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Abstract. The N -dimensional quantum Hamiltonian

Ĥ = − ~2|q|
2(η + |q|)∇

2 − k

η + |q|

is shown to be exactly solvable for any real positive value of the parameter η. Algebraically,
this Hamiltonian system can be regarded as a new maximally superintegrable η-deformation
of the N -dimensional Kepler–Coulomb Hamiltonian while, from a geometric viewpoint, this
superintegrable Hamiltonian can be interpreted as a system on an N -dimensional Riemannian
space with nonconstant curvature. The eigenvalues and eigenfunctions of the model are explicitly
obtained, and the spectrum presents a hydrogen-like shape for positive values of the deformation
parameter η and of the coupling constant k.

1. Introduction
Let us consider the N -dimensional (ND) classical Hamiltonian given by

Hη(q,p) = Tη(q,p) + Uη(q) =
|q|p2

2(η + |q|)
− k

η + |q|
, (1)

where k and η are real parameters, q = (q1, . . . , qN ), p = (p1, . . . , pN ) ∈ RN are conjugate
coordinates and momenta, and q2 ≡ |q|2 =

∑N
i=1 q

2
i . We recall that Hη has been proven to be a

maximally superintegrable Hamiltonian by making use of symmetry techniques [1]. This means
that Hη is endowed with the maximum possible number of (2N − 1) functionally independent
constants of motion (including Hη itself).

Explicitly, (2N − 3) of such integrals are provided by the radial symmetry of the system,
namely,

C(m) =
∑

1≤i<j≤m
(qipj − qjpi)2, C(m) =

∑
N−m<i<j≤N

(qipj − qjpi)2, m = 2, . . . , N ; (2)
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such that C(N) = C(N) ≡ L2 is the square of the total angular momentum. Furthermore, Hη
is endowed with an ND Laplace–Runge–Lenz vector R. This means there exist N additional
constants of motion coming from the components of R, which are given by

Ri =
N∑
j=1

pj(qjpi − qipj) +
qi
|q|

(ηHη + k), i = 1, . . . , N. (3)

The squared modulus of R is radially symmetric, and turns out to be expressible in terms of
Hη and L2:

R2 =
N∑
i=1

R2
i = 2L2Hη + (ηHη + k)2.

We remark that each of the three sets {Hη, C(m)}, {Hη, C(m)} (m = 2, . . . , N) and {Ri}
(i = 1, . . . , N) is formed by N functionally independent functions in involution, and the set
{Hη, C(m), C(m),Ri} for m = 2, . . . , N with a fixed i provides the set of (2N − 1) functionally
independent functions. As it was shown in [1], the set of constants of the motion Ri can be
obtained explicitly by appying a Stäckel transform [2, 3] to the nondeformed Kepler–Coulomb
(KC) Hamiltonian.

This maximally superintegrable Hamiltonian is obviously endowed with an so(N) Lie–Poisson
symmetry, since it can be constructed on an ND spherically symmetric space. In particular,
we can consider the N(N − 1)/2 generators of rotations Jij = qipj − qjpi with i < j and
i, j = 1, . . . , N which span the so(N) Lie–Poisson algebra with Poisson brackets given by

{Jij , Jik} = Jjk, {Jij , Jjk} = −Jik, {Jik, Jjk} = Jij , i < j < k.

Hence the (2N −3) angular momentum integrals C(m) and C(m) (2) turn out to be the quadratic
Casimirs of some rotation subalgebras so(m) ⊂ so(N). Moreover we observe that the ‘η-
deformation’ of the Laplace–Runge–Lenz vector Ri (3) closes the same Poisson algebra as its
nondeformed counterpart, namely:

{Jij ,Rk} = δikRj − δjkRi, {Ri,Rj} = −2HηJij .

