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Abstract

We discuss the application of the Jordanian quantum algebra 4, (s[(2, R)), a Hopf alge-
bra deformation of the Lie algebra s1(2, R), in order to generate sets of N qubit quantum
states. We construct the associated #-deformed Dicke states using the Clebsch—Gordan
coefficients for U, (sl(2, R)), showing that the former exhibit completely different
features than the g-Dicke states obtained from the standard quantum deformation
Uy (s1(2, R)). Moreover, the density matrices of these i-deformed Dicke states are
compared to the experimental realizations of those of Dicke states, and several simi-
larities are observed, indicating that the #-deformation could be used to describe noise
and decoherence effects in experimental settings, as well as to control the degree
of entanglement of the state in quantum computing protocols. In particular, #-Dicke
states for N = 2, 3, 4 are presented, a method to construct the #-deformed analogs of
W -states for arbitrary N is given, and some algebraic considerations for the explicit
derivation of generic h-Dicke states are provided.

Keywords Quantum groups - Hopf algebras - g-Dicke states; h-Dicke states -
U (s1(2, R)) algebra - U, (s1(2, R)) algebra
1 Introduction

Quantum algebras are deformations of Hopf algebras [1] and can also be regarded
as the Hopf algebra duals of quantum groups, which generalize classical Lie groups
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into the non-commutative domain [2, 3]. These quantum algebras are constructed by
deforming not only the commutation relations but also the coproduct (which governs
how tensor product representations are formed) of the universal enveloping algebra
of a given Lie algebra. This deformation is controlled by a quantum parameter [4,
5]. Originally introduced as new symmetry structures in (1+1)-dimensional quantum
integrable field theories, these algebras have since found a wide range of applica-
tions in exactly solvable spin chains, nuclear physics, non-commutative geometry,
and quantum gravity (see [6—11] and references therein). It is worth emphasizing
that the interpretation of the deformation parameter varies depending on the specific
physical context.

We also recall that a precursor to quantum groups is g-deformed harmonic oscilla-
tors. The first one to be introduced was the Arik—Coon g-oscillator [12]. Later on, the
Biedenharn—Macfarlane g-oscillator [13, 14] was found to provide the building block
for the representation theory of quantum algebras by generalizing the usual boson map-
ping techniques to the g-deformed case, including many-body problems [9, 15, 16].
Such irreducible representations of quantum algebras on Hilbert spaces provide new
sets of quantum states that are smooth deformations of the known ones coming from
Lie algebra theory, except in the case when ¢ is a root of unity. Applications of these
g-deformed states include the description of anharmonic and non-classical effects in
quantum optics (see, for instance, [17—19]) and, in the context of quantum information
theory, the study of bipartite entanglement for g-oscillator and g-spin systems [20,
21], the construction of quantum logic gates [22], the study of Schrodinger cat states
with enhanced non-classical properties [23], the improvement of post-selected weak
measurements together with stronger non-classical effects [24], and the construction
and analysis of deformed Dicke states [25-27], which will be the main topic of this
paper.

The cornerstone of the study of quantum algebras is the quantum deformation of
the Lie algebra s[(2, R), which serves as the prototype for this theory. There are two
fundamentally different types of deformation. The first is the standard or quasitrian-
gular deformation, denoted U4, (s1(2, R)), which was the earliest to be introduced [28]
and has received the most attention, particularly in relation to its applications. The
second potential deformation of s[(2, R) is the non-standard one, commonly known
as the triangular or Jordanian deformation and represented as U, (s[(2, R)), which
will be the focus of the present work. Each of these deformations corresponds to a
distinct constant solution of the classical Yang—Baxter equation on s[(2, R) [2]. We
recall that both deformations can be superposed giving rise to the so-called hybrid
(g, h)-deformation, which is nevertheless of the standard type since it can be obtained
from the standard g-deformation through a nonlinear change of basis either on the
quantum group coordinates [29] or in terms of the quantum algebra generators [30].
In this context, the h-deformation can be understood as the ¢ — 1 limit of the hybrid
(g, h)-deformation, but g and h-deformations provide mathematically inequivalent
Hopf algebras and representation theories, and will be considered separately.

It is important to emphasize that the irreducible representations of the standard
quantum algebra U, (s1(2, R)) share a structural resemblance with those of the unde-
formed Lie algebra sl(2, R), provided that the deformation parameter g is not a root
of unity [31]. However, this similarity does not extend to the non-standard quantum
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algebra U, (s[(2, R)) or its associated quantum group [32-35]. The finite-dimensional
irreducible representations of Uy, (sl(2, R)) have been investigated in [36-39], and
results concerning their tensor product decompositions and Clebsch—Gordan coeffi-
cients are available in [39, 40]. In addition, infinite-dimensional representations have
been analyzed in [38, 39]. One of the distinctive features of the U4, (s[(2, R)) deforma-
tion is its non-Hermitian character, which naturally raises questions about its relation to
PT -symmetry. For finite-dimensional cases, this issue was recently addressed in [41],
where P7T -symmetric Hamiltonians were constructed for general finite-dimensional
irreducible representations of the non-standard U, (sl(2, R)) quantum algebra, lead-
ing to a new class of exactly solvable models with real spectra. Its generalization to
infinite-dimensional representations was studied in [42]. Finally, we recall that the
non-standard version of the g-oscillator was introduced in [43], and its connection
with finite range potentials was presented in [44].

Among the most studied quantum states for an arbitrary number of qubits, a special
interest has been put in Dicke states [45], which are the fully symmetric eigenstates
of the total spin operators in SU(2) theories. The Dicke states are invariant under the
permutation group. For a system of N qubits with k excitations, the corresponding
Dicke state |D11‘V) in the undeformed theory reads

kI(N —k)!
k) = SRS R (100 @ 112k, M
’ l

where ), P; denotes the sum over all possible permutations of the N sites in the qubit

chain, and the notation
{m = ((1)) ) = (?)} @

is used!. Owing to their symmetry, Dicke states are exceptionally valuable in quan-
tum computing because they combine (i) strong multipartite entanglement with (ii)
robustness against particle loss and (iii) metrological enhancement (see [46—50] and
the references therein). In this work, we will focus on Dicke states and their analogs
obtained through the representation theory of two different quantum deformations,
comparing their properties and highlighting their possible applications.

