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Abstract: Automatic guidance vehicles (AGV) are industrial vehicles that play an important role in
the development of smart manufacturing systems and Industry 4.0. To provide these autonomous
systems with the flexibility that is required today in these industrial workspaces, AGV computational
models are necessary in order to analyze their performance and design efficient planning and control
strategies. To address these issues, in this work, the mathematical model and the algorithm that
implement a computational control-oriented simulation model of a hybrid tricycle-differential AGV
with multi-trailers have been developed. Physical factors, such as wheel-ground interaction and the
effect of vertical and lateral loads on its dynamics, have been incorporated into the model. The model
has been tested in simulation with two different controllers and three trajectories: a circumference,
a square, and an s-shaped curve. Furthermore, it has been used to analyze extreme situations of
slipping and capsizing and the influence of the number of trailers on the tracking error and the
control effort. This way, the minimum lateral friction coefficient to avoid slipping and the minimum
ratio between the lateral and height displacement of the center of gravity to avoid capsizing have
been obtained. In addition, the effect of a change in the friction coefficient has also been simulated.

Keywords: mathematical modelling; iterative algorithm; autonomous vehicle; AGV; multi-trailers;
simulation; control; Industry 4.0

MSC: 93A30

1. Introduction

In the industrial field, automatic guidance vehicles (AGVs) are frequently used for
the transport of specific goods, usually replacing manual means of transport or conveyor
belts, in order to reduce operating costs, times, and human errors [1–3]. The irruption of
Industry 4.0, the particularization of services, and logistics and flexible production [4], are
accelerating the introduction of these AGVs in the industrial sector [5]. On the one hand,
these mobile robots increase spatial flexibility, allowing modifications in the location and
distribution of production lines in a short time without making changes to the infrastructure.
On the other hand, they make it possible to modulate the speed of production and logistics
flows to adapt to changes in production planning [6–8]. Even more, as stated in [9], COVID-
19 accelerated the demand for online orders, which brought logistics and transportation
to the forefront. AGVs were widely used in this context as a part of a reliable and flexible
internal transport system. Logistics automation is not restricted to factories or warehouses
and can be applied in a wide variety of buildings. Autonomous vehicles can carry raw
materials and finished goods in productive centers, such as factories or workshops, and
many types of items, such as meals, laundry, or medicines, in hospitals, care homes,
or hotels.

There are AGVs with multiple configurations, although the scientific literature seems
to focus especially on differential vehicle type, with very little work devoted to the study
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of other mobile robots, specifically tricycle type vehicles, widely used in factories and
warehouses. This may be due to the greater complexity of vehicles of this type or the hybrid
ones, which combine a tricycle-type traction unit and a differential body, especially when
studying their dynamics. In addition, multi-trailers are not usually considered in these
studies.

However, the need for computational models to study the behavior of these mobile
robots and to design efficient and advanced control strategies is undeniable. The use of
computer simulation for these vehicles is in line with the assumptions of Industry 4.0. As it
is well known, having the chance to test virtual models before real-world application helps
to measure the performance, prove the efficiency, identify bottlenecks, study interactions
between different system components, experiment and evaluate alternative scenarios,
etc. [10,11]. It is necessary to incorporate the dynamics of their behavior in these simulation
models to make them realistic and, thus, to be able to test them under critical conditions to
guarantee their safety.

For this reason, in this work, first a mathematical model of the dynamics of a hybrid
tricycle differential AGV has been developed, and then an iterative algorithm to simulate
the movement of this multi-trailer vehicle is implemented. It reflects the dynamics of the
drive unit, the AGV body, and the trailers. To do so, the vertical and lateral loads have been
considered while studying the static AGV and the AGV in motion, as well as the interaction
between the wheels and the ground.

The algorithm has been executed to analyze the influence of the payload, the number of
trailers, and the weight distribution, as well as extreme situations of slipping and capsizing.
The simulation results are reasonable and allow for improving the efficiency of the designed
controls and the safety conditions.

The main contributions of this work can be summarized as follows: Based on the
mathematical model, an algorithm to simulate the dynamics of multi-trailer hybrid tricycle
differential AGVs has been proposed. The algorithm is hardware independent, as it only
receives the traction forces in the wheels as input signals and can be connected to any
motor model and controller. Moreover, it has been designed to have low computational
complexity, which enables the execution in low-cost industrial controllers. This approach
has been used to test complex critical situations in a work environment, such as the risk of
overturning, skidding, etc., considering different factors that can lead to these situations.
This knowledge can be very useful for the operators of these industrial vehicles. Even more,
the use of simulation can provide companies with a significant competitive advantage
in the development, implementation, and execution of their plans and manufacturing
strategies.

The rest of the manuscript is structured as follows: The state of art and related works
are described in Section 2. Section 3 presents a description of the AGV system. In Section 4,
the algorithm that implements the model of the dynamics of the vehicle is explained. It
presents the three main components of the mobile robot and the interactions between its
parts. Vertical and lateral loads and wheel-ground interactions are also considered. The
simulation results of critical situations for the AGV are shown and discussed in Section 5.
The paper ends with conclusions and future research lines.

2. Related Works

Most of the existing work on the modeling of the dynamics of mobile robots is mainly
dedicated to differential robots and vehicles with omnidirectional wheels, given the difficul-
ties presented, in general, by the study of the dynamics of autonomous vehicles [12]. Some
exceptions can be found in the literature. Still, the work on the modeling of the dynamics of
AGVs is scarce. In the following, we compare the proposals presented by other researchers
in comparison to our work in order to highlight the novelty and contributions of this paper.
The main differences are mentioned.
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Some papers address the tricycle configuration of autonomous robots. For instance, the
paper by [13] proposes an approach to modeling a tricycle-type robot using the Euler–Lagrange
equations with the aim of designing a non-linear position control law.

Similarly, Yun et al. use the coordinate transformation method and Lagrange equations
to establish the kinematics and dynamic model of a three-wheeled mobile robot with two
coaxial driving wheels and a driven wheel [14]. Unlike our model, no friction is considered.
The validity of the dynamic model of the mobile robot is verified by the path-following
simulation of a circular trajectory. Trajectory tracking results showed little deviation from
the expected trajectory. No measures of error were given.

In [15], a tricycle collaborative mobile robot (cobot) that can be controlled directly
by the operator is modeled with the Euler–Lagrange method. The tricycle cobot has
motion with three degrees of freedom (DOF), translations on the plane, and rotation. The
motion trajectory is specified based on the given task, but the cobot is moved by a human
operator. A laser tracking system is needed to acquire the posture and velocity of the
cobot continuously. The performance of the control is evaluated by comparing the planned
trajectory and the actual trajectory determined by the simulation model. Straight and circle
motions are considered. Errors are obtained in terms of position and orientation.

Unlike these papers, we applied the Newton–Euler approach to obtain the model equa-
tions. In general, the Newton–Euler approach provides models with lower computational
complexity than Lagrange–Euler. In addition, these works deal with a tricycle configuration
AGV instead of a more complex hybrid differential-tricycle one, as in our case.

