure v, for multilinear operators. With the aim to give an answer to this
question, we establish the following theorem, which provides a necessary and
sufficient condition for a multilinear operator to belong to an n-ideal which is
closed and surjective. It extends to the multilinear case a well-known result
for linear operator ideals. To prove our result we use some ideas inspirated
by [27, Proposition 1.7] and [31, Teorema 1.4.2].

Theorem 3.1. Let M,, be an n-ideal which is closed and surjective. Let T €
L(Eq,...,En; F). The following assertions are equivalent:
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(a) T € M, (E1,...,E,; F).
(b) For each € > 0, there are Banach spaces Zi,...,Z, and an n-linear
operator R € My (Zy,...,Zy; F) such that

T(BE1 X oo X BE'n) CeBp + R(BZ1 X oo X an).
Proof. (a) = (b) trivially.
(b) = (a) By hypothesis, for any natural number k, it holds that

T(.BE1 XXBEH)QEBF"V‘Pk(Bzf X"'XBng)a (31)

for some Banach spaces Z¥, ..., Z¥ and an operator P, € M, (Z¥,... Zk: F).
Let A:=To(Qpg,,...,Qg,), i.e. A € L({1(Bg,),...,01(Bg,); F) is given by

A((Awl)wleBEl,...,(Awn)wneBEn):T( S el S0 /\wnwn)

wl€Bp, w"E€Bp,,
E E )\wl s wnT( ,'LUTL).
wl€Bg, w"€BE,,

Since M,, is a surjective n-ideal, in order to check that T' € M,,(E1, ..., Ey; F)
it is sufficient to prove that A € M,,(¢1(Bg,),...,41(Bg,); F).
Let Y :=T(Bpg, X --- X Bg, ). By inclusion (3.1), it is possible to construct

1
mappings @i : T — EBF and ¢ : T — Py(Bgr X -+ - X Bz ) so that ¢r(v) +

Yr(v) = v, for every v € T. We define Ry, € L(¢1(Bg,), ..., ¢ (Bg,); F) and
Sk € L(01(Bg,),--.,01(Bg,); F), respectively, by

Rk(()‘wl)wleBEl IR 7()‘10")10"6315 ) =

Z Z /\wl.. w”@k( ( 1,...,11}")),

wl€Bp, w"E€BE,
Sk((/\wl)wleBEl gee e 7()\U)")UI"€BEn) =

ST T A A (T, w™).
wl€Bp, w"E€Bg,,
It is clear that
A((/\wl)wleBE PR ()‘w")w"EBE,L)

= 3 Y ATl

wl€Bp, w"€BE,

— Z Z Awt = A [ (T (W', w™) + (T (w', .. w™))]

wl€Bpg, w"eBEg,

_ Z Z Aot - Awnr(T(w?, ..., w™))+

wl€Bg, w"EBE,

+ Z Z )\wl...Awnzﬁk(T(wl,,..,wn))

wl€Bg, wn€Bg,,

:Rk(()‘wl)wleBEl Yo ()‘w”)w"EBEn >+Sk(()\w1)w1€BEl IR ()‘w")w"EBEn )
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Moreover, for any ()\w1)w1€BE1 € By, (Bp,)s - (Awn)wneBs, € Bey(Bg,)

||Rk(<)\w1)w1€BE1 ) ()‘w")w"EBEn)HF

:H Z Z )\wl...)\wnwk(T(wl,...,w”))H

w!€Bg, w"EBE,

Yoo > Pl Pl len(T(w!s . w)e

wle€Bg, w"E€BE,,

=D DERD DI W ENPW =

wl€Bg, w"E€BE,,

F

IN

| =

Hence, ||Ry|| < + and ||A — Sg|| = ||[Rx|| — 0 as k — co. On the other hand,
since Py, € Mn(Z{C, ey Zﬁ; F), Sk(Bh(BEl) X 'XB€1(BEn)) - Pk(Bzf Xoe X
By) and M, is surjective, it follows that Sy € M,,(¢1(Bg, ), ..., 41(Bg,); F).
Then, A € M,,(Y1(Bg,),...,¢1(Bg,); F), because M., is a closed n-ideal. O

Now, we introduce a function associated to an n-ideal M,,, inspired by
Theorem 3.1, that can be considered as an extension to the multilinear case
of the measure v, defined by Astala.

