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Abstract
Currently, there is no established rigorous method for validating measurement techniques in solid mechanics. This paper 
presents the appropriate statistical approach for this purpose. Validation must compare measurements obtained using dif-
ferent techniques, considering their standard uncertainties. The use of the measurement uncertainties is essential for the 
metrological rigor of the validation, which is achieved through a statistical hypothesis test based on the chi-square distribu-
tion. A similar test is also possible to define for the identification of outliers. The method is simple and easy to apply, and 
is presented in the form of a procedural guide. Its applicability has been shown with an example of stress measurements 
by photoelasticity, which have been compared with the results of a finite element analysis.
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validation methods employed are far from satisfactory1. As 
a tradition, in all the works the comparison is made directly 
through a graph or Tables [1–13], by expressing the differ-
ences in terms of percentage [14, 15], or doing both [16–
23]. After this basic comparison, the researchers conclude 
by saying that the measured values are consistent or in good 
agreement with theoretical ones [1–12, 15–17, 20–23], they 
highlight the good accuracy or reliability of the method [8, 
13, 14] or they interpret the percentage of deviation as a 
measure of the error/accuracy of the technique [17–20].

While in other branches of science there are established 
comparison processes (such as analysis of variance with 
control groups in chemistry or medicine) and research 
papers in which a rigorous validation method is not carried 
out are rejected for publication, it is evident that in solid 
mechanics there is no an established comparison methodol-
ogy that researchers know and use. In some of the papers 
discussed above researchers attempted to provide some 
rigor to the comparisons by calculating the mean and the 
standard deviation of several measurements; they interpret 
the standard deviation as a margin of error, but that is not 
strictly correct. The objective of this work is to present a 
method for comparing measurement results that, based on 
statistical concepts, allows rigorous validation of measure-
ment techniques.

1   The review conducted in this work included all papers in the solid 
mechanics literature from the past four decades in which a new mea-
surement technique or procedure was presented or validated.

Introduction

In solid mechanics there are many measurement techniques, 
both to evaluate the different mechanical properties of 
materials and to know the stress/strain state in all types of 
mechanical or structural elements. Although many of these 
techniques were established many years ago, new meth-
ods, or improvements to existing ones (that promise greater 
simplicity, accuracy, range of application, etc.), continually 
appear.

When a new measurement technique is presented, it must 
be validated to ensure that it really works, that all possi-
ble sources of error have been considered and that, there-
fore, the technique measures without bias, or the latter is 
known and can be corrected. The validation process must 
consist of comparing the measurements obtained with their 
expected values, calculated theoretically or obtained by 
other measurement techniques. For this comparison to pos-
sess scientific rigor, it must be carried out using statistical 
tools. However, a review of published works on measure-
ment techniques in solids mechanics [1–23] shows that the 
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Mathematical Formulation

Without doubt, the best known and probably most used test 
to measure the discrepancy between an observed and a the-
oretical data distribution (goodness of fit) is the Pearson’s 
chi-squared test [24, 25]. This test is applied to qualitative 
or categorical data through their observed and expected 
(theoretical) frequencies. Pearson proposed the following 
test-statistic to describe how different both groups of data 
are:

χ 2 =
∑ n

i=1

(Oi − Ei)2

Ei

� (1)

where data are classified into n mutually exclusive classes, 
Oi is the number of observations that falls into the ith 
class, and Ei is the expected count of each class. Under the 
assumption that both groups of data follow identical prob-
ability distributions and data are independent and normally 
distributed, the test-statistic follows a chi-squared distribu-
tion with n − 1 degrees of freedom. Due to the central limit 
theorem, the normality condition is not necessary if a suf-
ficiently large number of data is taken.

Perhaps inspired by Pearson’s chi-square test, in a paper 
in which six different models of measurement of nanoinden-
tation fracture toughness are compared [26], the researchers 
took measurements of fracture toughness on different mate-
rials with the different measurement models and they evalu-
ated the root-mean-square deviation between experimental 
and literature values for each model. Although this can serve 
as a comparison between techniques, since a smaller qua-
dratic difference will express a better fit between theoretical 
and experimental values, it is not a rigorous hypothesis test 
in which the validity of the models is revealed.