Another aspect found in the related literature is that most of the papers on AGV
models only work with the kinematics of the vehicle and they do not include the possibility
of multi-trailer configuration. To mention some, Ref. [16] proposed a mathematical model
based on the kinematics in order to predict the behavior of a 2-DOF AGV with differential
driving wheels and four caster wheels. The authors concentrated on the estimation of the
caster wheels’ orientation based only on kinematic means. They do not consider including
loads or the slipping or skidding of the wheels. Two simulation scenarios were tested, first
was to start turning by a known radius, and the second was to go straight forward after
turning, with good predictions of caster wheel orientations.

Models based on data have also been obtained when this information was available.
In the case of the paper presented by [17], where different control systems were analyzed
for the robust docking maneuvers of an AGV over a predefined route. They used, among
others, model-based control techniques that required the development of models of greater
or lesser complexity. In the dynamic case, the article described the direction and traction
of the AGV; in addition, it modeled the drift phenomena in that direction by means of a
transfer function that required identifying the parameters of the real system. Additionally,
Suárez et al. used experimental results to obtain models of the direction and longitudinal
systems of an autonomous robot [18]. Specifically, the autonomous vehicle is an electrical
car, a Citroën Berlingo, with an Ackerman steering system. The models were obtained from
the experimental results of several tests conducted on a dedicated circuit. The vehicle is
equipped with some instrumentation and control hardware and software. However, in
addition to working with no industrial vehicles, on most of the occasions, real data of the
vehicle to be modeled are not available, as is our case, and this approach cannot be applied.

Some papers address articulated vehicles with trailers because these robots have some
safety issues to be considered. These vehicles exhibit poor maneuverability and low lateral
stability compared to heavy trucks and passenger vehicles due to their multi-unit structures,
large sizes, and high centers of gravity. Rahimi and He studied active vehicle safety systems
for articulated heavy trucks, that is, autonomous cars [19], and more recently, the same
authors presented an autonomous driving control strategy for multi-trailer articulated
heavy vehicles (MAHV) [20]. A non-linear model predictive control (NLMPC) is designed
for direction and speed control of the vehicle. Following these lines, Deng et al. proposed
an active linear quadratic regulator (LQR) multi-axle-steering method for MTAHV, but
they do not work with AGVs [21]. In [22], the authors address the tracking control problem
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of a 16-wheel heavy-duty AGV, whose trajectory is based on magnetic navigation sensors.
The vehicle model is simplified to a two-wheel AGV model. A trajectory tracking fuzzy
control for circular/straight trajectories is simulated with MATLAB/Simulink to verify the
effectiveness of the trajectory control.

A similar approach is presented in [23,24] to improve both, the maneuverability and
stability of articulated heavy vehicles. To tackle this conflicting design problem, a closed-
loop dynamic simulation-based design method of these vehicles with active trailer steering
systems is developed. In order to evaluate vehicle performance under a well-defined testing
maneuver, a driver model is introduced, so the vehicle model follows a prescribed route at a
given speed. In the second paper, the authors change the optimization method to one with a
lower computational cost and a parallel computation technique with a master-slave system.

Different multi-trailer systems (MTS) were described and studied in Govender’s doc-
toral thesis, but within a port terminal environment and thus focused on the transportation
of multiple containers using a single tractor [25]. Similarly, in the paper by Ottjes et al.,
a generic object-oriented simulation model for overland transport of containers is pre-
sented [26]. Three types of transportation vehicles are considered for handling containers:
automated guiding vehicles, automated lifting vehicles, and the multi-trailer system with
manned traction units. The container flow is simulated in the Rotterdam Port.

Veiga et al. proposed the dynamic modeling of an AGV in [27]. Two models of a
towing car system with three linked towed cars are compared. A simplified version of a
complete multi-body model of one system is proposed. The second model was developed in
Modelica and resulted in a more stable in order to estimate the relative trajectories between
the vehicles and the maximum allowed speed when taking a curve without capsizing
or sliding.

Jodejko-Pietruczuk and Werbińska-Wojciechowska address the reliability and mainte-
nance issues of a multi-AGV system developing a Monte Carlo simulation model [28] The
work by Sasamoto et al. overviews the modeling, implementation, and mechanical char-
acterization of a differential-drive mobile robot configuration for which the mathematical
model was obtained [29]. Such a model allows the simulation of the AGV’s motion and can
be used to improve productivity, increase automation, and reduce transportation costs in
industrial facilities. In addition, a prototype of the AGV was built.

An interesting work on AGV modeling is proposed by Smieszek et al., where the
different errors that occur in an AGV whose only way of knowing its position is by means
of odometry are obtained [30]. It focuses on studying the effect of load distribution on the
effective radius of the wheels and, therefore, on the trajectory followed by the AGV. In
addition, it is shown that the variation of the effective radius of the wheel also influences
the knowledge of the actual distance between points on contact of the wheels.

Finally, a recent interesting literature review on AGV control has been published by
Reis et al. As it states, both classical control and artificial intelligence-based techniques were
primarily used in kinematic controllers [31]. The four topics addressed in this paper are: the
control strategies used in the AGV position control problem, how the literature presents the
AGV operating requirement of position accuracy, how the literature validates the proposed
controller and presents their results regarding the system’s position accuracy, and the
technological tendencies the proposed solutions reveal. The implementation of a kinematic
control strategy in a programmable logic controller (PLC) is shown in Molledo [32]. In order
to improve the fine-tuning of the controller, in this work, an IEC61131-based simulation tool
has been developed to evaluate the performance of the controller with different trajectories
in terms of minimum guide error. The tool can run on a computer or on the AGV’s
PLC. Moshayedi et al. present the modeling and simulation of dual-wheeled differential
AGV systems equipped with an array of 16 magnetic sensors accompanying the PID
controller [33]. The main parts of the AGV, i.e., the body, engine and driver, processor, and
sensors, are described. Then, a PID controller is adjusted with different methods, including
evolutionary optimization. It was tested on a real low-scale model of the mobile robot on
several paths with different shapes. Additionally, based on the kinematic model in [34], a
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camera sensor is used to measure the tracking position error and heading angle error of a
tricycle-wheeled mobile robot with three wheels. Based on these errors, a controller that
integrates two control loops, an inner loop and an outer loop, is designed for this AGV. The
outer loop control is based on a fuzzy logic framework, and the inner loop control is based
on two conventional PID controllers.

To summarize, previous works on multi-trailer AGVs are scarce in the literature, and
to the best of our knowledge, there are no other works on the modeling of the dynamics of
these systems using a Newton–Euler approach and the consideration of extreme conditions.
Other differences that may be worth it to remark are the following. The mentioned papers
do not deal with hybrid configurations of AGVs, but rather differential ones (most of them)
or only tricycle ones. They are mainly focused on the kinematics of autonomous vehicles.
Some of them work with very different types of vehicles (cars, tractors, etc.). The models
are oriented toward control or safety issues, and in some cases, they are based on data.
They work with different sensors. Thus, on the one hand, this makes it difficult to compare
the quantitative results with other proposals, and, on the other hand, you can say that the
dynamic model of the multi-trailer hybrid tricycle differential AGV here proposed is novel
and original.