Definition 3.2. For any T' € L(E1, ..., Ey; F), let
Yoi, T) =9pp, (T Ey X - X By = F) =
inf{z—: >0:T(Bg, X---xBg,) CeBp+ R(Bz, x---x Bg,), for some

Banach spaces Z; and an n-linear operator R € M, (Z1, ..., Zy; F)}

It directly follows from Theorem 3.1 that v,, (T') = 0 if and only if
T € M, for a closed surjective n-ideal M,,.

It is as well clear that for any T € L(Ey, ..., En; F), we have v, (T) <
||TH£(E1 11111 EniF)s because T(BE1 X e X BE") - ||T||£(E1 7777 En;F)BF~ More-
over, it holds that v,, (SoT) < |S||v,,, (T), for each S € L(F;G).

Next we show some other properties of v,, ~that recover when n =1
those satisfied by the outer measure =, .

Proposition 3.3. Let M,, be an n-ideal and let T € L(E1,...,E,; F).
(a) If q; € L(Dj; E;) is a metric surjection (j =1,...,n), then

Yo, (T © ((h, s 7qn)) = Tm,, (T)
(b) Ifj € L(F;G) is a metric injection, that is, ||jyllc = ||yllF for ally € F,
then
T (G0 T) <A, (T).

On the other hand, if F has the metric extension property (see definition
in [1, p. 18] or [37, C.3.1]), for each metric injection j € L(F;G), it
follows that v,, (joT)=r,, (T).
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(¢) Let Jp € L(F;Ls(Bp+)) denote the natural metric injection given by
Jr(y) == ((y,y*))y eBp. - 1t holds that

Y, (JroT) =min{y,, (joT): wherej:F — G is a metric injection}.

Proof. (a) Since q; € L(Dy; E;) is a metric surjection, ¢;(Bp,) € Bg,(j =
1,...,n)and so (To(q1,...,qn))(Bp, X--+xBp,) CT(Bg, X---x Bg,). In
order to check the inequality v,, (T) <~,,, (To(q1,---,qn)), it is enough to
observe that, for each n > 0, it holds that T'(Bg, X --- x Bg,) C (1+n)(T o
(q1,---,qn))(Bp, X ---x Bp, ). Hence, for every € > v, (To(qi,...,qn)), it
follows that v,, (T') < (1 +n)e and (a) holds.

(b) If j € L(F; G) is a metric injection, then v,, (joT) < [|jl[v.,, (T) <
Y, (T). Now, suppose that F' has the metric extension property and let
Jj € L(F;G) be a metric injection. Then, it is possible to find ¢ € L(G; F)
such that ||¢|| = 1 and ¢ o iy = Ir Oj‘;(lF), where i) stands for the
natural inclusion from j(F') into G and I the identity operator in F:

T J ‘ ij(P)
Eix---x E, - F - j(F) - G

Therefore,

Y, (T) =Y, (P oijmyojoT) <|@oijplVa, (GoT) < vp, (GoT).

(¢) Let j € L(F;G) be any metric injection. An analogous argument
as in the second part of the proof of (b) allows to see that v, (JroT) <
Y, (40 T). In fact, since £o(Bp+) has the metric extension property, there

exists ¢ € L(G;loo(Br~)) with ||¢]| =1 and ¢ o ijpy = Jp Ojl_-<1F>’ and thus

. -1 . . . .
Vain (JEoT) =5, (Jroj, 0doT) <¢oijmlVm, (0T) < Y, (GoT).
O

4. Some interpolation results and related consequences

Let us recall some basic definitions on interpolation theory. Let A = (Ao, A1)
be a Banach couple, that is, Ay and A; are two Banach spaces which are
continuously embedded in some Hausdorff topological vector space. The sum
Y(A) := Ag+ A; and the intersection A(A) := AgN A; of Ag and A; become
Banach spaces when endowed with the norms K (1,-) and J(1, -), respectively,
where the K- and J-functionals are defined, for ¢t > 0, by