Therefore, since
{Jij ,Hη} = {Ri,Hη} = 0, ∀i, j,

the HamiltonianHη behaves as a ‘constant’ with respect to the N(N+1)/2 ‘generators’ {Jij ,Ri}.
This fact makes possible to identify the classical integrals of the motion with the generators of
an so(N+1) algebra similarly to what happens with the usual ND Euclidean KC system (see [4]
and references therein).

We stress that maximally superintegrable Hamiltonians in N dimensions are quite scarce,
even on the Euclidean space. The two representative examples of this class of systems are
the KC system and the isotropic harmonic oscillator, for which all bounded trajectories are
periodic (Bertrand’s Theorem). In this respect, we recall that a maximally superintegrable
‘deformation/generalization’ of the ND isotropic oscillator was firstly presented in [5] and its
quantum counterpart was constructed and solved in [6, 7]. In fact, on the same footing of such
a maximally superintegrable oscillator system, the system Hη (1) can be regarded as a genuine
(maximally superintegrable) η-deformation of the ND usual KC system, since the limit η → 0
of Hη (1) yields

H0 =
1
2
p2 − k

|q|
.
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Moreover, from a geometric perspective the kinetic energy term Tη can be interpreted as the
one generating the geodesic motion of a particle with unit mass on a conformally flat space
MN = (RN , g), which is the complete Riemannian manifold with metric

ds2 =
(

1 +
η

|q|

)
dq2 (4)

and nonconstant scalar curvature given by

R = η(N − 1)
4(N − 3)r + 3(N − 2)η

4r(η + r)3
,

where we have introduced the radial coordinate r = |q|. Here it is straightforward to check that
the limit η → 0 of (4) returns the flat Euclidean metric ds2 = dq2 with R = 0. In fact, we stress
that Hη can be naturally related to the Taub-NUT system [8, 9, 10, 11, 12, 13, 14, 15, 16, 17,
18, 19] since MN can be regarded as the (Riemannian) ND Taub-NUT space [20].

The aim of this contribution is to anticipate the main results concerning a maximally
superintegrable quantization of the classical Hamiltonian (1), since a complete study of this
new exactly solvable quantum system will be given elsewhere [21]. In the next Section, the
properties of the classical system, including its effective potential, are presented. In Section 3
the corresponding quantum Hamiltonian is constructed by imposing the existence of the quantum
analog of the full set of (2N−1) classical integrals of the motion (2) and (3). Finally, the explicit
solution of the spectral problem is sketched in Section 4.

2. The classical Hamiltonian and its effective potential
Firstly, it should be remarked that, quite surprisingly, the potential Uη (1) with η 6= 0 can
be considered as the ND generalization of an ‘intrinsic’ oscillator on the curved space MN .
This statement comes from the approach introduced in [20], that generalizes the Bertrand’s
Theorem [22] to 3D conformally flat Riemannian spaces, thus providing a more general notion
of KC and harmonic oscillator potentials [23, 24, 25]. To be self-contained, let us briefly recall
these ideas by considering a 3D spherically symmetric space M3 with coordinates (q1, q2, q3)
and equipped with a metric

gij = f(|q|)2δij ,

such that f(|q|) = f(r) is the conformal factor. Then the corresponding Laplace–Beltrami
operator on M3 is given by

∆M3 =
3∑

i,j=1

1
√
g

∂

∂qi

√
g gij

∂

∂qj
,

where gij is the inverse of the metric tensor gij , and g is the determinant of gij . The radial
symmetric Green function U(|q|) = U(r) on M3 (up to multiplicative and additive constants)
is defined as the positive nonconstant solution to the equation

∆M3U(r) = 0 on M3\{0} ,

namely,

U(r) =
∫ r dr′

r′2f(r′)
. (5)

The prescription for the ND case [5] is to keep the very same definitions given in [24, 25, 26, 27,
28, 29] for the KC and oscillator potentials onM3. In particular, the intrinsic KC potential on
the ND space MN will be defined by

UKC(r) := AU(r) +B, (6)
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while the intrinsic oscillator potential is defined to be proportional to the inverse square of the
KC potential

UO(r) :=
C

U2(r)
+D, (7)

where A,B,C and D are real constants.
Hence according to the above definitions and by considering the Taub-NUT metric (4), with

conformal factor

f(r) =
√

1 +
η

r
,

it is straightforward to obtain that the corresponding intrinsic potentials read

UKC(r) = A

√
1 +

η

r
+B, UO(r) = C

r

r + η
+D.