3. Multi-Trailer AGV Description

Depending on how the loads are transported, AGVs can be classified into several
categories, such as: tow AGVs, platform AGVs, and automated forklifts. Automated
forklifts are used to pick and place loads at different heights. Platform AGVs, also called
turtles, transport the loads on top of them. Indeed, the weight of the payload increases the
total weight, and in some cases, this fact is used to ensure the grip and prevent the AGV
from skidding. In this type of vehicle, as the weight of the load is fully supported by the
AGV, very high-performance motors are required, as they are normally used to move loads
below 2 tons. However, specific and ad-hoc AGVs are built to move bigger loads, such as
in the aeronautic or wind energy sectors.

To alleviate the torque demand of the motors, make smaller AGVs feasible, and reduce
the cost of the automated logistic solutions, two AGVs were used. In this type of vehicle,
the load is transported in a cart or trailer, so the payload is towed rather than supported.
The weight of the payload falls on the wheels of the trailer. Usually, the trailers have four
wheels, with two rigid wheels and two swivel wheels. Depending on the application, it
is common to find several trailers, as shown in Figure 1. To study these complex systems,
it is important to have multi-trailer AGV mathematical models available and be able to
simulate them.
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Figure 1. Example of multi-trailer AGV [35]. Figure 1. Example of multi-trailer AGV [35].

Figure 2 shows a schematic representation of a multi-trailer AGV. The AGV is the
rectangle in blue, and the trailers are the rectangles in red. Each trailer has two points
marked; the black circle denotes the point used to locate the position of the trailer and the
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red circle indicates the location of the center of gravity. The position of each trailer is taken
from the center of its rear axle.
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The kinematic model of the two AGVs is normally based on a differential robot or a
tricycle one. In our case, to make the approach more general, we have used a hybrid AGV
that combines both. That is, the traction unit moves similar to a differential robot, whose
center is given by coordinates (x0, y0, θ0) (see Figure 2, blue rectangle), where x0 and y0,
are the x-axis and y-axis coordinates, and θ0 is the orientation in the inertial frame. This unit
is linked to the body of the AGV and rotates around a pivot shaft (green circle, Figure 2).
The center of gravity has been located at the center of the traction unit as this is the standard
approach, thus (x0, y0) matches with

(
xCM0 , yCM0

)
. The traction unit acts as the steering

wheel in a tricycle, and so the body of the AGV moves similar to a tricycle robot.
The position of the AGV is given by (x1, y1, θ1) and the location of its center of mass

in the inertial frame by
(

xCM1 , yCM1

)
. Additionally, it may be observed in Figure 2 that

the position of the i-trailer is represented by (xi+1, yi+1, θi+1), and its center of gravity by(
xCMi+1 , yCMi+1

)
. As the vehicle may have N trailers, the position of the last trailer is given

by (xN+1, yN+1, θN+1).
The system moves as a result of two external forces, FTL and FTR. The controller

of the system adjusts these forces to make the AGV follow the desired path. The control
architecture is shown in Figure 3. Normally, these forces are the result of the torques exerted
by the motors; however, we have used these forces as inputs to the system to obtain a more
general approach.
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In this work, we focus on the development of an algorithm that implements the
multi-trailer AGV model (Figure 3, right side). This way, it can be used with any control
strategy. However, a basic controller has been used to validate the modeling approach in
the simulation.
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4. Multi-Trailer AGV Modelling Iterative Algorithm

The modeling algorithm can be run in open-loop or in closed-loop with a controller. In
an open-loop scheme, the model of the multi-trailer AGV shows the evolution of the state
of the AGV and the trailers, [x0...N+1 (ti), y0...N+1 (ti), θ0...N+1(ti)] in ti ∈ {t1, t2, . . . , Tsim},
given a set of initial states [x0...N+1 (t0), y0...N+1 (t0), θ0...N+1(t0)] and the application of
the external forces [FTL (ti), FTr (ti)] in ti ∈ {t1, t2, . . . , Tsim}.

In the closed-loop scheme, the objective of the multi-trailer AGV modeling iterative algorithm
is to calculate the new state of the AGV and the trailers [x0...N+1 (ti), y0...N+1 (ti), θ0...N+1(ti)]
given the past state of the AGV and trailers, [x0...N+1 (ti−1), y0...N+1 (ti−1), θ0...N+1(ti−1)], and
the application of a pair of external forces, [FTL (ti), FTr (ti)], obtained by the controller. The
controller receives this new state and calculates the new forces, [FTL (ti+1), FTr (ti+1)]. This
process is iteratively performed during the simulation time ti ∈ {t1, t2, . . . , Tsim}.

Before presenting the modeling algorithm, some of the steps are detailed below.
Initialization of the algorithm:

• The mass of the AGV and the trailers is known and is given by mAGVi for i ∈ 1 . . . N + 1.
• The inertia of the traction unit is known and is given by IDU . The inertia of the AGV

body and the trailers are known and are given by IAGVi for i ∈ 1 . . . N + 1.
• The position and orientation of the AGV and the trailers in the inertial frame are

known and are given by (x0...N+1, y0...N+1, θ0...N+1).

Before presenting the modelling algorithm, some of the steps are detailed below.

• The velocity of the AGV and the trailers in the inertial frame are known and given by( .
x0...N+1,

.
y0...N+1,

.
θ0...N+1

)
.

• The center of mass of the AGV and the trailers in the inertial frame are known and
given by

(
xCM0...N+1 , yCM0...N+1

)
.

Stop conditions:

• The AGV or any of the trailer’s skid, i.e., ski 6= 0 i ∈ 1 . . . N + 1.
• The AGV or any of the trailer’s capsizes, i.e., capi 6= 0 i ∈ 1 . . . N + 1.
• The simulation ending time Tsim is reached.

Simulation process:
The algorithm performs the following calculations at each simulation step:

1. Calculation of the traction force and acceleration of the assembly from the total mass
and the torques applied to the wheels. The AGV or any of the trailer’s capsizes, i.e.,
capi 6= 0 i ∈ 1 . . . N + 1.

2. Calculation of the turning radius of the AGV.
3. Calculation of the centrifugal force in the AGV.
4. Calculation of the lateral forces on the wheels considering interactions between components.
5. Calculation of the vertical loads on the wheels, considering the interactions between

different components. For example, the body of the AGV unloads much of its weight
on the traction unit and, in turn, the trailers can unload some of their weight on the
previous component.

6. Calculation of the slip from the vertical and lateral loads on each wheel.
7. Correction of the direction of application of the tractive force based on the calculated slip.
8. Verification that none of the components is in a capsizing or skidding situation.
9. For each trailer of the system:

a. Calculation of the direction of the tractive force that is the direction of the
displacement of the previous component (trailer or AGV).

b. Calculation of the vertical and lateral forces, and the slip.
c. Correction of the direction of application of the tractive force based on the

calculated slip for the wheels of the specific component.
d. Calculation of the acceleration of the CM as a function of the tractive force and

the mass of the whole assembly.
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e. Integration of acceleration to obtain velocity.
f. Integration of the velocity to obtain the position of the CM.