K(t,a) =K(t,a; A) == inf{||ao|| 4o+ tlla1lla, : @ = ap+ai,a; € A;},a € Y (A).
J(t,a) = J(t,a; A) == max{||a|| ,, tl|alla, }, a € A(A).
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A Banach space A is called an intermediate space with respect to A =

(Ag, Ay) if A(A) =& A — X(A), where “—” means continuous inclusion.
An intermediate space A with respect to A = (A, A1) is said to be of class
Ck(0; A), where 0 < 6 < 1, if there is a constant C' > 0 such that for all
t>0and a € A,

K(t,a) < Ct%|a| .

The real interpolation space (Ao, A1)g,q and the complex interpolation space
(Ao, A1)jg) are important examples of spaces of class Ck (6; A). We refer to
the books [4] and [39] for full information about fundamentals of interpolation
theory.

In Theorems 4.1 and 4.4 we will investigate interpolation properties of
the function v,, , associated to an arbitrary n-ideal M,,. Our techniques are
inspired by ideas used in [13, Theorem 3.2] and [15, Theorem 3.2] (see also
[14]) for the linear case.

Theorem 4.1. Let M,, be an n-ideal. Let Fy,..., E,, F be Banach spaces.
Take any i = 1,...,n. Let X = (Xo,X1) be a Banach couple and assume
that X is an intermediate space of class Cx (0, X) with constant C. If T €
E(El, ey Eifl, E(X), Ei+1, ey En; F), then
Yo, T By X X By g X X X By X - x By = F)
<C(1 -0, (T:EBy x -+ x Bi_1 x Xo % Eiy1 x -+ x B, — F)!7%.
A (T By X X By x X1 X Ejpq %+ x B, — F)?.
Proof. Let e > v, (T : E1 x -+ x Ej_1 x Xp X Ejpq x --- x B, —
F), k = 0,1. There are Banach spaces ZJ’-c and an n-linear operator Ry €
M, (ZF, ..., ZF; F) such that (for k = 0,1)
T(Bp, x---xBg,_, xBx, xBg,,, x---xBg,) C <€;€BF+R;€(BZ{c X -szﬁ).
Take any 7 > 0 and ¢t > 0. Put Z; := (Z) ® Zj)o,j = 1,...,n, and let
Re L(Zy,...,Zy,; F) defined by
R((Z(lJv Z%)a ceey (22’2711)) =
CA4+nt°Ro(22,...,20) + CA+n)t**Ry(z1,...,2}).
Since R = C(1+n)t°Ryo (¢9,...,¢2) + C(1+ )t~ Ry o (¢1,...,¢L), with
¢F : Z; — ZJ the natural projection, we have that R € My(Z1,...,Zn; F).

Moreover, due to X is of class Ok (6; X), given x € By, it is possible to find
xo € Xg and z1 € X7 in such a way that © = x¢ + 1 and

2ol x, + tlz1]lx, < Ct? + Cnt’ = C(1+n)t’.
This implies

Izollx, < C(1+n)t?, [z1]lx, < C(L+n)t? "
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Therefore,
T(Bg, X+ X Bp,_, x Bx x Bg,,, X+ x Bg,)
CC+nt’T(Bg, x---x Bg,_,
+C(1+n)t’ ' T(Bg, x---x Bg,_,
C C(1+n)t’(coBr + Ro(Bgo x -+ x Byo))
+C(1+ )t (e1Br + Ri(Bg1 x -+ x Bz))
CC(1+mn) (teeo + teflel)BF
+C(1+n)t°Ro(Bgy x -+ x Bzo) + C(1+ n)t* "Ry(Bg x -+ x By)
C C(1+n)(t%0 + 1" 'e1)Br + R(Bz, x -+ x Bz,).
Then,
Yo, (T By xc X By x X X By % x By — F) < C(14n) (720 +1""1ey),
for any n > 0 and ¢ > 0. Thus, for each ¢t > 0,
(T:Ey X+ XE_ 1 XXxEy41x---xE,—F)
<Ot (T By x -+ x Bi_y x Xo X Ej11 % -+ x B, — F)+
+C’t‘9*1fyMn(T:E1 X X FEi 1 X X1 X Eip1 XX E, > F).

