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Abstract. We develop a computational framework to quantify uncer-
tainty in shear elastography imaging of anomalies in tissues. We adopt a
Bayesian inference formulation. Given the observed data, a forward model
and their uncertainties, we find the posterior probability of parameter fields
representing the geometry of the anomalies and their shear moduli. To con-
struct a prior probability, we exploit the topological energies of associated
objective functions. We demonstrate the approach on synthetic two dimen-
sional tests with smooth and irregular shapes. Sampling the posterior dis-
tribution by Markov Chain Monte Carlo (MCMC) techniques we obtain sta-
tistical information on the shear moduli and the geometrical properties of
the anomalies. General affine-invariant ensemble MCMC samplers are ade-
quate for shapes characterized by parameter sets of low to moderate dimen-
sion. However, MCMC methods are computationally expensive. For simple
shapes, we devise a fast optimization scheme to calculate the maximum a
posteriori (MAP) estimate representing the most likely parameter values.
Then, we approximate the posterior distribution by a Gaussian distribution
found by linearization about the MAP point to capture the main mode at a
low computational cost.

Keyword. nverse scattering, Full waveform inversion, Topological en-
ergy, Bayesian inference, Markov Chain Monte Carlo, PDE constrained op-
timization, Laplace approximation
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1 Introduction

Medical imaging is a part of biological imaging that aims to reveal inter-
nal structures hidden in tissues by non invasive techniques [37], such as
X-ray radiography, magnetic resonance imaging, tomography, echography,
ultrasound, endoscopy, elastography, tactile imaging, thermography, nuclear
medicine and holography. From the mathematical point of view, they all pose
inverse problems that aim to deduce the properties of living tissues from ob-
served signals. The typical framework is as follows. A set of emitters launch
waves which interact with the tissue. The resulting wave field is recorded
at a grid of receptors and analyzed to infer the structure of the medium.
Different imaging techniques differ in the waves employed (electromagnetic,
acoustic, thermal, elastic, etc), the arrangement of emitters and receivers,
and the medium properties monitored.

Harmless modalities using light [40], sound [50] or elastic [51] beams are
particularly interesting due to the absence of secondary effects. Elastography
is a relatively new imaging technique that maps the elastic properties of soft
tissue [51, 54]. Cancerous tumors will often be stiffer than the surrounding
tissue (prostate and breast tumors, for instance), whereas damaged livers
are harder than healthy ones [3, 31, 54]. While existing technology [49] can
distinguish healthy from unhealthy tissue in specific situations, the study of
tissues containing multiple anomalies, tiny tumors or little contrast regions
may benefit from the development of more refined mathematical approaches.

Here we develop an object based Bayesian full-waveform inversion frame-
work for soft tissue shear elastography with topological priors. Instead of
tracking spatial variations of the elastic constants or the wave speeds within
the tissue (as is often done in many geophysical and medical applications,
see [3, 14, 22, 24, 26, 44, 51, 55], for instance and references therein), we
take an inverse scattering approach [12] and represent localized anomalies
in the tissue, such as tumors or fibromas, by objects with distinctive elastic
constants immersed in the background tissue [29]. A first advantage of this
approach is that anomalies are characterized by a few unknowns defining
their parametrization and their elastic properties, which reduces the com-
putational cost. Moreover, studies in other imaging set-ups [7] suggest that
localized inhomogeneities may be more precisely captured by looking for
abrupt interfaces defining their boundaries, and for material parameter vari-
ations within them, than by tracking the spatial variations of material pa-
rameter fields everywhere. A second advantage is that we can define misfit
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functionals in terms of object shapes and then use the associated topological
energies to construct sharp priors at low cost. Because of their ability to sup-
press oscillations in configurations with multiple objects, topological energies
are used in deterministic inverse scattering frameworks to find first guesses
of scatterers in nondestructive materials testing [15, 16] and in biological
applications [48].