Therefore, whenever η 6= 0, we find that the potential (1) corresponds to UO provided that
C = k/η and D = −C:

Uη(r) =
k

η

(
r

r + η
− 1
)

= − k

η + r
,

which shows that Uη can be interpreted as an intrinsic oscillator on MN with metric (4).
In order to understand the dynamical properties of the system (such as the existence of

bounded states and any other critical features) we shall make its radial symmetry manifest by
introducing the hyperspherical coordinates r, θj (j = 1, . . . , N − 1):

qj = r cos θj
j−1∏
k=1

sin θj , 1 ≤ j < N, qN = r
N−1∏
k=1

sin θk. (8)

Their corresponding canonical momenta pr, pθj
can be straightforwardly computed, and in these

hyperspherical variables the ND Hamiltonian (1) takes the following 1D radial form

Hη(r, pr) = Tη(r, pr) + Uη(r) =
r

2(η + r)

(
p2
r +

L2

r2

)
− k

η + r
, (9)

where the total angular momentum is given by

L2 =
N−1∑
j=1

p2
θj

j−1∏
k=1

1
sin2 θk

.

The contribution to the dynamics of both of the non-flat metric and the potential can be
better understood if we consider a new set of canonical variables Q,P given by

Q(r) =
√
r(η + r) + η log(

√
r +
√
r + η),

P (r, pr) =
√

r

η + r
pr.

In terms of these new variables the Hamiltonian (9) is written as

Hη(Q,P ) =
1
2
P 2 +

L2

2r(Q)(η + r(Q))
+ U(r(Q)) ≡ 1

2
P 2 + Ueff(Q),
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Figure 1. The effective potential Ueff (10) with k = 8 and L2 = 2, for η = {0, 0.05, 0.2, 0.4}.
The dashed line corresponds to the KC potential (η = 0) and increasing values of η lead to
higher values of the potential.

where the effective potential is thus given by

Ueff(Q(r)) =
L2

2r(η + r)
− k

η + r
. (10)

Consequently, the radial motion can be described as the 1D dynamics of a particle under the
effective potential Ueff(Q(r)). As it can be appreciated from figure 1, the radial equation admits a
hydrogen-like potential for η > 0 and k > 0, which can be interpreted as a genuine η-deformation
of the effective potential for the KC system.

3. A maximally superintegrable quantization
In order to obtain the quantum analog of the kinetic energy term Tη (1) we have to deal with the
unavoidable ordering problems in the canonical quantization process that come from the nonzero
curvature of the underlying space (see, e.g [7] and references therein). A detailed analysis of the
different possible quantization prescriptions together with a proof of their equivalence through
gauge transformations will be presented in a forthcoming paper [21]. One of this prescriptions
consists in the so called ‘direct’ or Schrödinger quantization [15], under which the quantum
Hamiltonian Hη keeps the maximal superintegrability property and is therefore endowed with
(2N−1) algebraically independent operators that commute with Hη. This prescription has been
already succesfully used in the case of a curved (Darboux III) oscillator system [6, 7] and makes
use of all the algebraic machinery coming from the symmetries of the classical Hamiltonian.
This result can be stated as follows.