X Bx, X Bg,,, X -+ X Bg,)

i+1

X Bx, X Bg,,, X -+ x Bg,)

i4+1

T,

It is clear that this implies that v,, (T": Eyx---XE; 1 x X xEj 1 x---X
E, — F)=0,whenvy, (T:Ex--xXE_1xXpxEj1x-xE,—=F)=0
fork=0or k=1.

On the other hand, if v, (T: By x--- X E;j_1 X X X By XX By —
F) >0 for k=0,1, it holds that

Yo, T By x - x B 1 x X X Ejyg x - x E, = F)
SCtigg{t‘g'yMn(T:El><~--><Ei,1><X0><EZ-+1><-~-><En—>F)+

+ 'y (T By x- X Ei_qy x X1 X Bipq X -+ x B, = F)}
=C(1 -0, (T:Ey x -+ x Ei_1 x Xo X Ej4q X -+ x B, — F)'7°
Yy (T Ey X X Bi_g X X1 X Ejpq %+ x B, — F)Y.

O

Theorem 4.1 recovers [13, Theorem 3.2] when in particular n = 1. The
following result provides a multilinear version of [27, Proposition 1.7] and it
follows from Theorems 4.1 and 3.1.

Theorem 4.2. Let M,, be a closed surjective n-ideal. Let Ey,...,E,, F be
Banach spaces. Take any i = 1,...,n. Let X = (Xo,X1) be a Banach
couple and assume that X is an intermediate space of class Cx (0, X). For
every operator T € L(Ey,...,E;i_1,%(X),Ei1,...,E.; F), it follows that
T e My(Ey,...,Ei_1,X,FEit1,...,En; F) whenever, for k =0 or k = 1,
T e Mn(E17...,Eifl,Xk7Ei+17...,En;F).
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Before next remark let us note that if (£2, u) is a o-finite measure space,

for1 < po # p1 < 00,1 <qo,q1,q < 00,0 <n<land1/p=(1—-n)/po+n/p1,
it holds with equivalence of norms that (see [4, Theorem 5.3.1])

(meqo (Q), Ly, qu (Q)>n,q = Lp,q<Q)~
In particular,
(Lpo(Q)a Ly, (Q))n, q= Lp,q(Q)- (4.1)

As usual the Lorentz space for the case Q = [0, 1], with Lebesgue measure,
will be denoted by L, ,4[0, 1].

Remark 4.3. According to [6, Counterexample 2.5] we note that even for
n = 1 an estimate as that given in Theorem 4.1 does not hold in general if
T € L(E; A(F)), where F = (Fp, F}) is a Banach couple and E is a Banach
space. For the sake of completeness, we include the details of that technical
counterexample.

First we recall that if 1 < p < oo and T stands for the identity oper-
ator, then T : L,[0,1] — L1[0, 1] is not a strictly singular operator because,
according to Khintchine’s inequality, the span of the Rademacher functions
in L,[0,1] and L4[0,1] is isomorphic to ¢5. Thus, the restriction of T' to
this subspace of L,[0,1] is an isomorphism into L0, 1]. Now, let Z be the
closed surjective ideal of strictly cosingular operators (see [36] and [37]), and
consider E = Lo.[0,1] and the Banach couple F' = ((Lw[0,1])*, L [0, 1]).
Since T* : L[0,1] — (Lso[0,1])* is weakly compact (due to the iden-
tity operator T : Loo[0,1] — L4[0,1] is weakly compact) and (L]0, 1])*
has the Dunford-Pettis property (see [18, Section 19]), the operator 7™ :
L[0,1] = (Loo[0,1])* belongs to Z (see [36, Proposition (4b)]). However, as
it was pointed out by Beucher [6, Counterexample 2.5], if Ty, belongs to the
ideal Z, where Ty, denotes the interpolated operator by applymg the real
method (-,-)g p Wlth 6 =1/p and 1/p+ 1/p’ = 1, then it follows from [4,
Theorem 3.7.1] and (4.1) that the operator T* : Lo[0,1] — (L,[0,1])* also
belongs to Z. But it implies that T : L,[0,1] — L1[0, 1] is a strictly singular
operator (see [36, Proposition (3a)]) which, as mentioned above, is a contra-
diction. In terms of the measure «,, this means that v, (T : E — Fp) = 0,
but IYZ(TO*,p’ E— (F(),Fl)gyp/) > 0.