Classical deterministic full-waveform inversion techniques typically start
from a guess of the elastic modulus defined everywhere, see [14, 22] for total
variation regularization approaches in geophysics, for instance. If we wish
to use the information provided by topological energies about the geometry
of anomalies to initialize these methods in our imaging set-up, we need to
set initial values for the shear modulus in the regions occupied by them,
different from the value for the background tissue. Instead, in our object
based Bayesian framework, we can incorporate initial information about the
geometry of possible anomalies without choosing a different initial value for
the shear modulus of the anomalies, not to bias the predictions with unedu-
cated choices. This can also be done in object based deterministic inversion
schemes [11, 30] with Tikhonov type and total variation regularizations, as
we will discuss later in Section 6. Compared to them, the Bayesian approach
not only provides the most likely configuration for the anomalies and their
shear modulus, given a noisy dataset, but also quantifies uncertainty ranges
in the predictions of the properties of the anomalies for a noise level.

Depending on the expected complexity, one can choose different repre-
sentations for the boundaries of the anomalies [25, 28, 33, 43]. Here, we
consider two types of star-shaped parameterizations that differ in the way
the radius is parameterized. The boundary of star-shaped objects is defined
by an angle dependent distance function (the radius) along rays in all space
directions [4]. We can reproduce smooth shapes approximating the radius
by trigonometric polynomials involving just a few parameters [30]. Rougher
boundaries are better described by high dimensional radius functions [18].
Both situations are of interest to study anomalies in tissues. Tumors, for
instance, can display smooth or irregular contours depending on their stage
and nature. We show that we can infer the structure of anomalies in tis-
sues with quantified uncertainty by Markov Chain Monte Carlo (MCMC)
sampling of posterior distributions which use priors constructed by topolog-
ical energy methods and likelihoods defined in terms of the difference of the
recorded elastography data and synthetic observations generated numerically
for arbitrary anomalies. Affine invariant ensemble samplers [27, 19] work rea-

3



sonably well when we can approximate the radius function by combinations
of trigonometric polynomials. We can also extract basic information on ir-
regular objects defined by higher dimensional radius functions. However,
MCMC methods are computationally expensive. For simple shapes, we have
also developed fast methods which first optimize to calculate a maximum a
posteriori [5, 9] approximation to the anomaly parameters and then sample
a linearized approximation of the posterior distribution. The computational
cost is much lower, but details on the structure of the posterior distributions,
such as multimodality, may be lost.

The paper is organized as follows. Section 2 describes the mathematical
model for shear wave imaging in the tissue. Section 3 formulates the Bayesian
inversion framework. Section 4 explains how to construct priors for the num-
ber of anomalies and their shapes. Section 5 uses ensemble MCMC samplers
to solve the Bayesian inverse problem and quantify uncertainty in the solu-
tion for relevant configurations characterized by low dimensional parameter
sets. Well defined maximum a posteriori (MAP) approximations are identi-
fied. Section 6 presents a low cost approach which combines optimization to
calculate the MAP point and linearization of the posterior probability about
it to quantify uncertainty. Finally, section 7 adapts affine-invariant ensemble
sampling methods to infer the structure of high dimensional irregular shapes.
A final Appendix contains details on the numerical schemes employed and
parameter choices made. Section 8 presents our conclusions.

Figure 1: Schematic dimensionless representation of the imaging set-up. The
emitters (cyan) generate waves which interact with the medium. The re-
flected waves are recorded at the receivers (magenta). Emitters and receivers
are transducers located at the same position.
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2 Physical set-up

Shear elastography tracks variations in the shear modulus µ, which is the
property varying more abruptly from healthy to unhealthy tissue, by means
of shear waves. Elastic waves in a medium split in shear components (shear
S-waves) and compression components (longitudinal P-waves) [35]. Shear
waves are adequate for the depths considered in tissues since P-waves travel
faster and reach deeper very fast. Moreover, at low frequencies, shear waves
are not really affected by attenuation effects in tissues and are governed by
standard wave equations, fact already exploited in some medical devices [49].
In principle, we could consider more detailed models to capture the physics
of shear wave propagation. However, we keep the model simple to reduce the
computational cost in later MCMC studies, which require large amounts of
solutions in different configurations.