This process is formalized by Algorithm 1, showing how some of the equations of the
mathematical model are implemented.
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Therefore, the first step is the calculation of the position of the center of mass of each 
trailer and the AGV body. The algorithm then calculates the global acceleration of the 
AGV and the angular acceleration of the drive unit. Then, a similar calculation is carried 
out for the AGV body, which is referred to in the algorithm as AGV1. That is, calculations 
for the trailers are performed in a loop in the same way as for the AGV body. In the case 
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Therefore, the first step is the calculation of the position of the center of mass of each
trailer and the AGV body. The algorithm then calculates the global acceleration of the AGV
and the angular acceleration of the drive unit. Then, a similar calculation is carried out
for the AGV body, which is referred to in the algorithm as AGV1. That is, calculations for
the trailers are performed in a loop in the same way as for the AGV body. In the case of
working with a stationary load, the CM position can be obtained outside the simulation
since it will remain constant. This is based on the overlapping principle, which is applicable
since all the simulated components are linear.

The equations of Algorithm 1 are software-independent, and could be implemented in
any programming language, as no specific library is required. Additionally, the equations
involved only use simple arithmetic operations, such as additions, multiplications, divi-
sions, and standard trigonometric functions; so, they have low computational complexity.
A typical control time for AGV applications is 10 ms. Therefore, these equations can be run
on low-cost hardware devices and standard PLCs.

To facilitate the implementation, the inputs and outputs of the algorithm, as well as
the variables involved with the corresponding units, are summarized in Table 1.

Table 1. Inputs and outputs of the algorithm.

Input Output

Name Description Name Description

mi
AGV (traction unit, body or,

trailer) mass in kg. M0
Turning torque applied to the

drive unit in Nm.

CMi
AGV (body or trailer) center of
mass coordinates (x, y, z) in m. x0, y0, x1, y1, xi, yi

Drive unit, AGV, and trailer
position respect to the fixed

reference frame in m.

FTR, FTL
Right and left longitudinal

traction forces in N β
Angle between drive unit and

AGV body in rad.

X0, Y0, X1, Y1, Xi, Yi

Drive unit, AGV or trailer x and y
coordinates referred to their own

reference frame in m.
θi

Angle between the
component i body and fixed

reference frame in rad.

g Gravity (m/s2) syF,i, syR,i

Lateral slip in the front (f) and
rear (r) axles in the

i-component.

kv Lateral slip coefficient. FC Centrifugal force in N.

I0, I0, Ii
Drive unit, AGV and trailer

inertia in kgm3 FzF,i, FzR,i

Lateral force in the front (f)
and rear (r) axles in the

i-component in N.

FyF,i, FyR,i

Lateral force in the front (f) and
rear I axles in the i-component in

N.
Ri

Turning radius of the
i-component in m.

As with any physical system, this model is subject to uncertainties and disturbances.
Thus, to design effective control strategies, it is important to consider them. The most rele-
vant ones have been summarized in Table 2. We have classified them, considering whether
the uncertainty comes from the AGV, the application, or the environment. Furthermore, we
have recommended a way to include this uncertainty source in the model.

The mathematical equations of the model that are implemented in the algorithm
are further explained in the following sections. Section 4.1 proposes different control
implementation approaches. The dynamic model of each of the components of the AGV
will be developed, that is, the drive unit (Section 4.2), the body (Section 4.3), and the
trailer (Section 4.4). Finally, to complete the dynamics equations of the AGV, the loads
on the wheels (Sections 4.5 and 4.6) and the wheel-ground interaction (Section 4.7) will
be calculated.
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Table 2. Uncertainty sources in the model.

Uncertainty Source Source Type Description Modelling Recommendation

Payload of the AGV Application
In some applications, the
payload is variable and

unknown.

Can be modeled as a train of
pulses with variable

amplitude.

Payload of each trailer Application
In some applications, the
payload is variable and

unknown.

Can be modeled as a train of
pulses with variable

amplitude.

Ground friction Environment
The friction normally is

unknown, and it varies with
the location and time.

Can be modeled as a function
of the location f(x,y). This
function can be smooth or

with discontinuities.

Noise in the guiding sensor AGV/environment

The guiding sensor is affected
by electrical noise. It is mainly

caused by the effect of the
motors and defects in the

guiding tapes or landmarks.

Can be modeled as white
Gaussian noise or other noise

types.

Noise in the speed sensor AGV

The speed sensors are affected
by electrical noise. It is mainly

caused by the effect of the
motors.

Can be modeled as white
Gaussian noise or other noise

types.

Friction in the axles AGV/environment

Dry and viscous friction are
applied in the axles. The

friction coefficients can be
initially known; however, they

can change during the
working operation as an effect

of degradation. In addition,
some object could suddenly

block the wheels producing a
jump in the friction.

These coefficients can be
modeled as ramps with very

small negative slopes. In
addition, a step can be used to

simulate that wheels are
partially blocked with some

object.

Radius of the wheels AGV/environment
The wheels degrade with the
time and the radius decreases

during the lifespan.

Can be modeled as a ramp
with a very small negative

slope. Each wheel degrades at
a different speed.

4.1. Control Implementation Example

The proposed algorithm is hardware independent, as it receives the input force signals
from a generic controller. The implementation of this controller can be based on any control
technique. However, to evaluate the proposed model of the AGV, we used a control strategy
based on two PIDs with saturated outputs. The first PID is used to obtain the traction effort
FT that is necessary to achieve the target speed. The second PID applies a delta ∆FT to the
calculated traction force, based on the guiding error errgui, in order to generate a rotating
torque at the center of the traction unit. The guiding error is obtained by a guiding sensor
and can be simulated as detailed in [36].

The implementation of the application of this controller to the AGV is detailed in
Algorithm 2. The last two lines correspond to the saturation of the control action.

Figure 4 shows a control scheme for the implementation of Algorithm 2. It is possible
to observe that the multi-trailer AGV receives the references for the traction forces of the
left and right wheels, FTL and FTR. The guiding sensor calculates the guiding error, errgui,
considering the location of the AGV and the path. This signal is used by the trajectory PID
control to generate the reference ∆FT . On the other hand, the speed of the AGV, vd feeds
the speed PID controller which obtains the signal FT . Both signals, FT and ∆FT are used to
calculate the references for the wheels, FTL and FTR.
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Algorithm 2. Simple PID controller to test the modelling approach.

FTR, FTL ← Controller
( .

X0, vd, x0, y0, θ0, path
)

errv ←
.

X0 − vd
errgui ← sensor(x0, y0, θ0, path)
FT ← KP,v·errv + KD,v·

.
errv + KI,v·

∫
errv

∆FT ← KP·errgui + KD·errgui + KI ·
∫

errgui
FTR ← max

(
min(FT + ∆FT , FT,max), FT,min

)
FTL ← max

(
min(FT − ∆FT , FT,max), FT,min

)
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In Figure 5, the speed PID controller is substituted by a fuzzy logic controller (FLC). It
receives the speed error and its derivative as inputs and obtains the signal FT as output.
The rest of the scheme is the same as in Figure 4. The speed control must face uncertainties
and disturbances, such as changing payloads, unknown frictions, etc.; hence, it may be
interesting to use a fuzzy control to tackle these issues.
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4.2. Drive Unit Dynamics Model

From a modeling point of view, the drive unit is affected by the load distribution
in terms of normal forces, which affect each of the wheels. The traction unit generates
a traction force that is applied to a fixed point of the AGV body, called the pivot shaft
point (CT), which matches the center of mass of the traction unit (CM). This is a common
assumption, as the traction units of these hybrid AGVs are normally symmetric. Anyway,
it would be possible to adapt the equations to locate the CM at any other point.