The next result provides an estimate for the measure of the interpo-
lated operator in terms of the corresponding restrictions of the operator
when the extreme intermediate spaces are considered, that is, in terms of
the restrictions T : Fy x -+ x E;_; x A(X) x B4 x --- x E, — F and
T:Eyx-xE 1 xS(X)xEjyy X xE, > F.

Theorem 4.4. Let M,, be an n-ideal. Let E,..., E,, F be Banach spaces.
Take any i = 1,...,n. Let X = (Xo,X1) be a Banach couple and assume
that X is an intermediate space of class Cx (0, X) with constant C. If T €
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L(Ey,....,Bi 1,%(X),Eiy1,...,En; F), then
Yo, (T By XX B 1 x X X Ejyg x - x By = F)
<40y, (T:Ey x -+ x Bi_y x A(X) x Ejy1 x -+ x B, — F)®-
Ap (T 1By X X By x B(X) X Ejyq X -+ x B, — F)179,
where © = min{6,1 — 0}.
Proof. Let n > 0. We take any 0 < ¢ < 1 such that
t? < n and -9 < 7. (4.2)

Let 0 > v, (T:Ey x - x Ei_y x A(X) x Ejy1 X --- x E, — F). There
exist Banach spaces G; and an n-linear operator R € M, (G1,...,Gn; F)
such that

T(Bg, X -+ X Bp, , X BA(x) X Bg,;; X+ X Bg,)

i—1 i1

CoBp+ R(Bg, X -+ %X Bg,).

On the other hand, if § > v, (T : Ey X --- X E;_ 1 x 5(X) X Ejpq X - %
E, — F) then, for certain Banach spaces H; and n-linear operator S €
M, (Hy, ..., Hy; F), it holds that

T‘(BE1 X"'XBE

(4.3)

i—1 i1 X X BEn)

- (5BF + S(BH1 X X BHn)~
Let ¢ > 0. We put Z; := (G; @ Hj)oe,j = 1,...,n, and define the n-linear
operator P € L(Z1,...,Z,; F) as
P((ulvvl)v ceey (unvvn)) =
20(1 + &)t R(uy, . .. un) +2C(1+&)nS(vy, ..., v,).
In other words, P = 2C(1+e)nt ' Ro(¢?, ..., ¢2)+2C(1+e)nSo (o1, ..., ok),
where qﬁg 1 Z; =+ G5 and (b} : Z; — Hj are the natural projections. Whence
Pe M, (Zy,..., 2, F). i
Using that X is of class Ck(6; X), given any z € By, there are decomposi-
tions of x as © = xo + x1 = x( + &}, with z, x), € X3 (k=0,1), and
zollxo + tla1llx, < K(t,2) + Cen < Ct’ + Cen < C(1 +¢)n,
2ol xo + 24l x, < Kt 2) + Cen < Ot~ + Cen < C(1+ )t
Therefore,
kaHXk < C(l + E)Ut_kﬂ ||x;€||xk < C(l + E)ntk_lv k=0,1. (45)

Now let y := xf — 29 = 71 — 2} € A(X). It follows from (4.5) that

X By, (x) X Bg (4.4)

lyllacx) < max{llzgllx, + llzollxo, lzallx, + 21 x,}
<max{C(1+ent ' +CL+e)n, C(L+ent ' + C(1+e)n}  (4.6)
<20(1 + eyt~

and
2 = yllsx) < llzollx, + 21 llx, < 2C(1+¢€)n. (4.7)
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By (4.6) and (4.7), we have that

Bx C2C(1+e)nt™ ' Ba(x) +20(1 +€)nByx).
Then, according to (4.3) and (4.4),

T(Bg, X+ X Bg,_, x Bx X Bg,,, x--- X Bg,)