The imaging set-up is represented in Figure 1. We have in mind appli-
cations to inner organs, such as liver, prostate, breast and thyrhoid glands,
where source-receiver acquisition devices can be placed closer to the target
in specific skin regions. Therefore we consider a partial-coverage acquisition
geometry. A medium R ⊂ R2 (the tissue) containing a set of anomalies
Ω = ∪L

ℓ=1Ω
ℓ and locate a set of emitters xj, j = 1, . . . , J, on a part Σ of the

boundary ∂R. We assume that the medium has density ρ and elastic con-
stants µ and λ, while the anomalies have density ρi and elastic constants µi

and λi. The emitted waves interact with the medium and the resulting wave
field is recorded at a grid of receivers rk, k = 1, . . . , K. Emitter and receivers
occupy the same region. They can be interspaced, or, in some set-ups, over-
lap. Here, we will consider they are transducers located at same positions,
playing both roles alternatively. Let us formulate the forward problem that
governs the dynamics of the wave field in this framework.

To simplify, we consider that the waves emitted by the sources are gov-
erned by the scalar wave equation

ρutt − div(µ∇u) = f(t)g(x), x ∈ R, t > 0,

u(x, 0) = 0, ut(x, 0) = 0, x ∈ R,
(1)
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where

ρ(x) =

{
ρ, x ∈ R \ Ω,
ρℓi , x ∈ Ωℓ, ℓ = 1, . . . , L,

µ(x) =

{
µ, x ∈ R \ Ω,
µℓ
i , x ∈ Ωℓ, ℓ = 1, . . . , L,

with local wave speed
√

µ
ρ
in the healthy tissue and

√
µℓ
i

ρℓi
inside each anomaly

Ωℓ. In tissues, we have ρi ∼ ρ. We assume that the emitters xj, j = 1, . . . , J,
induce source terms of the form f(t)gj(x−xj), where gj are smooth functions
of narrow support about 0 that we sum to obtain g(x). We represent the
function f(t) by a Ricker wavelet f(t) = f0(1− 2π2f 2

M t2)e−π2f2
M t2 with peak

frequency fM . The time it takes to move from the initial positive maximum
to the negative minimum is TD =

√
6

2πfM
. After that it approaches zero.

A whole organ R can be represented by a domain with zero normal deriva-
tive at its physical boundary ∂R

∂u

∂n
= 0 on ∂R. (2)

Equations (1)-(2) define the forward model, where ρ ∈ L∞(R), µ ∈ L∞(R),
ρ ≥ ρ0 > 0 and µ ≥ µ0 > 0. Assuming that R and Ω have C1 bound-
aries, problem (1)-(2) has a unique solution u ∈ C([0, τ ];H1(R)), ut ∈
C([0, τ ];L2(R)), utt ∈ L2(0, τ ; (H1(R))′), for any τ > 0, see [36]. Here, H1(R)
represents the standard Sobolev space and (H1(R))′ its dual space [6]. Since
utt(x, 0) = f(0)g(x)/ρ(x) ∈ L2(R), we also have ut ∈ C([0, τ ];H1(R)) and
u ∈ C([0, τ ];H2(R \ Ω)), see Appendix. Then, u(t) is defined on Σ and at
the receiving sites both in the sense of L2(Σ) traces and pointwise [1, 42].