Figure 6 shows the forces applied to the traction unit. As it can be seen, the forces
applied to the wheels cause a movement of the traction unit in the x-direction of the
coordinate system and a rotation around the CT.
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Applying the Newton–Euler method, the following equations are obtained for this
component of the AGV.mAGV 0 0

0 mAGV 0
0 0 IUT

 ..
q =

(FTR + FTL) + mAGV ∗ aAGV ∗ cos(β)
FcUT + mAGV ∗ aAGV ∗ sin(β)

FTL−FTR
BUT

 (1)

q =

xUT
yUT

β

 (2)

where parameters are defined in Abbreviations section at the end of the article.
It is appropriate to note that xUT and yUT are denoted in Figure 1 and in Algorithm 1

as x0 and y0, Assuming the non-slip situation, the traction unit is forced not to move in the
y-axis direction, therefore:

..
yUT = 0 → FcUT = −FyUT (3)

In addition, the traction unit cannot be separated from the body of the AGV, so the
relative speed between them is zero, as shown in the following:

..
xUT = 0→ FxUT = −(FTR + FTL)−mAGV ∗ aAGV ∗ cos(β) (4)

The centrifugal force is expressed by the following equation:

FC =
mAGVV2

Rturn
(5)
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The radius of the curve can be calculated as:

Rturn = LE ∗ ctan(β) (6)

where LE is the distance between the center of the rear axle and the center of the trac-
tion unit.

4.3. Model of the AGV Body Dynamics

To model the AGV as a tricycle, we consider that the traction unit acts with a force
Ft over the body of the AGV. To define the equations of the AGV body dynamics, four
significant points can be differentiated (Figure 7).
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1. The drive unit center, CT.
2. The center of the AGV, called the CAGV, is located in the middle of the axle that

connects the rear wheels.
3. The center of mass, CM, influences the moment of inertia of the AGV.
4. The instantaneous center of rotation, CIR, is the point about which the AGV rotates as

a whole.

Then, by applying the Newton–Euler method on the CM of the AGV, the following
equations are obtained:mAGV 0 0

0 mAGV 0
0 0 IAGV1

 ..
q =

 Ft∗ cos(β)
FcAGV + Fy − Ft∗ sin(β)

Ft cos(β)yCM + Ft sin(β) ∗ (xCM − xCT)

 (7)

q =

xCMAGV
yCMAGV

θ1

 (8)

It is appropriate to note that xCMAGV and yCMAGV are denoted in Figure 1 and in
Algorithm 1 as xCM1 and yCM1 , Again, due to the non-slip hypothesis, the body of the AGV
is forced not to move in the direction of the y-axis, hence we can express it as:

..
yAGV1 = 0 → FcAGV + Fy = Ft∗ sin(β) (9)
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4.4. Trailer Dynamics

To simulate the trailer, it can be considered similar to a tricycle-type AGV, whose
“traction unit” would apply a traction force at the center of the trailer (CR). Following
this approach, the Euler–Newton method has been applied to this subsystem, and all
forces acting on the trailer have been identified. A two-wheeled trailer has been chosen
as representative of those most used in industrial robotics. Although the trailer has four
wheels, only the two rigid wheels are shown in Figure 8, as the other two swivel wheels
at the front of the trailer rotate freely, and hence, they do not introduce any additional
kinematic constraints. For the purposes of this work, it is assumed that these swivel wheels
do not affect the AGV dynamics, and thus no additional torque is required to align these
wheels during direction changes.
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Figure 8 shows, schematically, the AGV and trailer assembly. In this case, a fourth
reference system must be added to the trailer [x_R, y_R] (Figure 8). The relationship
between these coordinate systems is represented in Figure 9.
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The forces (green lines) applied to the trailer are represented in Figure 10.



Mathematics 2022, 10, 4783 15 of 31

Mathematics 2022, 10, x FOR PEER REVIEW 18 of 41 
 

 

 

The forces (green lines) applied to the trailer are represented in Figure 10. 

y

x

γ 

y_R

x_R

γ 

Ft_R

CT

CM
Fc_R

L_AGV-R

xCM_R

yCM_R

 
Figure 10. Forces acting on the trailer. 

The application of the balance of forces in CM and the balance of torques in CR can 
be expressed as Equation (10)–(12). 𝐹 ∗ (𝐿 − 𝑥 ) = 𝐼 𝛾 (10)𝐹 cos(𝛾) = 𝑚 𝑥  (11)𝐹 sin(𝛾) + 𝐹 = 𝑚 𝑦  (12)

Putting them in matrix form and generalizing, 𝑚 0 00 𝑚 00 0 𝐼 𝑞 = 𝐹 cos(𝛾)𝐹 sin(𝛾) + 𝐹 + 𝐹𝐹 ∗ (𝐿 − 𝑥 )  (13)

𝑞 = 𝑥𝑦 𝛾  (14)

The addition of the trailer affects the vertical load distribution of the AGV as the 
weight of the trailer is distributed between the body of the AGV (towing center) and the 
trailer wheels. Therefore, the total center of mass of the system changes its position when 
adding the trailer. 

Applying the no-slip hypothesis, the trailer is forced not to move in the direction of 
the y-axis, that is: 𝑦 = 0 → 𝐹 + 𝐹 = −𝐹 ∗ sin (𝛾) (15)

In addition, the centrifugal force of the AGV is assumed to be fully compensated by 
the AGV wheels without affecting the trailer. 

4.5. Vertical Loads on Wheels 
The relevance of knowing the loads supported by the wheels appears when including 

the interaction between the wheels and the ground in the dynamic model, since most of 
the existing models in the literature (magic formula, etc.) use both loads to calculate the 

Figure 10. Forces acting on the trailer.

The application of the balance of forces in CM and the balance of torques in CR can be
expressed as Equation (10)–(12).

FcR ∗ (LAGV−R − xCM) = IR
..
γ (10)

Ft cos(γ) = mR
..
xCMR (11)

FtR sin(γ) + FcR = mR
..
yCMR

(12)

Putting them in matrix form and generalizing,mR 0 0
0 mR 0
0 0 IR

 ..
q =

 Ft cos(γ)
FtR sin(γ) + Fy + FcR

FcR ∗
(

LAGV−R − xCMR

)
 (13)

q =

xCMR
yCMR

γ

 (14)

The addition of the trailer affects the vertical load distribution of the AGV as the
weight of the trailer is distributed between the body of the AGV (towing center) and the
trailer wheels. Therefore, the total center of mass of the system changes its position when
adding the trailer.

Applying the no-slip hypothesis, the trailer is forced not to move in the direction of
the y-axis, that is:

..
yCMR

= 0 → FcR + Fy = −FtR∗ sin(γ) (15)

In addition, the centrifugal force of the AGV is assumed to be fully compensated by
the AGV wheels without affecting the trailer.

4.5. Vertical Loads on Wheels

The relevance of knowing the loads supported by the wheels appears when including
the interaction between the wheels and the ground in the dynamic model, since most of the
existing models in the literature (magic formula, etc.) use both loads to calculate the wheel
slip on a running surface. To calculate the load on each wheel, it is necessary to apply a
balance of forces and moments in each of the three planes, despite the fact that the AGV
only moves in the XY plane. For convenience, two cases will be distinguished to calculate
the vertical loads:
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1. Static AGV: No tensile forces or momentums. The AGV and its load are resting on the
surface. The only forces that are exerted by the weight of the loads are the AGV and
trailers. The objective of this section is to calculate for each trailer the position of its
center of mass.