This paper is organized as follows. Section 2 discusses the mathematical structure
of the undeformed and deformed U4, (sl(2, R)) and Uy (s1(2, R)) quantum algebras,
including their commutation relations, coproduct maps, and representations. It also
covers the construction of Dicke states in both undeformed and deformed settings,
where Clebsch—Gordan coefficients will be essential in the deformed case. Sec-
tion 3 examines the explicit construction of two-qubit states under the s-deformation,
analyzes their properties (such as orthogonality and symmetry), and compares them
with undeformed and g-deformed cases. This section also discusses Schmidt decompo-
sition for these states. Section 4 extends the analysis to three-qubit systems, presenting

1 Throughout this article, we will use this choice of base for the finite-dimensional Hilbert space C2.
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the explicit forms of the #-deformed states, their symmetries, and classification accord-
ing to the Acin scheme for multiparticle entanglement [51]. In Sec. 5, we provide an
analytical expression for computing the h-Dicke states for up to 11 spins and for
arbitrary spin systems. Finally, we end with some conclusions and further work in
Sec. 6.

2 Revisiting U (s[(2, R)), Uq (s((2, R)) and U (s((2, R)) Hopf algebras
The Lie algebra s[(2, R) is defined by the following commutation relations
(o, Jel=%Js, Uy, J-1 =21, 3)

where

1 1 1 .
Jx = Eo'xv J}' = an’ JZ = 5027 J:t = Jx + lJy’ (4)

gives the fundamental 2 x 2 finite-dimensional irreducible representation in terms of
the Pauli matrices [52, 53]

Ox = <(1) (1)> ) Oy = <(l) Bl> ) 0z = ((1) _01) . (5)

The action of the spin operators J on the basis vectors of the finite-dimensional Hilbert
space® C? is given by

) = 11), J+I1) =0,
J_I}) =0, J_IM) = 1), (6)
L) = =30, LIt =31,

The Hopf algebra structure of the universal enveloping algebra I/ (s[(2, R)) is given
by the commutation relations (3) together with the coproduct map A : U(sl(2, R)) —
U(sI(2,R)) ® U(sl(2, R)) defined as

Ag(Jp) =1@J++J:®1, Ao(J)=1®J,+/.®1, (N

a counit € : U(sl(2,R)) — C, and an antihomomorphism called antipode y :
U2, R)) — U(sI(2, R)) such that:

€(f))=e(Jp) =0, e =1, y()=-J, y(U)=—Jx, y(1)=1.(8)

Notice that the coproduct is a coassociative map, i.e., (A ® id)A = (id ® A)A (see
more properties in [16]).

2 Asetof N spins is quantum mechanically described by rays in the finite-dimensional Hilbert space
(€H®N,
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Two-particle states in s[(2, R) can be obtained in the usual way [54] through irre-
ducible representations of s[(2, R) given by

. Jisd2sd . .
|],m> :Cm|,m2,m|]laml)®|]27m2)7 (9)
where j = (j1 + j2) ..., lj1 — jol,mi = —j, ..., j, and C;\; /%), are the associated
Clebsch—Gordan coefficients
civid s ((n +i2 = DG =+ D+ i +j>!)]/2
miy,my,m my+my,m (]1 +j2+j+l)!

X (G +mDIGE = mDIGa +m)Ga = m)I( +m)l( —m)2j + 1)1/

(Gao%
* Xk: K1+ 2 = ] = WG —my =) +my =N — jo+mp +R)G — j1 —ma + k)Y
(10)

We will be interested in N-particle states arising from the composition of N
irreducible representations of spin-1/2 particles (qubits), which can be obtained by
iterating the previous procedure. In particular, Dicke states |D11‘V) (1) are the basis
vectors for the highest-dimensional j = N /2 irreducible representation arising from
the decomposition into irreducible blocks. In Hopf-algebraic terms, Dicke states can
be constructed in the form [27]

k
D) =AY (A8 00) 1 b, (11)

where the normalization constants read

k

N 1 1
N = H VNFI1=0i Kk (zkv)‘ (12)

i=1
Recall that, in general, for any coproduct map, if we denote A® = A, then the
homomorphism A®) : A — A ® A ® A can be defined using either of the following
two equivalent expressions

AP =1 0AP) 6 AP = (AP @ 1)0 AP, (13)

This can be generalized to any number N of tensor products of A either by the next
recurrence relation

AN = (190D @ APy o AND, (14)
or, equivalently, by

AN = (AP @ 1OV =2y o AN=D, (15)
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2.1 The standard deformation

Concerning deformations, the Hopf algebral{, (s[(2, R)) is generated by {L,, L4, L_}
and can be defined in terms of the following relations [16] where g € R™:

gl — gL

(Ly, Lil==*+Ly, [L4,L_]= [2Lz]q = g (16)
Above, we have made use of the symbol for g-numbers
' qn/Z _ q—n/2
[Vl]q-=m, A7)
SO
L, —L,
_4q9°—q9 = _ 2
[2L], = Y- 2L; +olq7], (13)

and we recover the s[(2, R) Lie algebra in the ¢ — 1 limit. The co-algebra structure
for the U, (s(2, R)) algebra is generated by the deformed coproduct map

Ag(Ly) =g 5P @Ly+Le®q"?,  AJL)=1®L,+L.®1. (19)

The counit is the same as that in the undeformed case. Regarding the antipode, we can
verify that

y(Ly)=—L;, y(Ls)=—qT"Ly, y()=1. (20)

Irreducible representations for U, (s[(2, R)) when g is not a root of unity are defined
through the action of the algebra generators onto an state | j, m) in the form

Lalji,mi) == /ji Fmilglji £mi + g |ji, mi £1),
L.|ji, mi) = mi|ji, m;). 2D

Moreover, the deformed Casimir operator for the algebra (16) reads
Cq =L_Li+ [Lz]q[Lz + l]q =L,L_+ [Lz]q[Lz - l]q s (22)

and the eigenvalues of C; in the representation states | j;, m;) are just [j;l,[ji + 11g.
Therefore, if g is not a root of unity, the representation theory of U, (s[(2, R)) is
structurally the same as that of s[(2, R) (see [16]). In fact, irreducible components in
the tensor product (given by the deformed coproduct map (19)) of two U, (s1(2, R))
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representations are again obtained in terms of (9), where now the ¢-Clebsch—Gordan
coefficients (see [55] and references therein) are used:

ol m(@)

= Sy myq TR ) G+ D)
- Sy 2

[2) + 14l +mlg'li2 —m2lg!lj + j1 — 2lg'l=J + j1 + j2lg'lJ + j1 + j2 + 14!
[j —mlg!'ly —milg'lh +milg!lz +m2lg!ly — Ji + 24!

min(=j+ 1+ 72, 2=m2) [2j> — n]q!(_l)*ﬁrjl +J'2+nq%”(jl+m1)[jl + jo—m —nl,!