Assume that Ωtrue represents the true anomalies and ρi,true, µi,true rep-
resent their true material properties. In principle, the values recorded at
the receivers constitute the data, that is, dmk,true = u(rk, 0, tm), where u is
the solution of (1)-(2) when Ω = Ωtrue. In practice, the recorded data dmk
are corrupted by different sources of noise, that is, dmk = dmk,true + noise. We
will assume that the additive noise is distributed as a multivariate Gaussian
N (0,Γn) with mean zero and covariance matrix Γn:

dmk = dmk,true + εmk , (3)

for k = 1, . . . , K, m = 1, . . . ,M , where ε is distributed according to N (0,Γn).
We consider the noise level for each receiver to be equal and uncorrelated, so
that Γn is the identity matrix of dimension N = KM multiplied by σ2

noise.
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3 Inverse problem

The inverse problem consists in finding the anomalies Ω and their material
coefficients ρi and µi such that the solution of the forward problem agrees,
in a way to be specified, with the recorded data. For shear elastography in
tissues, we take ρi ∼ ρ, thus we only have to identify µi. In a deterministic
framework, one typically resorts to optimization formulations: Find objects
Ω and parameters µi minimizing the cost

J(Ω, µi) =
1

2

K∑
k=1

M∑
m=1

|uΩ,µi
(rk, 0, tm)− dmk |2, (4)

where uΩ,µi
(rk, 0, tm) denotes the corresponding solution of the forward prob-

lem evaluated at the receivers at the recording times. More refined cost func-
tionals based on optimal transport [21, 39, 17] could be employed. To reduce
the occurrence of unphysical minima, the cost (4) is regularized adding ad-
ditional terms, terms of Tikhonov type, for instance, see [8, 30] and section
6.

To proceed, we need a mathematical representation for the geometry of
the anomalies in terms of a set of parameters ν. Star-shaped parameteri-
zations furnish a simple choice to represent the shape of anomalies, though
more general representations can be considered too [28, 33, 43]. Star-shaped
objects are defined by a center and a radius function that fixes the posi-
tion of the boundary points along all possible rays emerging from the cen-
ter. Assume we know the tissue contains L star-shaped anomalies, that is,
Ω = ∪L

ℓ=1Ω
ℓ. Assume µi(x) is piecewise constant, equal to µℓ

i in Ωℓ. Then,
different representations of the radius function lead to lower or higher dimen-
sional approaches. We will consider two possibilities.

For smooth star-shaped objects we can approximate the radius function
by trigonometric polynomials. Given the data d = (d11, . . . , d

1
K , . . . , d

m
1 , . . . , d

m
K)

we wish to predict the n(L,Q) = L(2Q+ 4) parameters

ν = (ν1, . . . ,νL), νℓ = (cℓx, c
ℓ
y, a

ℓ
0, b

ℓ
1, a

ℓ
1, . . . , b

ℓ
Q, a

ℓ
Q, µ

ℓ
i ), ℓ = 1, . . . , L, (5)

representing the centers (cℓx, c
ℓ
y) and radii rℓ(θ) of the anomalies, ordered by

blocks, associated to the parameterization

q(θ)ℓ = (cℓx, c
ℓ
y) + rℓ(θ)(cos(2πθ), sin(2πθ)), θ ∈ [0, 1], (6)

rℓ(θ) = aℓ0 + 2

Q∑
q=1

aℓq cos(2πqθ) + 2

Q∑
q=1

bℓq sin(2πqθ), (7)
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for ℓ = 1, . . . , L. Analogous parameterizations are available in three dimen-
sions replacing Fourier expansions for the radius by expansions in terms of
spherical harmonics [8, 25]. The number of modes Q controls the allowed
boundary roughness, large values generate more complex shapes [25].