2. AGV in motion: There are pulling momentum and forces as the AGV is moving. In
addition, centrifugal force can also appear when turning. However, the weight is not
considered in this case as it is taken into account in the static case.

Since we are dealing with a linear system, we can apply the superposition principle
and decouple the static forces from the dynamic ones. This allows simulation calculations
to be simplified and memory and processor time to be saved.

4.5.1. Static AGV

In this case, we consider an AGV transporting several packages whose masses and
centers of mass are known. The mass and the position of the center of mass of the AGV are
also known. Figure 11 represents a possible schema for this scenario. The same approach is
valid and can be applied for each trailer.
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Applying the balance of forces and moments around the CM of the AGV, the equations
to calculate the displacement of the center of mass are obtained, (16)–(18).

dx =
1

mAGV + ∑n
i=1 mi

∑n
i=1 mixi (16)

dy =
1

mAGV + ∑n
i=1 mi

∑n
i=1 miyi (17)

dz =
1

mAGV + ∑n
i=1 mi

∑n
i=1 mixz (18)

In Figure 12, the view from above the AGV with the position of the center of mass is
represented. Since we are considering the static case and there are no forces in the x and y
axes, it is not necessary to render views that include the height. In this case, everything has
been arbitrarily referenced to the geometric center of the AGV.
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Applying the balance of forces and moments with respect to the geometric center; the
resulting equations are:

∑ Fz = mt−AGV ∗ g (19)

(FzB − FzF)
xeje

2
= mt−AGV ∗ g ∗ xCM (20)

(FzL − FzR)
yeje

2
= mt−AGV ∗ g ∗ yCM (21)

FzL = FzFL + FzBL (22)

FzF = FzFL + FzFR (23)

FzR = FzFR + FzBR (24)

FzB = FzBL + FzBR (25)

FZ = FzB + FzF (26)

FZ = FzL + FzR (27)

where mt−AGV is the mass of the AGV plus the loads carried on it. When referring to a
trailer mt−AGV must be replaced by the mass of the trailer and its payload. The terms Fzij
for i = {F, B} and j = {L, R} are the normal forces on the wheels. The subindex i indicates
the axle, front “F” or back “B”, and the subindex j means the side, left “L” or right “R”.

Equations (22)–(25) have been derived from the existing geometry of the wheel distri-
bution in the AGV. This makes it possible to integrate the action of the normal forces on
each wheel into a single force that is applied to the axle (front FzF or back FzB) or to the
left FzL or right FzR side. The presented solution can be understood as the decomposition
of three problems: the balance of momentums in the y-axis direction (20), the balance of
momentums in the x-axis direction (21), and the balance of forces (19). From (19), (20), and
(26) FzB and FzF are obtained. In addition, from (19), (21), and (27) FzL and FzR are obtained.
Then, these values can be used to calculate the four forces in (22)–(25).

The loads on the wheels remain constant during the movement of the AGV as long
as the position of the CM does not change. This condition is met for the purposes of this
work. By the superposition theorem, these loads can be calculated at the beginning of the
simulation, and later the dynamic effects are added to them.

4.5.2. AGV in Motion

When the AGV moves, acceleration and braking forces come into play, as well as
centrifugal forces, which modify the load distribution calculated in the previous section.
Following the principle of superposition, these forces can be obtained separately and then
their effect added to those of the static case.
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Centrifugal force is always applied to the center of mass. Acceleration and braking
forces, called traction forces, are applied to the center of traction (CT). This point also
coincides with the point on which the traction unit pivots. These forces are considered
to be the only external forces applied. Figure 13 represents both points of application of
the forces.
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Figure 13. Center of mass and center of traction. Straight movement.

The CT should be located on the x-axis of symmetry of the AGV, otherwise undesired
rotational momentum would be generated when applying the pulling force. This considera-
tion allows for a simplification of the calculations, as it will be shown below. It is important
to note that Ft does not always act in the direction of the AGV x-axis, for instance, when
the movement does not follow a straight line. Figure 14 shows this case.
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Figure 14. Center of mass and center of traction. Curve movement.

As it can be seen in Figure 14, the wheels of the traction unit are no longer perfectly
aligned, as in the previous case. This result is especially relevant when the load is dis-
tributed between the four wheels. However, in our case, the drive unit is independent, and
the body of the AGV can be modeled as a tricycle. Therefore, the load supported by the
front axle is equally distributed between the wheels of the traction unit. This allows the
calculations to be greatly simplified.

Figures 15 and 16 represent the action of the tensile and centrifugal forces in the XZ
and YZ planes, respectively. It is noteworthy to remember that the action of the weight is
not represented as it has been considered in the static case.
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Applying balance of forces and moments with respect to the geometric center of the
AGV, the following equations are obtained (28)–(31).

FzB = −FzF (28)

Ft cos(β)zCT = FzF
xeje

2
(29)

FzL = −FzR (30)

FzL
yeje

2
= FczCM (31)

where FzL, FzR, FzB, and FzF are defined in the same way as for the static case.

4.6. Lateral Loads on Wheels

When the AGV turns, generated forces tend to make the AGV leave the curve. They
must be compensated by the friction between the wheels and the ground so that the AGV
turns in a controlled way and follows the desired trajectory.

The main forces to be considered in these cases are the traction force and the centrifugal
force. We consider the former applied to the center of traction (CT), while the centrifugal
force is applied to the center of mass (CM) of the AGV.

Figure 17 shows both the aforementioned forces and their points of application to the
AGV. This section will not go into detail about the calculation of the centrifugal force. It is
assumed that the drive unit acts as a single wheel, so that no distinction is made between
right and left when calculating the forces applied to the front wheels. Furthermore, it is
assumed that the AGV is taking the curve at a constant speed without linear acceleration.
The reason for this is to isolate the reactions in the AGV y-axis, which do not contribute
to the longitudinal movement of the AGV, from the tractive force, which does contribute.
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Therefore, the tractive force does not have to be compensated by the wheels as it generates
a net momentum of rotation.

Mathematics 2022, 10, x FOR PEER REVIEW 25 of 41 
 

 

CT

y

x

CM

CAGV

Fc

β 

Fyti

Fytd

Fyf

 
Figure 17. Model of the lateral loads on the wheels. 

  

Figure 17. Model of the lateral loads on the wheels.

Another consideration is that the centrifugal force is applied in the direction of the line
that joins the CM with the CIR. This implies that it suffers a deviation from the AGV y-axis
that varies as a function of the CM x-coordinate. This variation is represented in Figure 18
by the angle α.
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Applying the balance of forces in the AGV x and y directions, and momentum around
the geometric center of the AGV, the following equations are obtained (32)–(35):

FyB + FyF cos(β) + FC cos(α) = 0 (32)

FyF sin(β) + FC sin(α) = 0 (33)

FC sin(α) ∗ yCM + Fc cos(α) ∗ xCM + Fyt ∗ xCAGV + Fy f cos(β) ∗ xCT = 0 (34)

FyB = FyBL + FyBR (35)
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4.7. Wheel-Ground Interaction Modelling

Once the lateral and vertical forces are obtained, the dynamic model of the AGV must
include the wheel-ground interaction to address critical operating conditions. When the
AGV is turning, in addition to the traction force, lateral forces are produced. Thus far, it has
been assumed that the wheels are capable of compensating for these lateral forces as long
as the critical skid conditions are not reached without undergoing any deformation. This
hypothesis is an approximation and is not fulfilled under the operating limit conditions.