C2C(1+e)mt ' T(Bp, x -+- X Bp,_, X Ba(x) X Bp,,, X+ x Bg,)
+2C(1+e)nT(Bg, x -+ x Bg,_, X Byx) X Bp
C2C(1+e)nt " (0Bp + R(Bg, x -+ x Bg,))
+2C(1+¢e)n(6Br + S(Bg, x -+ x Bp,))
C2C(1+¢)n(ot™" +0)Br
+2C(1+ et 'R(Bg, x -+ x Bg,) +2C0(1 +&)nS(Bg, x --- x Bg,)
C2C(1+¢)n(ot™" +6)Br + P(Bz, X -+ x Bz,).

i1 X X BEn)

Thus,

Yo, T By X X By X X X By X x B = F) <
200 [t My, (T By X o+ X Bi_y x A(X) X Ejy1 x -+ X E, = F)+ (4.8)
+ Y, (T By X - X Ei_1 X 5(X) X Eijy1 X -+ X By = F)].

Since n is arbitrary, if v, (T: By x- - X B 1 XA(X)XEij1 XX Ep, —
F)=0,theny, (T:Ex--xE_1xXXEjx-xE, = F)=0.
On the contrary, when v,, (T : Ey X -+ X Ej_1 Xx A(X) X Ejjq X -+ X

E, — F) >0, it also holds that v,, (T : E1 x -+ x E;_1 x 5(X) x Ej41 X
-+ xX B, = F) >0, because

Yoo, (T Eyx-o- x Bi_1 x A(X) X Eipg X - x Ep = F)

S’yMn(TiElx-ani,lXE(X)XEH,lX'-'XEn—)F).

In that case, choose

— max 'VM,I(T:ElX"'XEZ'71XA(X)XEi+1><...XEn_>F) 0
T ')/MW(T:ElX"'XEiflxz(X)inJrlx...xEn_>F) )

Yo, T By X - X Bi g X A(X) X Eijpy X -+ X By — F) 1=
Yoo, T By X - X Ei_1 X 5(X) X Eiy1 X -+ X By » F)

The real number

" ’yMn<TZE1X-~-><Ei,1XA(X)XEi+1X~-~

x E, = F)
Yoo, (T By X oo X By X 5(X) X Ejq X -+

<
x E, - F)~
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satisfies (4.2). If we denote © := min{#,1 — #} and substitute these concrete
choices of n and ¢ in (4.8), we have that

Ypu, T By X X By g X X X By X+ X By — F)

<ACy,, (T: By x - x By xX(X) X Ejpy X+ X By = F):

(7MH(T:E1 x - x By x A(X) x Eiyq ><-~-><E,L—>F)>‘9
- max —
)
1

Yo, (T By x - X By g XB(X) X Ejpy X x Ey = F

Yoo, T By X oo X Bi_1 X 5(X) X Big1 X -+ X By = F)

<7MH(T:E1><~-~><EZ-1><A(X)><EZ-+1><-~-><En—>F)> 9}

:4CFYMH(T:E1X"'XE7L—1XE(X)XEi—i-lx"‘XEn*}F)'
(’YM',L(T:ElX"'XEi_lXA(X)XEi-‘rlX"'XEn_>F))@

Vi, (T By x - x By x 5(X) X Bjp1 X --- x B — F)
=4Cv,, (T E1 x -+ x Bi_1 x A(X) X Ejy1 x -+ x B, — F))®-
Ao, (T By % X By x B(X) X Ejpq % -+ x B, — F)' 79,

O

Note that it holds that y,, (T : E1x---xE;_1 x3(X)xEjy1x---xEp, —
F) < | Tlg,,...50 1%, Bisr s Bnp = WX Tl 2By, By Xp Bir, BiF)
k =0,1} and so Theorem 4.4 extends [15, Theorem 3.2] to the case of ideals
of n-linear operators.

Theorems 4.4 and 3.1 yield the following result.