(1!l —ma —nlg!ll—j + j1 + o —nl!lj + 1+ o —n+ 11!
(23)

n=0

Regarding the construction of Dicke states in this g-deformation, we will denote
the tensor product state of N qubits with k excitations (1) as |ny, ..., ng) where n;
indicates the positions of each of the k excitations within the N-th tensor product.
Thus, n; € {1,..., N}, whilei € {1,...,k}. In this way, the g-Dicke states can be
written as [25, 27] (see [26] for the generalization in the case of qudits):

iy KGN — k]g! M) +5 i
|DN>(1 - [N] ! Z < ) |n), (24)
where the sum runs over all the possible setsn = (n1, ..., nj) describing the location

of the k excitations. These states can be obtained by making use of the deformed
coproduct (19), namely

k
DY) =N @ (88 (@L0) 1D, (25)

where J\/'kN (g) are the corresponding normalization constants. In an analogous fashion,
the g-Dicke states can be obtained using

- N—k
D)g =M@ (A8 @L0) 1D, (26)

For this deformation, one finds that [DY), = |11 ... 1) and [D%), = [L{ ... ]).
In contrast, in the non-standard deformation, |D?\,) » will no longer be equal to |||

. }), as we will see later. However, it is still true that |D% Yo = 1M1 ... 1), since
iy iy (h) = Cay iy i m = ny + na [40].

We note that, as shown in [22], a single qubit state can be obtained from the action of
two g-oscillators onto their ground states. Therefore, the previous g-Dicke states (24)
for N qubits can be achieved by using the realization of the coproducts of the operators
L4 within (25)-(26) in terms of 2N g-oscillators acting on their 2N ground states.
In this approach, it is again the deformed coproducts A,(]N)(Li) that provide the g-
deformed coupling between different qubits which is characteristic of g-Dicke states,
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since the fundamental j = 1/2 representation of U, (sI(2, R)) coincides with the one
of U(sl(2, R)).

2.2 The non-standard deformation

On the other hand, the Hopf algebra U}, (sI(2, R)) is generated by {X, Y, H} and can
be defined in terms of the following relations [34]

[H, X]= %sinh(hX), [H,Y] = —Ycosh(hX) —cosh(hX)Y, [X,Y]=H,

(27
where i € R is the deformation parameter. The coproducts are given as follows:
ArX)=X®1+1®X,
A=Y e Xy,
AyH)=H®X + e " @ H. (28)

Under the change of basis

2 hX hX hX
Zy=—tanh| — ), Z_=cosh|— ) Ycosh|{— |, 29)
h 2 2 2

the above commutators transform into the usual ones for s[(2, R), as displayed in Eq.
(3), providing H = 2J,, Z4 = J+. The generators {H, Z.} act on the basis (2) in
the same manner as the generators of U (s[(2, R)), that is, by means of (6). Therefore,
the entire effect of the deformation is encoded by the action on multipartite states.

The Uy (s1(2, R)) co-algebra structure is given by the coproduct map, which reads
[39]

> hZJr [ hZ,
AWH)=H®1+1®H+2H® Y +Y (-=+ ®2H,

n=1 n=1

00 ]’l2 n
Ah(z+)=(1®z++z+®1)<2(—z> Zi®21>,

n=0
A(Z-)=Z- ®Z(n+1)( +> +Z( +1)( —+) Q7
n=0
H? > hZ,
*h(ch‘7)®,,§’"(7>
> hZ, \" 2
—n;m<—7> ®h<Ch__)
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h hZ
+<§> Z.Z_ Z+®Z(k—l)< +)

k=2

2
—i—Z(k—l)( hZ+> ®(g) 7.7 7., (30)

where C, = Z,Z_ + H?/4 — H/2 is the Casimir element. In the limit # — 0, we
recover the primitive coproduct (7). o

The Clebsch—Gordan coefficients for U, (sI(2, R)) (denoted by C,/,ll f,zzjm (h)) can be
derived from those of U (s[(2, R)) by means of [40]

J15J2:] 2 : JUj2.j  gmimy
Cnl ny, m(h) = le,mz,mAnl—ml,nz—mz’ (31)

mi+my=m
where

Amm2 o mimy & jym+k jp,mo+1

k,l — Yk, . , ’
& jim & o mo

G Am)!
=\ Gy
m1 my __ (_l)szkflhkﬂ(bzz’;,mz bm] n12 1)

k !
prime _ { (2m R 2ma=De if f > 0 and 1 > 0,

2
0 otherwise. (32)

Note that the above h-Clebsch—Gordan coefficients generally yield non-normalized
states.

In the following sections, we will compute the Dicke states for the non-standard
deformation U, (sI(2, R)) in order to compare both deformations. For that aim, we
will use the notation |Dﬁ)h, where m is the eigenvalue of the H = 2J, operator in
the corresponding j = N /2 irreducible representation, so m = 2k — N. Similarly,
in | DY)y, m is the eigenvalue of the J, operator in the corresponding j = N /2
irreducible representation, som =k — N /2.

3 2-qubit h-states

Consider the space resulting from the tensor product of two (N = 2) particles with
spin 1/2. By recursively applying the operator A, (Z_) to the highest weight state
[11), one can systematically obtain all the new states |D,f,1:2), where the superindex
refers to the eigenvalue of the H operator associated with this state. Another way to
compute these states is to use the Clebsch—Gordan coefficients for U4, (s[(2, R)) given
by (31) and (32). Through either of these two routes, and after normalization, we find
the triplet of h-Dicke states:
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Fig.1 Coupling tree for two 1 1
spin-» particles, showing 2 DS 2
J =1, 0 states, labeled as D and
M, respectively
1 0
D M
_ 1
1D = g (4144 = 2H110) +28110) + 12111) ).
1
DY) = —=(I14) + 1),
|D3) NG It + 1)
ID3h = 1), (33)

together with the singlet state

1
MYy = —— - —h : 34
|M)n m(lN) 1) = RIT1) 34)

where we have used the notation shown in Fig. 1 for labeling the states.

Note that the singlet (M) and triplet (D) subspaces are not orthogonal to each
other (i.e., (Mg | D(z) )n # 0), contrary to what occurs in the undeformed theory. These
deformed states exhibit a structural pattern consistent with that presented in [38].
It basically consists on certain states that are undeformed {|D(2))h, IDg)h} and the
remaining states are a superposition of the undeformed state with other basis states
multiplied by factors of the deformation parameter. In general, we will call #-Dicke
states the ones of the basis for the irreducible representation with the highest dimension,
i.e., (N +1). Notice that | D, 2)/1 is no longer a fully symmetric state due to the minus
sign in the term |1],).