A similar to Pearson’s goodness of fit test can be stab-
lished to quantitative data (such as measurements made in 
solid mechanics) through the definition of the chi-squared 
distribution. If we consider n independent normally dis-
tributed random variables Xi ∼ N (µ i, σ i), then the 
sum of the squares of their standardized values is distrib-
uted according to a chi-square distribution with n degrees 
of freedom:

∑ n

i=1

(
Xi − µ i

σ i

)2

∼ χ 2
n� (2)

In a measurement process, due to measurement uncertainty, 
the measured values are only estimates of the exact val-
ues; and the standard uncertainties of these estimates are 
their standard deviations. This is established in the ISO 
‘Guide to the expression of uncertainty in measurement’, 
commonly known as GUM [27], where the estimate of a 

quantity Yi is denoted by yi and its standard uncertainty by 
u (yi). In the GUM the probability distribution assumed for 
(yi − Yi) /u (yi) is a t-distribution with ν degrees of free-
dom (obtained from the Welch-Satterthwaite formula). The 
t-distribution t (ν ) resembles the standard normal distribu-
tion N (0,1) and approaches to it as the number of degrees 
of freedom ν grows, so approximately it can be stablished 
that:

yi − Yi

u (yi)
∼ N (0,1) ⇒ yi ∼ N (Yi, u (yi))� (3)

If, through another independent measurement method, 
another measurement of the same quantity is known (with 
estimate µ i and standard uncertainty u (µ i)), in the same 
way it can be established approximately that:

µ i − Yi

u (µ i)
∼ N (0,1) ⇒ µ i ∼ N (Yi, u (µ i))� (4)

Since the addition or subtraction of independent normal ran-
dom variables also follows a normal distribution, it is true that:

yi − µ i ∼ N
(

0,
√

u2 (yi) + u2 (µ i)
)

⇒ yi − µ i√
u2 (yi) + u2 (µ i)

∼ N (0,1)� (5)

Then, if we have n pairs of measurements, from (2) the fol-
lowing test-statistic can be formulated:

χ 2 (y, µ ) =
∑ n

i=1

(yi − µ i)
2

u2 (yi) + u2 (µ i)
∼ χ 2

n� (6)

This test-statistic follows a chi-squared distribution with 
n degrees of freedom and can be used to test the validity 
of the measurement method. Since a high χ 2 (y, µ ) value 
indicates inconsistency between measurements obtained 
through the two independent measurement techniques, a 
hypothesis test based on the probability p of finding a χ 2

n 
value greater than the observed χ 2 (y, µ ) value can be 
established. This probability can be calculated from the chi-
square distribution:

p = P
[
χ 2

n > χ 2 (y, µ )
]
� (7)

If this probability is smaller than a certain value α, the 
hypothesis that the measured values are consistent with 
their expected values has to be rejected at a level of sig-
nificance equal to α. Otherwise, if p is greater than α, it can 
be concluded that the measurement process obtains consis-
tent values and, therefore, the measurement method is valid. 
Usually the hypothesis tests are run with a significance 
level α = 5% because this value provides a good balance 
between type I and II errors [28].
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One particularly useful case arises when the measure-
ment technique used for comparison can be considered 
nearly exact (with standard uncertainty u (µ i) ≃ 0). In 
that case, from (6), the test-statistic to be used is:

−
χ

2
(y, µ ) =

∑ n

i=1

(yi − µ i)
2

u2 (yi)
∼ χ 2

n� (8)

equation in which the chi-square value thus calculated has 

been denoted with an upper bar. Since this value, −
χ

2
(y, µ )

, is greater than that obtained using (6), χ 2 (y, µ ), the prob-

ability p for the hypothesis test using −
χ

2
(y, µ ) is always 

smaller than that obtained using χ 2 (y, µ):