Wheels suffer deformations that lead to longitudinal and lateral slipping. These
displacements depend on the supported vertical load and the lateral stress applied to
the wheel. To take this into account, in this work the magic formula is simplified [37],
considering only the linear part and then saturating the maximum slip. This implies that
the relationship between slip and lateral load supported is given by (36).

sx = K
(

1
Fz

)
∗ Fx = k1 ∗

Fx

Fz
(36)

Therefore, not all the torque transmitted by the wheel motors is used to move the AGV.
Part of it is lost in the wheel sliding with respect to the ground.

A similar result can be drawn for the lateral force (37).

sy = K
(

1
Fz

)
∗ Fy = k2 ∗

Fy

Fz
(37)

It can be seen that the wheel slip increases as the lateral load increases and the vertical
load decreases. The slip (either longitudinal, sx, or lateral sy) can be defined as the ratio of
the actual displacement (either longitudinal, ∆x, or lateral ∆y) to the displacement if the
rolling was perfect, ∆x0. These ratios are formalized by:

sx =
∆x
∆x0

, sy =
∆y
∆x0

(38)

The wheels undergo a total slip, which is the sum of the slides on the x (longitudinal)
and y (lateral) axes, that is, considering the vertical and lateral loads explained in the previ-
ous subsections. The slip of each AGV wheel must be of the same magnitude, otherwise,
the AGV would deform.

Automotive data have been used to estimate the constants k1 and k2 [38] of Equations
(35) and (36). The values obtained are k1 = 0.006 and k2 = 0.075.

A parameter that could also be considered is the drift angle. It is defined as the angle
between the path defined by the AGV and the path it would define in the event that the
lateral slides were zero.

δ = atan
(

∆y
1− ∆x

)
≈ ∆y

1− ∆x
(39)

The slide explained in this section must not be mixed up with the slipping of the AGV
that must be avoided. Slipping limits are studied in Section 4.3.

5. Model Simulation Results

The algorithm that models the AGV was implemented in Matlab 2016b and was
simulated using a discrete step integration in a computer with a processor intel Core i7
with 16 GB of RAM and Windows 10. In the following sub-sections, simulations of the
model under different scenarios are presented and discussed.

To study the movement of the AGV, a circular trajectory, a square, and a s-shaped curve
were used. Figure 19 (left) shows the test circular trajectory. The path has a circumference
centered at (0, 10) and a radius of 10 m. Straight trajectories have been tested during
development but are not included here. The AGV system parameters used during the
simulations are summarized in Table 3.
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Figure 19. Test trajectory (left) and x-axis motion of the AGV without trailers (right).

Table 3. AGV system parameters.

Name Value

mi 50 kg

CMi (0, 0, 0.18) m

CT (0.2, 0, 0.4) m

BUT 52 cm

LUT 40 cm

B 110 cm

L 40 cm

5.1. AGV with Trailers and without Trailers

First, the movement of the AGV is tested without trailers. Figure 19 (right) shows the
evolution over time of the x-axis coordinate of the position of the AGV during two laps of
the circuit. The initial position and attitude angle are (x0, y0, θ0 ) = (0, 0, 0). As expected,
this line has a sinusoidal shape.

Now, the model of the system with nine trailers linked to the AGV is studied. Figure 20
(left) shows the trajectory followed by the AGV and the trailers. The number indicates the
order of the trailer, where 1 is the AGV, and 2 is the first trailer, and so on.
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When adding trailers to the AGV, it is possible to observe how the trajectories separate
from the target as the distance to the tractor unit increases. Thus, the last trailer has the
biggest error when following the desired trajectory. In order to better appreciate this, a
zoomed-in version of the left part of the trajectory of the last three trailers is shown in
Figure 20 (right). The left edge of the trajectory should be−10 in the x-axis, but it is between
−7.2 and 6 for these trailers. The distance to −10 grows with the number of trailers.

Figure 21 shows the x-coordinate of the position of the AGV and the trailers during
the first two laps. The legend is the same as in Figure 20. This figure allows us to better see
the differences among trailers. First, it is noticeable how the trailers describe a more open
turn than the AGV unit. In addition, the x-axis component of the trajectory of all trailers
describes a sinusoidal signal with similar amplitude and frequency. However, they present
an offset and delay that grow with an increasing distance from the trailer to the AGV. This
results in a larger error with respect to the reference path.
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Figure 21. Position of the AGV and the trailers in the x-coordinate for the circumference trajectory.

Figure 22 shows the trajectory described by the AGV and the trailers when the AGV
follows a square (left) and an s-shaped curve (right). The number indicates the order of
the trailer, where 1 is the AGV, 2 is the first trailer, and so on. In the case of the square, the
initial position and attitude angle are (x0, y0, θ0) = (0, 0, 0). In turn, the initial position
and attitude angle for the s-shaped curve are (x0, y0, θ0) = (0, 0, π/2). As expected, it is
possible to observe how the error grows as the trailer moves farther away.
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5.2. Sped Tracking

In this experiment, the speed reference is a sinusoidal signal with a 0.5 m/s amplitude
and an average value of 0.5 m/s, and the trajectory is the s-shaped curve. The double
PID and the PID-FLC controller (Figures 4 and 5) have been tested. Figure 23 shows in
blue the target speed, in red the speed obtained when the PID speed controller is used,
and in yellow the FLC. Both controllers provide similar responses, although the FLC is a
little faster.
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Figure 23. Comparison of speed tracking provided by a PLC and a FLC controller.

Figure 24 shows the tracking of the s-shaped trajectory for both controllers. As
expected, as the speed controllers work well, the tracking of the trajectory is not affected.
Thus, it is noticeable how both controllers provide a good tracking performance.
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Figure 24. Comparison of the tracking of the s-shaped curve for both controllers.

5.3. Including Disturbances in the Model

Table 2 summarizes the main uncertainties and disturbances that can appear in the
AGV model. In this experiment, we have studied what happens when there is a disturbance
in the lateral friction. Results are shown in Figure 25. The x and y coordinates of the AGV
and the trailer are shown on the left figure. The figure on the right shows the time evolution
of the signals.
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Figure 25. Trajectory followed by the AGV and the trailer with an abrupt change in the lateral friction.

It is possible to observe how the lateral friction suffers a marked decrement around
t = 15 s. Before this time, the AGV correctly followed the circular trajectory. However, when
the lateral friction decreases, the AGV skids, hence producing a tracking error.