There is a crucial difference between h-states and the g-Dicke states obtained from
the standard deformation, in which the normalized singlet and triplet states read [25,
56]

D3 g =114,

o, _ | 1/4 ~1/4

D90 =~ (a0 + a7 1) (35)
ID3)g = I11),

0y _ 1 _—1/4 1/4

My = o= (= + i) (36)
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[t
0.67
022
. -0.
..‘ o [-0.17
-0.33
-0.48

Fig. 2 Left: Density matrix for the undeformed Bell state |V ™) = (1)) — [41))/ /2 in the computa-
tional basis. Middle: Corresponding density matrix of the g-deformed state |Mg )g for ¢ = 0.5. Right:

Corresponding density matrix of the #-deformed state |Mg) p forh =0.5

Here, the states |Dg )q and |M§))q are deformed by introducing g-coefficients that
monotonically change the weights of each component. This is no longer the case in
the non-standard deformation, where the coefficients of the linear combination of basic
vectors in |D7v~1> in (33) and (34) have completely different functional forms. Notice
that now, all the states in (33) and (34) are eigenvectors of A(H )|D1’@) = n~1|D1"~\}). We
stress that the two triplet states {|Dg) I |D%)h} are undeformed Dicke states, while
Dy 2)h is h-deformed and invariant under the exchange 4 — —h together with the
permutation |ik) — |ki). In contrast, the singlet state |Mg) n 1s also invariant (up to
a global sign) under the same transformation. We recall that symmetry properties are
essential to characterize the space of states, and in the case of g-Dicke states, the
corresponding g-permutational symmetries have been studied in [56].

Figure 2 shows the entries of the density matrix of the pure undeformed Bell state
given by |W™) = (|1)) — |¢T))/ﬁ as well as the corresponding g- and /#-deformed
states |M§ ) forg = h = 0.5. As usual, the squares on the diagonal (i.e., p;;) represent
the populations or occupancy probabilities of each base state. The off-diagonal ele-
ments (p;;j, with i # j) represent the quantum coherences or interference amplitudes
between the states.

Interestingly, these types of diagrams are experimentally achievable (see Fig. 3 in
[57] 3). The experimental setup involves two spatially separated atomic ensembles,
synchronized laser pulses for entanglement generation, photon interference at a beam
splitter, heralded entanglement creation, and quantum-state tomography [58] to verify
the entangled states. Figure 3 in [57] presents the density matrix associated with the
entangled state stored between two distant atomic ensembles, as inferred from the

3 According to the DLCZ protocol described in Ref. [57], the relative sign of the entangled state [V, g) =
%(M‘J,) + €1 || 1)) depends on the detector that registers the heralding photon. The density matrix in
Fig.3b in [57] corresponds to the case in which n; = 0 and the positive sign is selected, resulting in
constructive interference and positive off-diagonal elements. Our state in Fig. 2 uses the negative sign
(singlet state), which correctly produces negative off-diagonal coherences. The weights of each entry in the
density matrix of Fig. 3b in [57] can then be directly compared with our results of Fig. 2 once we take the
absolute value.

@ Springer



12 Page120f34 A. Ballesteros et al.

experimental data. This matrix is quite close to the g-Dicke state |M§))q:o,5. More-
over, [59] reported the first experimental demonstration of universal quantum logic
operations between electron spins bound to individual phosphorus donors in silicon.
The electron spins of the donor atoms serve as qubits, and their quantum states and
gate operations are shown in Fig. 5 of [59]. The system is controlled and read out using
standard semiconductor techniques, including electron spin resonance (ESR) for qubit
manipulation and a single-electron transistor (SET) for high-fidelity, single-shot spin
readouts. The histograms concerning the measured probabilities of the spin states of
the two-electron qubit system found in each computational basis state after a two-qubit
gate operation in Fig. 5 of that work are more reminiscent of the non-symmetric con-
figurations obtained with the /#-deformed states |Mg )» which we propose here. The
results of [59] pave the way for large-scale silicon-based quantum computers using
donor electron spins. In addition, in [60], an ultraviolet laser was used to bombard a
barium borate crystal, occasionally producing two pairs of photons through the spon-
taneous parametric down conversion (SPDC) [61] type II process (which means that
the photons generated have orthogonal polarizations) and in a collinear configuration
(viz. photons emerge in the same direction). These four photons are used to prepare
and study the Dicke state of four particles | Df). Notice that advanced techniques (such
as quantum error correction codes and system symmetries) are being used to make
the experimental reconstruction of complex quantum states more efficient [62, 63].
Indeed, based on permutationally invariant tomography [64], the Dicke states of 6 spins
are experimentally obtained using SPDC techniques. In addition, by applying certain
filters or thresholds in the data analysis [65], the number of measurements required
can be reduced without losing significant accuracy in the quantum-state description
(losses of approximately 1% only). In all these papers, the entanglement criteria can
be studied in terms of the density matrix elements. However, these are not the only
possible applications reported in the literature. In quantum computing applications,
Dicke states have been prepared using IBM quantum computers [66, 67]. In these
papers, density matrices similar to those obtained in this work appear. Therefore, the
states proposed in this section and our characterization of them would allow us to
visualize this density matrix and compare it with the experimental thresholds of the
above-mentioned papers.

3.1 Schmidt decomposition of h-states

Here, we present in detail the identification of the k-states in Eqgs. (33) and (34) in
terms of the Schmidt decomposition [51, 68, 69], which provides a way to represent
any pure state of a bipartite quantum system as a sum of product states that are mutually
orthogonal, constructed from suitable local bases for each subsystem. This approach
ensures that the expansion uses only a minimal set of necessary product states with
no redundancy. In order to make it clear, we start with a two-qubit state |gg) in the
undeformed scenario, which reads
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cos b

. 0 s
o) = cosolt 1) +sinol by = [ | ee[o,z]. (37)

sin 6

In this context, |ii) denotes the product state |i) 4 ® |i) p, where both sets of local basis
states, {|i)}4 and {|i)}p, are chosen specifically for the given two-qubit state |¢g).
Any relative phase can be incorporated into either local basis. By convention, the state
[11) is associated with the largest Schmidt coefficient. A greater value of parameter 6
corresponds to a higher degree of entanglement. Altogether, a pure two-qubit state is
characterized by six real parameters: the entanglement parameter 6, a hidden relative
phase, and two parameters for each local basis,* once the normalization and global
phase have been fixed.

The Schmidt decomposition is important. In large-scale simulations (such as those
employing matrix product states, the density matrix renormalization group, or general
tensor network techniques), maintaining the Schmidt decomposition at each system
bipartition enables one to optimally truncate the less relevant degrees of freedom [70].
This approach ensures computational efficiency by retaining only the most significant
contributions to entanglement spectra. Furthermore, Schmidt form is invaluable for
designing optimal local operations. For any protocol that manipulates the quantum
state (such as teleportation, entanglement concentration, or conversions between local
and classical resources), knowledge of the Schmidt decomposition directly identi-
fies which local unitaries to implement and with what probabilities, thereby enabling
precise control over the transformation process [71].