∑ n
i=1

(yi−µ i)2

u2(yi) >
∑ n

i=1
(yi−µ i)2

u2(yi)+u2(µ i)

→ P

[
χ 2

n >
−
χ

2
(y, µ )

]
< P

[
χ 2

n > χ 2 (y, µ )
] � (9)

This means that the hypothesis test based on −
χ

2
(y, µ ) is 

more restrictive than the one based on χ 2 (y, µ ); in other 

words, if the hypothesis test based on −
χ

2
(y, µ ), accepts 

the consistency of the data, the one based on χ 2 (y, µ ) 
would also accept it. Therefore, this test can be used to 
verify the consistency of measurements obtained using 
a particular measurement method with other values for 
which the measurement uncertainties are unknown, such 
as those obtained through certain complex theoretical 
calculations.

On the other hand, from Eq.  (5) it is also possible to 
define a statistic for the identification of outliers, which can 
be a very useful tool for the improvement of the measure-
ment method if the validity test has led to its rejection. A 
measured value yi is defined as an outlier if the deviation 
from its expected value yi − µ i is significantly different 
from zero taking into account the standard uncertainty of 
that difference, u (yi − µ i). By dividing, for each data, 
that deviation by its standard uncertainty, the corresponding 
normalized deviation is defined, which follows, from (5), a 
standard normal distribution:

di = yi − µ i

u (yi − µ i)
= yi − µ i√

u2 (yi) + u2 (µ i)
∼ N (0,1)� (10)

Then, a hypothesis test based on the probability p of find-
ing a N (0,1) value greater than the observed normalized 
deviation di value can be established. This probability can 
be calculated from the N (0,1) distribution:

p = P [|N (0,1)| > di]� (11)

If this probability is smaller than a certain value α, the 
hypothesis that the ith data is consistent with its theoretical 
expected value has to be rejected at a level of significance 
equal to α; therefore, that data would be an outlier. Since for 
a standard normal distribution P (|N (0,1)| > 2) = 5%, a 
measurement with |di| > 2 is identified as an outlier at a 
level of significance α = 5%.

As with the consistency test, the particular case in which 
u (µ i) ≃ 0 is considered leads to di values greater than 
those obtained with u (µ i) ̸= 0 and, therefore, to a more 
conservative outlier identification test: less refined but 
usable.

Methodology and Metrological 
Considerations

The mathematical formulation presented in the previous 
section can be implemented in a systematic manner in just a 
few steps, as shown in Fig. 1. Once the measurements have 
been taken, the process simply involves comparing them 
by evaluating the chi-square statistic (Eq. 6) and, based on 
that, calculating the probability given in Eq.  7; its value 
determines whether or not the methods are consistent. Fur-
thermore, calculating the normalized deviations of the data 
(Eq.  10) makes it possible to determine whether there is 
consistency on a data-point-by-data-point basis.

The cornerstone of this process is the use of measure-
ment uncertainties. The uncertainty of a measurement is the 
final piece in the chain of traceability, which connects the 
measurement to a primary standard through an unbroken 
chain of comparisons. For example, for optical techniques 
of strain measurement traceability is established to the unit 
of length [29]. This final link in the traceability chain is 
ensured through the calibration of measuring instruments. 
In the calibration process biases are estimated and corrected, 
the repeatability and reproducibility of measurements 
are ensured, and the calibration uncertainty is determined 
(which is necessary for evaluating the uncertainties of sub-
sequent measurements). Calibration requires standardized 
procedures, and the Versailles Project on Advanced Materi-
als and Standards (vamas.org) has been working for decades 
on standardization for the application of a wide variety of 
techniques in solid materials.