5.4. Influence of the Number of Trailers on the Controller Performance

In order to study the influence of the number of trailers on the controller’s performance,
different simulations have been carried out, changing the number of trailers. For each
simulation, the mean squared error (MSE) of the guiding error (40) and the control effort
(41) have been evaluated. It is important to reduce both metrics. Maintaining a low guiding
error is key to ensuring correct positioning of the AGV and trailers in the work stations,
to pick up and leave the parts, as well as to ensure a correct charging operation. On the
other hand, the reduction in the control effort is necessary for avoiding degradation in its
mechanical components and extending its life.

These metrics have been calculated using Equations (40) and (41).

MSE =
1

Tsim
∑ errgui(ti) (40)

CE =
1

Tsim
∑ FL(ti)

2 + FR(ti)
2 (41)

Figure 26 shows the growth of the MSE of the guiding error with the number of trailers.
This guiding error is the error experienced after the traction unit of the AGV follows the
pre-defined trajectory. This must not be mixed up with the error of each trailer commented
in the previous sub-section. It is possible to see how the use of only one trailer hardly
affects the error (the MSE value for zero trailers and one trailer is similar). However, when
there is more than one trailer, the error grows, but not in a regular way. The differential
increment is bigger at the beginning (from number 2 on), and it gets smaller and smaller
up to a constant value (from 10 trailers on). It should be noted that this number cannot
be increased indefinably, there exists a maximum number of trailers that depends on the
maximum torque, the total payload, and the friction coefficient.
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Figure 26. Influence of the number of trailers in the guiding error.

The effect of the number of trailers in the control effort is represented in Figure 27. In
this case, it increases monotonically with the number of trailers. Curiously, as in Figure 26,
the first trailer does not seem to affect the metric.
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Figure 27. Influence of the number of trailers in the control effort.

5.5. Slipping Limit

Lateral slipping occurs when the frictional force is not enough to compensate the
centrifugal force (42).

mt
V2

d
R

> µ·g·mt (42)

where R is the radius of the plotted curve and µ is the friction coefficient. Based on this
equation, it is easy to find a limit speed to avoid lateral slipping (43).

Vd <
√

gRµ (43)

In Figure 28, the variation of the limit speed with the curve radius for different
friction coefficients is represented. Considering these results, it can be concluded that for
these friction coefficients the model of AGV used in this study would never skid since its
maximum speed is 1 m s and its minimum turning radius is 1 m.
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Figure 28. Lateral slipping limit speed.

By manipulating Equation (43), it is also possible to obtain the critical friction coeffi-
cient, that is, the minimum friction coefficient to guarantee there is no lateral slipping (44).
If we consider Rmin = 1 m and Vmax = 1 m/s, thus:

µcrit =
V2

max
gRmin

≈ 1
g
≈ 0.1 (44)

It is important to emphasize that these equations assume that the load is symmetrically
distributed between all axes of the AGV, and thus the center of gravity is centered. The
effect of a different load distribution is analyzed in the next sub-section.

In addition, despite how unlikely the slipping of the whole AGV is, the slippage of
the load is a different situation. If the load is big and not properly secured on the AGV, it
could shift or even come off when turning. To avoid this dangerous situation, the same
critical coefficient of friction (44) must be applied to load-load surface contact.

5.6. Capsizing Limit

In order to study the capsizing conditions, it is interesting to show the forces from a
frontal view of the AGV (Figure 29).
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Figure 29. Application of centrifugal force. Frontal view.

The application of the balance of the torques on the center of gravity results in (45),

Fz2b2 − Fz1(B− b2) = (Fr1 + Fr2)h (45)

Considering that Fz1 + Fz2 = mg and Fr1 + Fr2 = Fc, it is possible to obtain the value
of Fz1,

Fz1 =
mtgb2

B
− mtVd

2h
R·B (46)
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Rollover occurs when the value of Fz1 becomes negative. Thus, by rewriting expres-
sion (46) it is possible to obtain the condition to avoid rollover (47).

Vv <

√
gRb2

h
(47)

In Figure 30, the evolution of the limit speed with respect to the radius of the curve
is represented. To obtain this figure, it has been assumed that the center of gravity is at
h = 50 cm and b2 = 62 cm, which corresponds to possible real values. Other assumptions
would be possible for different curves.
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Figure 30. Capsizing speed limit for h = 50 cm and b2 = 62 cm.

If we consider that the turning radius of the AGV used in this work is 1 m and the
maximum speed is 1 m/s, we can conclude that the AGV would not capsize under this
center of mass distribution. We can define a parameter with the ratio between the lateral
and height displacements of the center of gravity, C = b2/h. This way, the parameter
represents the relative position of the center of mass.

Based on (47), the critical value of the C parameter is obtained, that is, the minimum
value of C that allows the AGV to avoid capsizing. With the AGV data we are working
with, the critical value of C is (48).

Ccrit =
V2

max
gRmin

=
1
g
≈ 0.1 (48)

Figure 31 shows the critical values of h and b2 for which the AGV would tip over
under extreme conditions (R = 1 m, V = 1 m/s).
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These results help us identify what load distribution causes the AGV to overturn. For
the AGV considered in this study, these circumstances occur when the load makes the center
of gravity highly foreshortened to one side or at a very large height. Therefore, to maximize
stability, one should try to bring the center of mass to a lower and centered position.

6. Conclusions and Future Works

Two AGVs were used in the intra-logistic industrial processes to carry out all types of
loads. Unlike the turtle AGVs, they do not have to support the weight of the payload, which
in this case is carried by trailers or carts. This fact allows it to move bigger and heavier
loads with smaller AGVs and motors and, thus, they have become very popular vehicles in
the Industry 4.0 framework. Indeed, several trailers can be simultaneously used to extend
the capacity of the mobile robot. For these multi-trailer AGVs, it is of utmost importance to
count on computational models in order to analyze their performance and design effective
control strategies to provide them with the flexibility required by Industry 4.0.

In this work, a hybrid (tricycle-differential) multi-trailer AGV modeling iterative
algorithm is proposed. The developed mathematical model considers the dynamics of the
components of the mobile robot traction unit, body, trailer, with the vertical and lateral
loads, and the effect of wheel deformation due to interaction with the ground. To obtain the
model, the Newton–Euler equations were iteratively applied to all subsystems of the AGV.
Then the traction force of the AGV unit is calculated and applied to obtain the movement
of the whole vehicle. In turn, this movement is transformed into a traction force to provide
the trailer’s motion.

The model has been validated through simulation and the effects of the payload,
number of trailers, weight distribution, as well as critical circumstances of slippage and
capsizing analyzed. The outcomes are realistic, and they enable the design of the controls
and safety conditions to operate more effectively.

In future work, we may highlight the integration of the electrical equations of the mo-
tors in the model, the development of more sophisticated controllers for these mechanical
systems, and the estimation of the degradation of the mechanical components.
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Abbreviations

β Turning angle of the tractor head with respect to the body of the AGV [rad]
BUT Traction unit wheelbase [m]
LUT Traction unit length [m]
ωUT Traction unit rotation speed [rad/s]
FTR, FTL Traction force of each wheel [N]
Fx_UT, Fy_UT Resulting forces at the center of traction [N]
M_UT Resulting moment at the center of traction (it allows the traction unit and, hence,

the AGV, to rotate) [Nm]
CT Center of traction
Fc_UT Centrifugal force acting on the traction unit [N]
mAGV*aAGV Force exerted by the body of the AGV on the traction unit [N]
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