For the non-trivial 1-deformed state of the triplet in (33), we define two local unitary
operators U (acting on the first qubit) and U, (acting on the second qubit), whose
explicit matrix forms are

1 _ 4+h’4a 1 a—4—h>
oL <4sgn<h> ) NP S 4 ,

b \ dthita 4 —4sgn(h) <=4 son(h)
(38)
where where sgn(h)=1 for 7 > 0 and sgn(h)=—1 for h < 0, and
44 h? 2
a =16+ 242 + h*, bz\/l6+ (”Lh—fa)
44 h2 —q)?
c= \/ 16 + (+h—2a) (39)

4 Each local basis (that of the first qubit and that of the second qubit) can be specified with two real
parameters each, because any orthonormal basis on C2 (the space of a qubit) can be obtained by a general
rotation of the Bloch sphere, which requires two angles to describe a unit vector on the Bloch sphere.
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These unitary matrices are chosen such that®
1D3%)h = U1 ® Ua| Dy %), (40)

transforms the original state into its canonical Schmidt form

a—h>+4
- 1 0
2y,
a+h®>—4

Here, the state is written as a column vector with only two nonzero components, which
are precisely the Schmidt coefficients.
Similarly, for the ~-deformed state of the singlet in (33) we find

M), = Uy @ Un|MY)y, (42)
where
o L 2 —h+ 4+ h?
" \n—vaxn? 2 :
Uy — L h+ 4+ h? -2 43)
2T TaL 2 h+ A+ h)
and

dy = «/5\/4+h2:i:h\/4+h2. (44)

Again, we can write the state into its Schmidt decomposition form as

dy

d_

- 1 0
M)y = ——— : (45)

SV ey

T

Up to individual phase factors on each |i) 4 and |i) g, the Schmidt decomposition is
unique. This simplifies the comparison of states and the classification of state families
based on their coefficients. For the deformed states analyzed in this section, the Schmidt
decomposition yields exactly two nonzero Schmidt coefficients. Since the Schmidt
rank is greater than 1, we know that both deformed states remain entangled (i.e., they
are not separable).

5 In the process of selecting matrices for the decomposition of Eq. (41), a degree of arbitrariness exists.
To mitigate this, we constrained the elements of these matrices to real numbers. Subsequently, any residual
arbitrariness is further minimized by prioritizing computational simplicity.
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4 3-qubit h-states

Let us now consider the space of states resulting from the tensor product of three
spin-1/2 representations. Using the Clebsch—Gordan coefficients for U, (s((2, R)),
we obtain the following basis states for the irreducible components of the direct sum
decomposition of the tensor product representation:

4
D3, =
D3 VIOh* + 3212 + 16
3h? h? 3h2
<|¢¢¢> —hItd) +hLLT) + TITN) - ZINT) + TIHT>> ,
D5 ') = :
3T Jond + 3212 1 48
3h2
<|N¢) + A+ AT =AM ) + AU + TITTN),
1
ﬁ(ITN) + M) A,
ID3)n =1 111), (46)

1
M5 = e )+ N = 20041) = A ) + 2 11)),

1
My, = —
M) J3G212)
1
|V37]>h = ﬁ (M) = W) = I t),
]

Vi = N (T4 = AT =AM D). (48)

DY)y =

QITHL) = M) = A1) = 3R 1)), 47

We have used the notation shown in Fig. 3 to label these states.

The quadruplet of h-Dicke states (with j = 3/2) are given by two undeformed
ones {|D§)h, |D§)h}, together with the deformed states {|D§3)h, |D§1 Yn}, which are
symmetric under the exchange 7 — —h together with the permutation |i k) — |k£i).
Furthermore, we again observe that the states {|V3_1) hs |V31) n} (j = 1/2) remain
unchanged when |i¢k) — |fik) if we also make i — —h and add a global sign. As
expected, this symmetry did not hold for the other two doublets.

It is worth stressing that, as a general feature of the associated #-Clebsch—Gordan
coefficients, the h-deformation generates a factor h* in the coefficients for states with k
extra excitations with respect to the undeformed state. This also occurs for the 2-qubit
states of the previous section, and as shown in Table 3 in Appendix B, it is also true
for 4-qubits. As the value of / increases, the deformed state moves further away from
its undeformed analog (see Fig. 4). It is worth stressing that the experimental results
of [66] resemble our state {| D5 ! ) for small A.
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Fig.3 Coupling tree for three 1 D 1
spin—% particles, with final 2 2
labels D, M and V / \
1 1
1@ 3 0& 3
3 1 1
2 2 2
D M V

)
Y e e . .... r”
) . .- e . e
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Y . .- . .- o
H . .- e - .- e

) 1)

TET) 114y [T41) [14d) [$11) [$14) [44T) 448y P11y [T14) [147) [T4d) [111) [113) [$i1) [$4d) ITET) [Ty [T4T) [T4d) [L1T) [Ty 1Ty (L4l

[

Fig. 4 Density matrix for the undeformed state |D3 l)h:() (left) and for the h-Dicke deformed one
ID;y ! Yh=1.5 (right). Density matrix for the g-Dicke deformed state |D3_ Y 2)4:1‘5 (middle)

On the other hand, the quadruplet of g-Dicke states (with j = 3/2) are given by
[56]

D7), =104,

-2y 1 1/2 —1/2
D5y = o (a2 110 +a7 20 ).

12, 1 12 —1)2
1050 = g (¢ AN+ 11 +a7 i),

1D3%), = [ 111), (49)

In Fig. 4, we can again see that the g-deformed states are such that the weights of
each component of the corresponding density matrix change monotonically without
adding any extra basis vectors with respect to the undeformed state, while this is no
longer the case in the non-standard deformation.

@ Springer



Non-standard quantum algebra U4, (s[(2, R)) and h-Dicke states Page 170f34 12

4.1 Acin classification

The so-called Acin decomposition [51] allows the equivalence of any tripartite spin-
1/2 system with a state of the form

)30 = Aol M1 1) + 211U ) + A2l )) + 231041 + 2ald L), (50)

where A; > 0,0 < ¢ < 7, and Z?:o A2 =1.

Thus, the objective is to define three local unitary operators U; (acting on the first
qubit), U, (acting on the second qubit), and Uz (acting on the third qubit) such that
U1 ® U, ® Us transforms the original s-deformed state into its canonical Acin form
(50). The explicit expressions for these unitary transformations are listed in Tables 1
and 2 in Appendix A.

5 Toward generic h-Dicke states

The aim of this section is to develop some algebraic tools in order to generate s-Dicke
states explicitly, since a generic closed formula cannot be directly obtained, in contrast
to the g-Dicke states. We begin by obtaining a simple form of the operator A;N) (Z4).
Then, we provide a simple form for the |D;,N )n states, so by applying A;N)(ZJF) to
the lowest-weight state, one can easily obtain any /-Dicke state. Finally, as a relevant
example for applications, we provide the explicit construction of the |W), states.