Therefore, although the validation process described in 
this paper is simple to implement, it requires the use of cali-
brated equipment and the evaluation of measurement uncer-
tainties. However, this is a requirement that should always 
be met, as stated in the ISO/IEC 17025:2005 standard [30]: 
“Testing laboratories shall have and shall apply procedures 
for estimating uncertainty of measurement”. It is precisely 
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this connection between the measurements and the primary 
standards through the evaluation of measurement uncertain-
ties that links the reliability of the proposed method with 
that of the rigorous and consolidated ISO GUM guide.

Results

As an example of the application of the validation method 
described below, it will be applied to a case of stress mea-
surement by photoelasticity. The measuring equipment used 
is a calibrated [31–33] Vishay LF/Z-2 reflective polari-
scope, fitted with a Babinet compensator, which will be 
used to measure the isochromatic fringe order at points 
on the boundary of a piece. It is a simple and quite used 
measurement method, since it does not require a separation 
technique [34]. The results will be compared with those 
obtained theoretically by means of a Finite Element Method 
(FEM) calculation.

A 2.05 mm thick Vishay PS-1 photoelastic coating [35] 
was adhered to a 1.5 mm thick aluminum test piece, which 
can be easily loaded by means of a wing nut and a screw 
that pass through the 6 mm hole made in its back. Its shape 
and dimensions are indicated in Fig. 2. When the screw is 
tightened, the front face of the piece is subjected to a bend-
ing stress. In this face there are two holes, so that the stress 
distribution is not uniform, and gradients and stress concen-
tration areas appear.

The piece was subjected to loading by tightening the 
loading screw and a displacement of 8.9 mm was measured 
between its ends. Then it was oriented perpendicular to the 
polariscope and illuminated with white light in order to 
measure the stress at a series of control points on the bound-
aries of the front face of the piece (Fig. 3). At a point on the 
boundary of a piece, the directions of the principal stresses 
are tangential and perpendicular to the boundary. The latter 
is null, whereas the tangential may be calculated from the 
value of the fringe order through the stress-optic law [36]:

Fig. 1  Flowchart of the validation method
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Fig. 2  Elevation and profile views of the piece to be analyzed, as well as two sections, A-A and B-B, to appreciate the rear holes used for the 
application of the load (dimensions in mm)
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σ = Es

1 − ν s

Nλ

hK
� (12)

where Es and νs are the Young’s modulus and the Poisson’s 
ratio, respectively, of the material of the specimen; N is the 
isochromatic fringe order measured with the compensator; 
λ is the average wavelength of the used light source; h is the 
width of photoelastic material crossed by the light; and K is 
the strain-optic coefficient of the photoelastic material.

Using the compensator, the fringe order N was mea-
sured with and without the load to eliminate the influence 
of parasitic or residual birefringence. After correcting the 
effects of the influence of the coating [37], the stresses 

at the control points (Fig. 4), together with their respec-
tive measurement uncertainties, were calculated follow-
ing the procedure set out in [38]. This calculation process 
requires, as established by the ISO GUM [27], preparing 
an uncertainty budget for each point, in which all quan-
tities that contribute to the measurement uncertainty are 
considered. For each of them, the measurement estimate 
is calculated using Eq. (12) and its measurement uncer-
tainty is evaluated using the law of propagation of uncer-
tainty [27]. Data taken and calculations made to obtain the 
measurements at the control points are attached as supple-
mentary material to this paper. Results are presented in 
Table 1.