Theorem 4.5. Let M, be a closed surjective n-ideal. Let E1, ..., E,, F be Ba-
nach spaces. Take anyi =1,...,n. Let X = (X0, X1) be a Banach couple and
let X be of class Cx(0,X). If T € L(Ey,...,Ei1,%(X), Eiy1,...,En; F),
it follows that T € My (E1,...,Ei_1,X,Ei11,...,Ey; F) if, and only if,
T e Mn(El, e aEi—lyA(X)yEi+1, N ,En,F)

As an application of our previous results we deduce interpolation results
on closed surjective n-ideals and operators acting from Y (£1) x -+ x X(E),)
into F, being Fy, ..., E, arbitrary Banach couples.

Corollary 4.6. Let M., be a closed surjective n-ideal. Let E; = (Eq;, F1;) be a
Banach couple, j = 1,...n, and let F' be a Banach space. Suppose that E; is of
class Ci (05, E;),j = 1,-++ ,n. For any operator T € L(S(E),...,%(Ey,); F),
it holds that T € M, (E1,...,E,; F) whenever T € M,,(Eo1,...,E;F) or
T e Mn<E11, ey E1n§ F)

Proof. Assume for example that T € M, (Eo1, ..., Egn; F). Taking into ac-
count that T € L(X(FE1), Eoa, ..., Eon; F), we have the situation that il-
lustrates the next diagram and so, applying Theorem 4.2, we obtain that
T e Mn(El, FEoo, ..., Eop; F)
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E01><E02><-~-><E0n TGMn

TeM,
F:>E1XE02X'~'XE0»,L

F.
E11><E02><-~-><E0n T

Now we can consider T as an operator of L(Ey,%(Es), Eos, ..., Eon; F). If
we again use Theorem 4.2 according to the situation that shows the following
diagram, then it follows that T' € M,,(E1, E2, Eos, . . ., Eon; F):

TeM,
\ TeM,

F:>E1XE2XEO3X"'XEO7L4>F.

Ei1 X Ego X Egz X -+ X Eyy,

Ei1 X B9 X Egz X -+ X Ey, T

The proof concludes repeating the same argument. (I

Example 2. As a concrete example related to Corollary 4.6, we mention
that, for any closed surjective n-ideal M,,, any Banach couples of Lebesgue
Spaces (Lpé(Ql)7Lp} (), .-, (Lpg(Qn)aLp{‘(Qn))v 1< p% # pjl <oo(j=
1,...,n), and every bounded multilinear operator T" from L1 (€21)+ L1 (£21) X
oo X Lpn (Q0) + Lpy (Q5,) into any Banach space F, it follows from Corollary
4.6 and (4.1) that if 1 < ¢/ < 00,0 <7/ < 1and 1/p! = (1 —57)/p} + 17 /p),
then

T:Lp i (1) X -+ X Lyn gn () = F belongs to the n-ideal M,,
when, for kK = 0 or k = 1, the restriction
T: Ly (1) x -+ X Lyp () — F belongs to M.

Let us also notice that Sobolev spaces H, and Besov spaces B, ,, which play
an important role in different branches of mathematics, can be obtained as
interpolation spaces by the real and complex methods (we refer to [4, Chapter
6] and [39, Chapter 2] for detailed information). Here we just mention as an
illustration that if 0 < 6 < 1, sg = (1 —0)sg + 0s1, 1/pg = (1 —0)/po + 0/p1
and 1/gp = (1 —0)/q0 +0/q1,

(B

S1 )
Po’qo’B;Dl,lh 0,pe

Er)
0,90
(for so # s1,p9 = qo and 1 < po, p1,qo, @1 < 00);
(Hpye Hy), =By and (H, Hp ), —=Hp,
(for so # s1 and 1 < pg,p1,p,q < 00);
(B;g,qu;i,«n)[e] = Bpi g0 and (HSS’HS;)[G] = Hy

(fOI‘ S0 7& Slal < Po,p1 <X and 1 < q0, 491 < OO)
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Corollary 4.6 complements [24, Theorem 1]. From Theorem 4.5 we now
establish an interpolation result in terms of the extreme restriction 7' :
A(Ey) x -+ x A(E,) — F, which improves Corollary 4.6 .