5.1 A,('N) (Z4) for spin-1/2 particles

The Clebsch—Gordan coefficients for larger chains of qubits can be calculated in an
analogous manner by following the procedure explained in the first section of this
article (Egs. (9), (10), (31), (32)). For instance, Table 3 in Appendix B shows all the /-
deformed states for 4 qubits as a linear combination of the elements of the initial basis
(in the first row of the table) computed in terms of the associated Clebsch—Gordan
coefficients. The notation for such states is shown in Fig. 5.

However, instead of considering the aforementioned procedure involving the
repeated application of the Clebsch—Gordan coefficients, we stress that there exists
another, more direct way to obtain the #-Dicke states for N qubits.

Generally, when composing spins in quantum mechanics, one calculates the state
with the largest eigenvalue of J; and (maximum J eigenvalue for the case of Dicke
states) and then applies the coproduct of the lowering operator to obtain all the remain-
ing states within the irreducible representation. Equivalently, one can start with the
state with the smallest eigenvalue of J; and the maximum J eigenvalue and apply
the coproduct of the raising operator. Both approaches are straightforward to apply
to undeformed and g-Dicke states. Indeed, it is possible to write a simple formula to
obtain the g-Dicke states [25], since g-deformed coproducts (19) are quite simple.

Nevertheless, the coproducts in the #-deformation (30) are not so simple, making
it difficult to obtain compact analytical general formulas for i#-Dicke states with any
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Fig.5 Four spin-1/2 coupling trees with vertical lines pointing to state labels

number of qubits. Moreover, in the #-deformed case note that, on the one hand, the
coproduct of Z_ is much more complicated than the one for Z; (see (30)). On the other
hand, |D;,N ) is not simply the state with all spins down (see Eqs. (33) and (46)), as
is the case in the g-deformation, because i-contributions arise. We have two possible
ways to address the aforementioned difficulties: either by applying the complicated
coproduct given by [AEN) (Z)]J toa simple known state (|Dx)h = |1 ... 1)) inorder
to obtain the (|D%_i )i state or by applying a much simpler operator [AEN) (Z)] to
a (yet unknown) state (|DX,N )n) to obtain the (|D;,N H )i state. Here, we will follow
the second option, which will be shown to be feasible. Indeed, within this path the
first step is then the computation of the /#-deformed Dicke state characterized by the
smallest eigenvalue of H = 2J, and maximum J eig_;envalue.6 However, first, we must
prove one result concerning A,&N)(ZJF) which will be crucial in the following.

The expression for A, (Z4) given in Eq. (30) can be simplified for the particular
representation we are considering, that is, any state |W) resulting from the tensor
product of individual spins with angular momentum equal to 1/2, since Ziu) = 0.
Indeed, from (30) and by applying (15), the expression for the N-th h-deformed
coproduct of Z acting on a sate |¥) belonging to [C?]®2™) reads

2

N - y h
sV Eolw =Y (19 e 2y 0 1BV ) wy - L P
i=1 I<i<j<k<N
(190 Y ez, 0190 Doz, 0190 D g 2, @12V N) u).

(G

This can be proven by induction as follows. For N = 2, expression (51) is straight-
forwardly checked. Then, assuming that the above expression is true for (N — 1) and
W) € [CP®N=D particles, and by taking into account that

6 Notice that the procedure we will explain in this section is only valid for Dicke states | D)y, i.e., the ones
with maximum value of J for a given composition of N spins.
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AN = (AN D g 1oa?, (52)

holds, where A;zz) is given by Eq. (30), we obtain

N-2
N o .
ANzl = Y (196D g 7, @ 180D w)

i=1
00 h2 n

+1®WVD R1QZy +Z4 1) <Z (—4) Zh® Zi) )
n=0

h2
-5 Z
1<i<j<k<N-2

<1®(i71) ®7, @180 Dgz 919 i-Dgz. g 1®(ka)) W)

2 . .. .
_ % » (]®<,_1) ®7 180 Dgz, @ 1®<N—,/—2)>
1<i<j<N-2
00 12 n
®(1®Z++Z+®1)(Z (—4) Zi@ﬁ)l\v), (53)
n=0

which automatically leads to Eq. (51) when the previous expression is applied onto
any state | W) € [C®]®(M) and taking into account that Z'.|}) = 0 and Z"|1) = 0
forn > 2.

Consequently, one can construct all #-Dicke states by repeatedly applying the
coproduct (51) to |D;,N Y. In fact, the result (51) tells us that any h-Dicke state
|D;,N +2 +2) » can be obtained from |DX,N +2i) » by summing all its possible flips on
one spin (| to 1) plus all its possible flips on three spins multiplied by —h? /2. After nor-
malization of the states, one can verify that for all the cases shown here (N = 2, 3, 4),
this formula is indeed valid. The main task now is to obtain a generic formula for the
|D;,N )n states. This is addressed in the following subsection.

5.2 Construction of [Dy ),

The quantum state of interest is a superposition of computational basis states |S) =
|s1s2...5n) (Where s € {1, |} for1l <k < N)

D) =) xn(S)IS). (54)
S

The coefficients xy (S) have a particular structure related to the number of 1 states
(n4) in the state |S). Let P4(S) = {k|sy =1} be the set of indices where state S is
1, and n4(S) = | P4+ (8)] (the cardinal of the set). Looking at the examples for up to
4-qubit states, we observe that the structure of the coefficient is
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B\ S)
XN (S) = &(S) <§> , (55)

where £(S) is a factor (generally integer) that depends on N and the specific configu-
ration of 1 and | states in § (i.e., on the set Py (S5)).

We have discovered that £(S) can be elegantly expressed in terms of the elementary
symmetric polynomials. We define the function f (k) for an index k:

fk)y=2k—N—1. (56)

For a state |S) with n4 states 1) at positions P4 (S), we define e;,, (P4 (S)) as the m-th
elementary symmetric polynomial of the values { f (k)|k € P4+(S)}:

eo(Py) =1,
er(P) = Y [k,
k16P¢
(P =Y [k,
ki<ka€Py
en(P)= Y k[ k). f k). (57)

ki <kp<--<km€Py

By convention, e, (Py) = 0if m > n4.
The factor &(S) for a state with ny states |1) at positions Py is given by the sum

ny /2]
E0 (P = Y Cu(N)en, am(Py), (58)

m=0

where C,, (N) are polynomial coefficients in N.
We have determined the first six coefficients C,,(N) by determining the |D;,N )
states for N = 2 up to N = 11, which read:

Co(N) =1,

Ci(N)=N,

C2(N) = N3N —2),

C3(N) = N(15N% — 30N + 16),

C4(N) = N(105N3 — 420N? + 588N — 272),

Cs(N) = N(945N* — 6300N> + 16380N? — 18960N + 7936). (59)