Fig. 3  Photograph of the experimental setup (the isochromatic fringe pattern observed through the polariscope is shown in the upper-left corner)
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Fig. 4  Control points distributed on a grid on the flat surface of the test piece (the coordinate axes were taken at a rear corner of the piece)
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For the FEM analysis, the test piece was modelled using 
the 3D CAD software SolidWorks (Solidworks Corpora-
tion, solidworks.com), and its integrated finite element 
analysis module, Cosmosworks, was used for meshing 
and simulating its static behavior (Fig. 5). It is necessary 
to provide a series of data to the FEM program regard-
ing the mechanical properties of the material, restrictions 
and loads. The material of the piece is aluminum, for 
which the Young’s modulus and Poisson’s ratio are taken 
as their estimated values, E=73GPa and ν = 0.33 respec-
tively. Regarding movement restrictions, it has taken 
that the cylindrical surface of the hole through which the 
load application screw is inserted is fixed (constraint on 
face: fixed surface). And as for loads, it has been taken 
that a constant downward pressure of 80 kPa acts on the 
surfaces of the square screw seat hole (pressure on face: 
pressure along the y-axis of − 80000 Pa), which leads to 
a displacement of the ends of the piece of 8.9 mm, the 
same displacement as the one suffered by the real piece. 
To mesh the piece, the automatic mesh generator was con-
figured to use high-quality meshing and parabolic tetra-
hedral elements. The resulting mesh consisted of 67,112 
elements and 132,057 nodes, with a Jacobian check ratio 
of 4. The results obtained for each of the control points are 
summarized in Table 2.

Let’s apply the validation process outlined in the previ-
ous section. In this case, the quantity Yi measured is the 
component of the stress tangential to the boundary at each 
of the n = 14 control points, with estimate yi = σ i and 
standard uncertainty u (yi) = u (σ i), which has to be com-
pared with its theoretically calculated values, µ i = σ 1i. As 
explained in Sect.   2 on mathematical formulation, given 
the complexity of calculating the uncertainty of values in a 

FEM calculation2, we will conservatively assume that the 
standard uncertainties u (µ i) ≃ 0. In Table  3, for each 
point, the first row contains the estimate of the photoelastic 
measurement, yi; the second row the corresponding stan-
dard uncertainty of that estimate, u (yi); the third row the 
estimate, µ i, of the FEM value; the fourth row the corre-
sponding standard uncertainty of that estimate, u (µ i); the 
fifth row contains the normalized deviation, di; and the 
sixth row the difference between both estimates expressed 
as a percentage, %∆ = 100 • (yi − µ i) /µ i. Note that 
this last row is not necessary for the proposed validation 
method, but it has been included in the table because this is 
the value that has traditionally been used to assess the con-
sistency of the results. Although this percentage value pro-
vides a more intuitive way to quickly gauge the deviations 
between estimates obtained by one method or another, from 
a metrological standpoint it is the normalized deviations 
that allow us to determine, individually, whether the data are 
scientifically consistent, and the overall consistency of the 
data set is known using the chi-square statistic of Eq. (8).

In this case, the test-statistic (8) provides a value 
−
χ

2
(y, µ ) = 12.8. If both groups of data were consistent 

the test-statistic will follow a chi-squared distribution with 
n = 14 degrees of freedom. The probability that this value 
comes from a χ 2 distribution with 14 degrees of freedom 
is p = P

[
χ 2

14 > 12.8
]

= 54.2 %, greater than α = 5 %, 
so the data are consistent with their theoretical values. This 
means that the measurement technique cannot be rejected 
with a 95% level of confidence: it is consistent with the the-
ory on which the finite element analysis is based.

Discussion

The validation test has consisted of comparing experimen-
tal measurements with their expected values. If data are 
assumed to follow normal distributions and both groups of 
data were consistent, the random variable χ 2 (y, µ ) given 
by (6) or (8) will follow a chi-square distribution with n 
degrees of freedom. Then it would be expected that the 
χ 2 (y, µ ) value obtained was close to its expected value 
in case of consistency, which for a χ 2

n is n. The probabil-
ity that, having consistency, a larger χ 2 (y, µ ) value than 

2   Currently, MEF software do not include uncertainty evaluation, 
as this is a computationally infeasible process at present; it would 
require a Monte Carlo calculation involving thousands of simulations 
with random variations in all inputs (geometry, material behavior and 
properties, boundary conditions, etc.) to observe the variability of the 
results, while also accounting for discretization and truncation errors 
in the calculation.