Corollary 4.7. Let M,, be a closed surjective n-ideal. Let Ej be a Banach
couple, j =1,...n, and let F' be a Banach space. Suppose that E; is of class
Cx(0j,E;),j =1,....,n. For any T € L(S(E1),...,%(Ey,); F), it holds that
T € My(Ey,...,E; F) if, and only if, T € M, (A(EL),...,A(E,); F).

Proof. Due to M,, is an n-ideal and A(E;) < E;,j = 1,...,n, it is clear
that if T € My (E1,...,En; F), then T € M,,(A(Ey),...,A(E,); F). Re-
ciprocally, assume that T € M, (A(E1),...,A(Ey); F). Then, taking into
account that T € L(X(E1), A(Ey),. A(En) F), Theorem 4.5 implies that
T € M, (E1,A(Ey),...,A(E,); F). Applying again Theorem 4.5 to T as an
operator of L(E1, X(E»), A(E3), ..., A(Ey,); F), it is possible to deduce that
T € M,(Ey1, By, A(E3),...,A(E,); F). The proof finishes by a repetition of

this reasoning. O
Remark 4.8. By Corollary 2.8, when 7Z;,...,Z, are closed surjective linear
operator ideals, we know that M, = [Z1,...,Z,] is a closed surjective n-

ideal and so Corollaries 4.6 and 4.7 can be applied to M,,. Having in mind
Example 1, it allows to establish results on interpolation of concrete closed
surjective ideals of multilinear operators. In particular, if M, = [Z,...,Z]
and Z is any of the ideals considered in Example 1, we obtain an extension
to the multilinear case of well-known interpolation results established in the
setting of linear operator ideals (see for example [4, Theorem 3.8.1(i)], [27,
Proposition 1.7], [33, Theorem 2.8] for ¢(t) = tY,0 < § < 1, [6, Proposition
2.2 and Theorem 3.4] and [30, Proposition 3]).

Let us also note that when combining Corollary 4.7 and [32, Corollary
4.4] immediately follows the next result that applies to an n-ideal which
is closed, surjective and injective (see definition of injective n-ideal in [32,
Definition 2.4]).

Corollary 4.9. Let M,, be a closed surjective injective n-ideal. Let Ej,j =
1,...n, and F be Banach couples. Assume that Ej is of class Cr (0, Ej),j=
1,...,n, and F is of class C;(n, F). If T € L(X(Ey),...,%(E,); A(F)), then
T € /\/l (Ery...,En; F) if, and only if, T € M, (A(E1),...,A(E,); 2(F)).

By Li we denote the class of compact multilinear operators. Recall
that an operator T' € L(E1, ..., Ey; F) is said to be compact if T(Bg, X -+ - X
Bg,) is a relatively compact subset of F or, equivalently, if for any bounded
sequence {(z¥,...,2%)}en in By x - - - x E,,, the sequence {T'(z¥,... 2F)}ren
has a convergent subsequence in F' (see for example [7, p. 308] or [3, p. 3610]).
The problem of interpolation of compact bilinear (multilinear) operators has
attracted the interest of different authors in recent years (see for instance [21],
[22], [23], [34], [12], [35] and references given there). This interest is specially
motivated by the fact that compact bilinear (multilinear) operators appear
naturally in harmonic analysis (see for example [3], [2] and [28]).
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Remark 4.10. It is well-known that (Lx), is a closed surjective n-ideal.
Therefore, applying Corollary 4.6 or Corollary 4.7 (when n = 2) we deduce
[22, Theorem 5.1], when Tg = £,,(27%™) and I'y = £, (2791™), and also [22,
Corollary 5.5] (see as well [12, Theorem 2.1]). We would like to mention that
(Lic)n is in addition an injective n-ideal and so [32, Corollary 4.2 or Corol-
lary 4.4] (for n = 2) allows to obtain a compactness result of Lions-Peetre
type when the source space is a product of fixed Banach spaces, namely [22,
Theorem 5.3], in case I' = £,(27%™), and [22, Corollary 5.6] (see also [12,
Theorem 2.2]).
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