The leading term of C,,(N) is 2m — 1)!!N™, where (2m — 1)!! is the odd double
factorial.
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Using the general formula (58) and the known coefficients C,,(N), we can now
compute &, 4o for instance:

o &= Coep =1,

o & = Cpey = ey,

e & =Coer+Crep=es+ N,

e £3=Coez + Cre] = e3 + Ney,

e &4 =Coeq+ Creg + Creg =e4+ Nex + NBN — 2),

e &5 =Coes + Crez3 + Crey = es + Ne3 + NBN — 2)ey,

o £ = Coeg + Creq + Crer + Czeg = e + Neg + N3N — 2)es + N(15N? —
30N + 16),

e &7 = Cpe7 + Cres + Crez + Cze; = e7 + Nes + N3N — 2)ez + N(15N? —
30N + 16)ey,

o &5 = Cpeg+Creg+Cres+Czer+Caep = €3+N66+N(3N—2)€4+N(15N2—
30N + 16)es + N(105N3 — 420N?% + 588N — 272),

o £9 = Coeg+Cre7+Cres+Ciez+Cae; = eg+Ne7+NBN —2)es+N(15N% —
30N + 16)e3 + N(105N3 — 420N2 + 588N — 272)ey,

o &9 = Cpejo+Creg+Creg+ C3es+Caer+Cseg = ejo+ Neg+ N3N —2)eq +
N(15N2% — 30N + 16)e4 + N(105N3 —420N2 + 588N — 272)er + N(945N* —
6300N3 + 16380N2 — 18960N + 7936),

o &1 = Cpe1+Creg+Cre7+Cies+Cye3+Csep = ej1+Neg+NQBN —2)e7+
N(15N2 —30N + 16)es + N(105N3 — 420N?% + 588N — 272)e3 + N (945N* —
6300N3 + 16380N?2 — 18960N + 7936)e;.

5.3 Generic h-deformed W-states

From the results of the two previous subsections, we can construct any h-Dicke state
|D;,N +i)h by applying the operator [A;N)(Z+)]i to the state |DX,N Yh. In this sub-
section, we provide an expression for the |Wy);, states, which are the h-deformed
analogs of the |D;,N +1y states. These h-deformed states generally have basis states
with (k + 1) excitations |1) multiplied by a factor containing 4. For N = 2 and 3,
they are given by the second equation of (33) and (46), respectively, and for N = 4,
they can be written straightforwardly from Table 3 of Appendix B. For completion,
we give its explicit form, which reads

1
Wl = 5 (1444 + ) + L) + 14D
h
+ 3 2 = [T LA +210441)
1
£ I+ AN F M) + Ot (60)

Now, by computing AN (Z)| D) (from Egs. (51), (54), (55), (58)), one
finds
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h ny ($)—1
(Win =Y &S (§> 1S, (61)
S/
where
L4 (S)—1)/2]
=Y @+ DCu(Nen,s)-1-2m(P1(5))
m=0

L(n4($)-3)/2] 43
-2 Z < 3 )Cm(N)en¢(S)32m(PT(S))~ (62)

m=0

After normalization, one finds the |W),, states shown in this work.
Let us explain how Eqgs. (61) and (62) are obtained. Firstly, there is a relationship
we will use in the following, regarding the elementary symmetric polynomials,

o
3 e,-(PT(S)\n:(”T(r) ’)e,-(PT(S». (63)

JCPy(S).|T|=r

where the summation runs over all possible subsets J of r elements of P;(S) =
{klsxy =1}, and {P4(S) \ J} means the set of elements of P4(S) that are not in J.
Notice that n4(S) is the cardinal of P;(S). This equation, based on the recurrence
relation for the elementary symmetric polynomials [72, 73], is proven in Appendix C.

Now, the first term of the coproduct (51), which leads to the first term in (62),
involves the sum over the action of all possible flips of one | qubit to an 1 qubit in
the initial state |D;,N )n- Therefore, since we consider 1-flips, we note that we must
replace n4 (S) with n4(S) — 1. Moreover, the result of performing all possible 1-flips
over |D;,N ), yields a new superposition of computational states S” with coefficients
given by (1/2)"t )1 multiplied by

Ly ($)—1)/2]
YooY CuNens—1-am(Pr(S)\ (7]
JEP(S) m=0
L4 ($)—1)/2]
= D CuN@p(S) = (14(S) — 1 = 2m))en; (5)-1-2m (Py (S))
m=0
L(np ($)—=1)/2]
= Y @4 DCu(N)en;(s)-1-2m(Py(S)) (64)

m=0

The second term of the coproduct (51), which leads to the second term in (62), is
the sum over all possible flips of three qubits in the starting state |DX,N ). First, since
we consider 3-flips, we note that we must replace n4 (S) with n4(S) — 3. In addition,
we need to consider the sum over all unique combinations of three elements {j, k, [}
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removed from the set P4 (S). Therefore, taking into account Eq. (63) for r = 3, we
can write

L(n1(8)—3)/2]
> > CuW)eny(s)-am—3(Pr(S)\ ). k. 1})

Jj<k<lePy(S) m=0

L(n4($)—=3)/2]
S) — S)—3-2
- 3 Cm(N)(”T( )~ 9 m))emm_zm_stn

m=0 3

L(24(8)=3)/2] m 4+ 3

= > 3 ) CnN)en(9)-2m-3(Pr(S)). (65)
m=0

The sum vanishes if n4(S") < 3, as no 3-flip parents can exist.
Notice that the overall prefactor (—2) in the second term of (62) arises because

when applying the second summation of (51) to |D;,N)h = Zs % (S (%)M(S) |S),
we have to change (4 /2)"1) by (h/2)"1 973, Thus, the —h? /2 factor in the coproduct
combines with the (2/h)? factor coming from

h nT(S)—3_ B\ =1 1o\2 o
(5) —<5) (z)’ (60)

given this overall prefactor (—2).

5.4 Considerations for large N

For a fixed number of 1 states 74 and a very large N, there are some caveats that are
worth stressing:

e Asthe position k at which there is a qubit 1 increases, and if it does so proportionally
to N (i.e., x N), then the polynomial f (k) ~ N(2x — 1), the elementary symmetric

polynomials e, (Py) scales as N™, and C,, (N) scales as (2m — 1)!!N"™. Conse-
lny/2]

quently, in the summation &,, =, 1,

N™ x NanZm — N —m

e The dominant term for N — oo is the m = 0 term, i.e., the highest power term
of N, which is ey, . This is nothing but the product of f (k) for all positions where
there is an 1 qubit. Therefore, in this asymptotic limit: &, T(PT) R en, (Py) =
er Py (2k — N — 1). The terms with m > 1 are corrections that become less
relevant as N becomes much larger than n.