Table 1  Coordinates of control points and stress measurements at 
them: stress estimation σ  (tangential to the boundary) and its standard 
uncertainty u (σ )
Point x (mm) y (mm) σ (MPa) u(σ) (MPa)
1 133 15.5 39.71 0.81
2 40.5 17 22.52 0.62
3 0 15.5 40.12 0.82
4 52.925 7.125 34.80 0.75
5 60.5 –5.25 70.83 1.24
6 31.5 –5.25 47.90 0.92
7 133 –18 40.53 0.82
8 0 –18 44.62 0.87
9 98.5 –26 15.56 0.56
10 40.5 –27.5 20.47 0.60
11 113 –40.5 72.05 1.26
12 133 –51.5 47.49 0.91
13 109.13 –50.36 42.17 0.84
14 0 –51.5 36.44 0.77
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expected is obtained is given by p. Since this probability 
has been greater than the significance level α, the measure-
ment method has been accepted as valid because it can-
not be rejected the hypothesis that both groups of data are 
consistent.

Regarding this test it is necessary to make some 
comments:

	– First, as happens in all hypothesis tests, it emphasiz-
es the rejection rather than the acceptance of the null 

hypothesis. However, the structure of the test justifies 
acceptance of the null hypothesis (consistency of data) 
when the alternative hypothesis (inconsistency of data) 
is rejected, because specific alternative hypotheses with 
different power cannot be formulated. Consistency and 
inconsistency are complementary concepts: the non-ex-
istence of one implies, to a greater or lesser degree, the 
existence of the other.

	– Secondly, the consistency is confirmed by the normal-
ized deviations. These can be evaluated through (10) 

Table 2  Results of the FEM analysis at control points: orientation θ of the major principal stress from the horizontal axis x (+↺), normal and shear 
stress components σ x, σ y  and τ xy ; and principal stresses σ 1 and σ 2

Point θ  (degrees) σ x (MPa) σ y  (MPa) τ xy  (MPa) σ 1 (MPa) σ 2 (MPa)
1 90.00 0.00 38.99 0.00 38.99 0.00
2 0.00 22.46 0.00 0.00 22.46 0.00
3 90.00 0.00 41.09 0.00 41.09 0.00
4 60.00 8.92 26.00 15.44 35.66 0.00
5 90.00 0.00 72.24 0.00 72.24 0.00
6 90.00 0.00 46.38 0.00 46.38 0.00
7 90.00 0.00 41.14 0.00 41.14 0.00
8 90.00 0.00 43.94 0.00 43.94 0.00
9 0.00 15.98 0.00 0.00 15.98 0.00
10 0.00 20.00 0.00 0.00 20.00 0.00
11 90.00 0.00 72.45 0.00 72.45 0.00
12 90.00 0.00 46.63 0.00 46.63 0.00
13 –45.00 21.38 21.38 –21.38 42.75 0.00
14 90.00 0.00 37.37 0.00 37.37 0.00

Fig. 5  (a) Model of the test piece created in Solidworks software and (b) mesh generated by the Cosmosworks module for its FEM analysis
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and they express the consistency of each measurement 
with its theoretical expected value. Normalized devia-
tions are shown in Table  3 under the row heading di

, and it can be seen that all of them are less than two, 
which is indicative that all data are consistent individu-
ally, that is, there are no outliers. The non-existence of 
outliers is one more evidence that confirms the validity 
of the measurement method.

	– Thirdly, the assumption that data follow normal prob-
ability distributions is always fulfilled quite closely. As 
already mentioned before, in the GUM’s context, the 
probability distribution for measurements is the t-distri-
bution, which approaches the normal distribution as the 
number of degrees of freedom ν grows. In addition, the 
validation test is robust with respect to this condition of 
normality, because a high value of χ 2 (y, µ ) indicates 
inconsistency regardless of the probability distribution 
of the data.

	– Finally, it’s important to emphasize that the purpose of 
a validation process is to verify whether there is agree-
ment between the two methods used in the comparison. 
In the example from the previous section, the consis-
tency between the data obtained using photoelasticity 
and the results of a FEM analysis has been confirmed. 
Thus, one could say that the experimental measurement 
method has been validated by the FEM calculation, or 
that the FEM calculation has been validated by the ex-
perimental measurements. In reality, the most accurate 
statement would be that the experimental and theoretical 
results are consistent.