Theorem 1. Let Ĥη be the quantum Hamiltonian given by

Ĥη =
|q̂|

2(η + |q̂|)
p̂2 − k

η + |q̂|
=

|q|
2(η + |q|)

(
−~2∇2 − 2k

|q|

)
, (11)
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where q̂ = q, p̂ = −i~∇ and ∇ = (∂1, . . . , ∂N ) such that [q̂i, p̂j ] = i~δij. For any value of η and
k it is verified that:
(i) Ĥη commutes with the following operators (m = 2, . . . , N ; i = 1, . . . , N)

Ĉ(m) =
∑

1≤i<j≤m
(q̂ip̂j − q̂j p̂i)2, Ĉ(m) =

∑
N−m≤i<j≤N

(q̂ip̂j − q̂j p̂i)2, (12)

R̂i =
1
2

N∑
j=1

p̂j(q̂j p̂i − q̂ip̂j) +
1
2

N∑
j=1

(q̂j p̂i − q̂ip̂j)p̂j +
q̂i
q̂

(
ηĤη + k

)
,

where Ĉ(N) = Ĉ(N) ≡ L̂2 is the total quantum angular momentum and

R̂2 =
N∑
i=1

R̂2
i = 2Ĥη

(
L̂2 + ~2 (N − 1)2

4

)
+
(
ηĤη + k

)2
.

(ii) Each of the three sets {Ĥη, Ĉ(m)}, {Ĥη, Ĉ(m)} (m = 2, . . . , N) and {R̂i} (i = 1, . . . , N) is
formed by N algebraically independent commuting operators.
(iii) The set {Ĥη, Ĉ(m), Ĉ(m), R̂i} for m = 2, . . . , N with a fixed index i is formed by 2N − 1
algebraically independent operators
(iv) Ĥη is formally self-adjoint on the Hilbert space L2(MN ), endowed with the scalar product

〈Ψ|Φ〉 =
∫

RN

Ψ(q)Φ(q)
(

1 +
η

|q|

)
dq.

The proof of this result can be obtained through direct computation. Recall that in [7] we
have considered a similar problem on the conformally flat Darboux III space.

Therefore, the Hamiltonian (11) leads to the following Schrödinger equation(
−~2|q|

2(η + |q|)
∇2 − k

η + |q|

)
Ψ(q) = EΨ(q),

which in hyperspherical variables (8) turns into

r

2(η + r)

(
−~2∂2

r −
~2(N − 1)

r
∂r +

L̂2

r2
− 2k

r

)
Ψ(r,θ) = EΨ(r,θ), (13)

where θ = (θ1, . . . , θN−1).
We remark that all the above results are well defined for any value of the parameters η and

k. Nevertheless, the explicit solution of the quantum Hamiltonian depends on the sign of both
of them. In particular, hereafter we shall restrict ourselves to consider η > 0, which implies that
the variable r ∈ (0,+∞), and k > 0 which corresponds to the proper ‘curved’ hydrogen atom
potential.

4. Spectrum and eigenfunctions
In view of the effective potential introduced in (10), one should expect that the quantum
Hamiltonian (11) should have both a discrete and a continuous spectrum, and this is indeed
the case. When the Schrödinger equation (13) is expressed in hyperspherical variables, it can
be solved by factorizing the wave function into radial and angular components

Ψ(r,θ) = ψ(r)Y (θ),
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and by considering the separability provided by the first integrals Ĉ(m) (12) with eigenvalue
equations given by

Ĉ(m)Ψ = cmΨ, m = 2, . . . , N.

From it, we obtain that Y (θ) solves completely the angular part and this corresponds, as
expected, to the hyperspherical harmonics satisfying that

Ĉ(N)Y (θ) ≡ L̂2Y (θ) = ~2l(l +N − 2)Y (θ), l = 0, 1, 2 . . .

where l is the angular momentum quantum number. It can be proven [7] that the eigenvalues
cm are related with the N − 1 quantum numbers of the angular observables through

ck ↔ lk−1, k = 2, . . . , N − 1, cN ↔ l,

which means that

Y (θ) ≡ Y cN
cN−1,...,c2

(θ1, θ2, ..., θN−1) ≡ Y l
lN−2,...,l1

(θ1, θ2, ..., θN−1).