Cn(N )e,”_zm, the m-th term scales as

Therefore, for a large number of spins, the |D;,N )i states can be written as

_N IS lny/2] IS
Dy = XS:SM(S) (5) |S) %XS: ZO Qm — 1)!!N’”enT_2m(P¢)<5> 1S). (67)
m=

@ Springer



12 Page240f34 A. Ballesteros et al.

Note that, in this case, we can provide an approximate expression for any number of
qubits because we are considering only the dominant term in C,,, (N) and not their exact
form, which is much more complicated to compute. This could be especially useful
in quantum systems with many qubits, where the smallest powers in N of C,,(N) are
negligible, and the principal behavior of N dominates.

6 Conclusions

In this work, we explored the Jordanian quantum algebra U, (s/(2, R)) as an algebraic
tool that enables us to obtain new quantum states with an arbitrary number of qubits
and endowed with a deformation parameter 4 that can be used to control relevant
quantum properties. We developed a systematic approach to construct i#-deformed
Dicke states for multi-qubit systems, providing explicit expressions for up to four
qubits and a general method to construct these states for larger numbers of qubits. As
an outstanding example, the construction of generic |W), states for any number of
qubits is presented in detail.

In particular, we have found that h-deformed Dicke states are smooth h-
deformations of the usual Dicke states that include qubit states with k extra excitations
endowed with weights of the type i*. For instance, in a | W), state, the first-order defor-
mation in /2 will include qubit states with two excitations instead of one, which could
be considered an algebraic way of describing imperfections in the experimental prepa-
ration of a true |W) state (see (60)). In the same manner, 42 terms would contain two
extra excitations, which should be less likely to occur, and the probability of existence
of a state with k extra excitations is ruled by a factor /¥, In this sense, our preliminary
analysis of the density matrices for #-deformed states suggests that these states might
be useful in describing noise and decoherence effects in experimental settings.

Moreover, the h-deformation provides a new tool for the generation and study
of a novel class of entangled states, whose applications in quantum computing and
communication seem worth analyzing in more depth. Also, a detailed study of the /-
deformation of the rich permutational symmetries of Dicke states and their algebraic
structures is worth facing. Additionally, further comparative studies with the g-states
arising from the standard quantum deformation could provide a more comprehensive
understanding of the role of quantum deformations in quantum-state characterization
and properties. Work on all these aspects is currently in progress.

A Acin decomposition for 3-qubit h-deformed states

See Tables 1 and 2.

B Clebsch—-Gordan coefficients for 4-qubit h-deformed states

See Table 3.
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C Proof of Eq. (63)

The objective of this appendix is to prove Eq. (63). Let P = {x1, x2, ..., X, } be a set
with cardinal n. For any integers r, i such thatr < n — i, the following identity holds:

n—i
> ei(P\J>=< . )e,-(P>, (68)

JCP,|J|=r

where J is any subset of P with r elements.
This proof starts from the following fundamental recurrence relation for elementary
symmetric polynomials in the case r = 1 [72, 73]:

ei(P\ {x}) = €i(P) — x - ei—1(P\ {x¢}). (69)

This relation is valid because the terms of e; (P) can be separated into those that do
not contain x; (which form e; (P \ {xx})) and those that do (which can be written as
X multiplied by the terms of ¢; 1 (P \ {xx})).

We will proceed by induction on r. First, we prove the identity for r = 1. We want
to show that

n

Y e (P (u)) = (" | ’)eiu’) = (n—D)e;(P). (70)

k=1

Summing Eq. (69) over all x; € {1,...,n}:

doe(P\ ) =) e(P)— > xi-eioi(P\{x))
k=1 k=1

k=1

The first term on the right is simply 7-e; (P). The second term, ZZZI Xi-ei—1(P\{xx}),
is the sum of all products of a variable x; with a monomial of degree i — 1 that does
not contain x;. This means that multiplying such a monomial by x; gives all degree
i monomials that contain xi, and only those monomials. Each monomial of degree i
(e.g., xj, ---xj;) appears exactly i times in the total sum, exactly once for each of its
variables. Therefore,

Y €PN\l =n-ei(P)—i-e(P)=(n—ie(P). (71)
k=1

The base case has been proven.
Let us start the proof by induction. We assume that identity (68) holds for subsets
of sizer — 1:

P IAYAE (f:Dei(P). (72)

JCP | |=r—1

@ Springer
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Now, we apply the double sum method as an intermediate tool in the inductive proof
because it allows us to count the same set of terms in two different ways, giving the
relationship between the sum we want to compute and the sum over smaller subsets,
to which one can apply the inductive hypothesis. Hence, we consider the following
summation over subsets of r elements:

Z Z ei(P\ J). (73)

JCP,|J|=rxjel

We will evaluate it in two different ways, following different orders. First, we fix the
subset J of size r, and for each of its r elements, we add the same value ¢; (P \ J).
The inner sum over x; € J has r identical terms. Therefore:

Yoo DY eaP\D=r Y  eaP\J). (74)

JCP,|J|=rx;€J JCP,|J|=r

In the second method of evaluating the sum, we swap the order of the summation.
We first fix the element x; and then sum over all subsets J of size r that contain x;.
Any subset J of size r that contains x; can be written as x; U J’, where J' is a subset
of P\ x; of size r — 1. Thus, we want to sum

Yo D P\ Ul (75)
xXj€P J'CP\{x;}
|J |=r—1

The term P \ (J' U {x;}) is equal to (P \ {x;}) \ J'. Therefore, the inner sum is a
sum over subsets of size r — 1 of a set of size n — 1 (the set P \ {x;}). Applying our
inductive hypothesis to this set:

=i
Y P\ H\ ) = <(” o ’)e,-(P \ L. (76)
J'CP\{x;}
|/ |=r—1
Substituting this into the double sum (75) yields:
n—i—1 n—i—1
Z ( ri] )ei(P\{xj})=< ril ) Zei(P\{xj}). (77)

xjepP xjepP

However, the summation on the right-hand side runs over subsets of P with only one
element, so by using Eq. (71), we know that:

—i—1 —i—1 ,
(”r » ) > e\ fxj)) = (”ril )(n—z)e,«P). (78)

x;epP
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Now, we equate the two ways (Eqgs. (78) and (74)) we evaluated the double sum (73):

n—i—1 .
roy el-(P\J)=< o )(n—l)el-(P). (79)
JCP|J|=r
By isolating the sum of interest, we find

n—ifn—i—1
> P\ =— (r_1 )eia’), (80)

JCP,|J|=r

which, after using the well-known properties for binomial coefficients, reduces to the
desired result

n—i
> el-(P\J>=( . )e,-(m. @1)

JCP,|J|=r
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