The validation method described above, as well as the tool 
for the identification of outliers, demonstrate the importance 
of expressing measurement with their corresponding uncer-
tainties. Although this is mandatory for the measurements 
to meet the validity, comparability and reproducibility 

requirements that the scientific method requires [27, 31], the 
literature review carried out for this investigation reveals that 
it is rare to find research papers, especially in solid mechan-
ics, in which measurement uncertainties are reported. It 
would be convenient that the scientific community, and in 
particular the editorial teams of the research reviews, to be 
aware of this situation and act accordingly.

Conclusions

Although it seems intuitive to validate the results of a mea-
surement process by comparing measurements obtained 
with their expected values through a graph or table, this 
direct comparison lacks scientific rigor. For this, it is neces-
sary that the comparison method be carried out by means of 
a statistical test that supports the assertion that both groups 
of data are consistent or not, and that takes measurement 
uncertainties into account. The combination of these two 
factors ensures the metrological rigor of the comparison. 
The method exposed simply consists in calculating a chi-
square statistic from the measurements, their expected val-
ues and their corresponding uncertainties, and comparing it 
with its expected value in case of consistency. A similar test 
can be applied individually to each measurement, as a tool 
for identifying outliers, through the statistics known as nor-
malized deviations.

In this paper, the method has been applied to a case com-
paring experimental measurements of linear static stress 
using photoelasticity with theoretical results obtained by 
finite element analysis. This is merely an example, as its 
scope of application is much broader. It could be applied to 
fatigue analysis, dynamic response analysis, contact interac-
tion analysis, nonlinear behavior analysis, and so on; and 
not only in solid mechanics measurements, but in any other 
branch of science. In all cases, the method would yield a 

Table 3  Comparison between measurements and theoretically calculated values for the stress at control points
σ 1(MPa) σ 2(MPa) σ 3(MPa) σ 4(MPa) σ 5(MPa) σ 6(MPa) σ 7(MPa)

yi
39.71 22.52 40.12 34.80 70.83 47.90 40.53

u (yi)   0.81 0.62 0.82 0.75 1.24 0.92 0.82

µ i
38.99 22.46 41.09 35.66 72.24 46.38 41.14

u (µ i) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

di
0.89 0.10 –1.18 –1.15 –1.14 1.65 –0.74

%∆
1.85% 0.27% –2.36% –2.41% –1.95% 3.28% –1.48%
σ 8(MPa) σ 9(MPa) σ 10(MPa) σ 11(MPa) σ 12(MPa) σ 13(MPa) σ 14(MPa)

yi
44.62 15.56 20.47 72.05 47.49 42.17 36.44

u (yi) 0.87 0.56 0.60 1.26 0.91 0.84 0.77

µ i
43.94 15.98 20.00 72.45 46.63 42.75 37.37

u (µ i) 0.00 0.00 0.00 0.00 0.00 0.00 0.00

di
0.78 –0.75 0.78 –0.32 0.95 –0.69 –1.21

%∆
1.55% –2.63% 2.35% –0.55% 1.84% –1.36% –2.49%
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comparison table similar to Table  3, a value for the chi-
squared statistic, and values for the standardized deviations 
similar to those in the example used, all of which would 
allow for an assessment of the consistency of the results.

The validation method requires expressing the uncer-
tainties of the measurements, which is mandatory in any 
measurement process. However, the literature review con-
ducted in this study has shown that the validation methods 
used to date did not take measurement uncertainties into 
account. This indicates that there is still some permissive-
ness in scientific journals when publishing articles in which 
measurement uncertainties are not expressed or measure-
ment techniques are not correctly validated. We hope that 
this paper serves to correct this lack of rigor when measure-
ment techniques in solid mechanics are used or new ones 
are proposed.
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