As a consequence, the radial Schrödinger equation (13) is given by

r

2(η + r)

(
−~2 d2

dr2
− ~2(N − 1)

r

d
dr

+
~2l(l +N − 2)

r2
− 2k

r

)
ψ(r) = Eψ(r),

which can be written in the form(
−~2 d2

dr2
− ~2(N − 1)

r

d
dr

+
~2l(l +N − 2)

r2
− 2K

r

)
ψ(r) = 2Eψ(r), (14)

where the new ‘coupling constant’ K turns out to be energy–dependent

K = k + ηE. (15)

In this way we find that the equation (14) is formally equivalent to the Schrödinger equation of
the radial hydrogen atom, whose bounded eigenfunctions are given, in terms of the generalised
Laguerre polynomials Lαn, by:

ψn,l(r) = rl exp

(
− Kr

~2
(
n+ l + N−1

2

))L2l+N−2
n

(
2Kr

~2
(
n+ l + N−1

2

)) . (16)

Notice that the eigenfunctions do not only depend on the usual quantum numbers n, l but also
on the eigenvalue E through K (15).

If we substitute these functions within the equation (14), the following algebraic equation is
obtained:

E = − K2

2~2
(
n+ l + N−1

2

)2 = − (k + ηE)2

2~2
(
n+ l + N−1

2

)2 .
By solving such a quadratic equation in terms of E we obtain the bounded discrete spectrum
of the system, whose eigenvalues depend both on the ‘deformation’ parameter η and on the
quantum numbers n, l. Namely,

Eηn,l =
−~2

(
n+ l + N−1

2

)2 − ηk +
√

~4
(
n+ l + N−1

2

)4 + 2ηk~2
(
n+ l + N−1

2

)2
η2

. (17)
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In this way, the eigenfunctions, ψηn,l(r), can be explicitly obtained by introducing (17) into K
(15) and, next, by substituting the latter in (16). Note that in the limit η → 0 the following
well–known expression for the energies is recovered:

E0
n,l = − k2

2~2
(
n+ l + N−1

2

)2 .
And the first-order effect of the deformation on the spectrum can be appreciated through a
power series expansion in η:

Eηn,l = E0
n,l + η

k3

2~4
(
n+ l + N−1

2

)4 + o(η2). (18)

Let us remark that since the spectrum of Ĥη is bounded from below (as the classical effective
potential indicates), for a sufficiently large k we can safely assume that K = k + ηE > 0.
Moreover the condition Ψ ∈ L2(MN ) translates to∫

RN

|Ψ(q)|2
(

1 +
η

|q|

)
dq <∞.

Note also that the degeneracy of this spectrum is exactly the same as in the ND hydrogen
atom, which is a strong signature of the maximal superintegrability of this quantum system.
The explicit expressions for the wave functions corresponding to the continous spectrum will be
given in the forthcoming paper [21].

Finally let us stress that if we consider the following reparametrization

η → 1√
λ
, k → ω2

√
λ
.

the spectrum (17) turns out to have the same dependence on the principal quantum number
(which in this case corresponds to N = n+l) as the bounded spectrum for the intrinsic oscillator
on a Darboux III space that was given in [6, 7]. Indeed, this fact can be understood in terms
of the classification of intrinsic KC and oscillator systems on non-Euclidean spaces provided
in [30]. According to such classification, the Taub-NUT and the Darboux III oscillator are
superintegrable systems of type II with the same parameters λ, δ (Taub-NUT: γ = 1

2 , λ = 0, δ;
Darboux III: γ = 1, λ = 0, δ). However as showed in [31] for the intrinsic KC systems, the
parameter γ only affects the form of the principal quantum number N (Taub-NUT N = n+ l;
Darboux III: N = 2n + l) but not the overall dependence on N which indeed turns out to be
the same.
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