Irregular boundaries are better represented by general radius functions
r(θ), see [2, 4]. In our case, we approximate the boundary by a piecewise
linear reconstruction built on a uniform mesh θj of [0, 1] with node values
rj = r(θj), j = 0, . . . , Z. The set of anomalies is then represented by the
n(L,Z) = L(3 + Z) dimensional parameter set

ν = (ν1, . . . ,νL), νℓ = (cℓx, c
ℓ
y, r

ℓ
0, r

ℓ
1, . . . , r

ℓ
Z−1, µ

ℓ
i ), ℓ = 1, . . . , L, (8)

where rℓj = rℓ(θj), j = 0, . . . , Z − 1, and rZ = r0. The boundary of each
object is given by

q(θ)ℓ = (cℓx, c
ℓ
y) + rℓ(θ)(cos(2πθ), sin(2πθ)), θ ∈ [0, 1], (9)

rℓ(θ) = rℓj
θ − θj+1

θj − θj+1

+ rℓj+1

θ − θj
θj+1 − θj

, θ ∈ [θj, θj+1], j = 0, 1, . . . , Z−1, (10)

for ℓ = 1, . . . , L. Notice that, while Q is usually small, Z can be very large.
Figure 2 compares a star-shaped object defined by (5)-(7), with a star-shaped
object defined by a piecewise approximation built from (8)-(10).

(a) (b)

Figure 2: Star-shaped objects with radius defined by (a) a trigonometric
polynomial (7) with Q = 5 and (b) a piecewise approximation (10) built
from a uniform mesh (θj, rj), j = 0, . . . , Z, Z = 500, with step 1/Z.

To quantify uncertainty in the solution of the inverse problem, we resort
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to Bayes’ formula [32, 52] in finite dimension:

ppt(ν) := p(ν|d) = p(d|ν)
p(d)

ppr(ν). (11)

Here, the prior density of the variables ppr(·) incorporates available expert
knowledge, while p(d|ν) represents the conditional probability (or likelihood)
of the observations d given the variables ν. The solution of the Bayesian
inverse problem is the posterior density ppt(ν|d) of the parameters given the
data. The density p(d) is a normalization factor that does not depend on
the parameters. We choose a likelihood p(d|ν)

p(d|ν) = 1

(2π)N/2
√

|Γn|
exp

(
− 1

2
∥f(ν)− d∥2Γ−1

n

)
. (12)

Here, ∥v∥2
Γ−1
n

= vtΓ−1
n v and f(ν) represents the measurement operator asso-

ciated to parameters ν, that is,

f(ν) = (uΩν ,µi
(rk, 0, tm))k=1,...,K,m=1,...,M , (13)

where uΩν ,µi
is the solution of the forward problem and N = KM .

We typically choose ppr(ν) as a multivariate Gaussian or a log Gaussian,
see Section 4.2 for details. We could implement this approach using prior
information obtained by any means, for instance, other imaging systems or
other imaging algorithms, see [49]. In the absence of this information, the
next section explains how to generate prior knowledge from the data.

4 Topological priors for the anomalies

When we lack prior information on the anomalies, we split the available data
and use subsets for different purposes. We insert a fraction of the data in the
likelihood (12) and exploit the remainder to obtain prior information. Here,
we choose to split the data in two halves: dodd and deven, which represent
the data measured at odd and even times, t2m+1 and t2m, respectively. We
use deven to generate prior information on the anomalies from a study of
the topological energy of the deterministic cost functional (4). The other
fraction, dodd, enters the likelihood, see next section. Here, we show how to
extract information on the number, location and size of the anomalies from
topological energy methods.
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4.1 Calculation of topological energies

Given data deven, the topological energy [15, 16] for the cost

J(R \ Ω) = 1

2

∫
Γobs

∫ τend

0

|uΩ(x, s)− deven(x, s)|2dxds, (14)

uΩ being the solution of (1)-(2) is given by

E(x) =

∫ τend

0

|U(x, s)|2|P (x, s)|2ds, (15)

where U and P are adequate forward and adjoint fields. In our set-up, we
consider the observation set Γobs to be a set of receivers. Thus,

∫
Γobs

in (14)
becomes a sum of values at the receivers rk. Since we record data at discrete
time values t2m, we approximate

∫ τend
0

by a sum of values at such times too.
Topological energy fields are related to topological derivatives of shape

functionals. Given a shape functional J(R \ Ω), its topological derivative
[7, 29] is a field D(x) defined by the expansion

J(R \B(x, ε)) = J(R) +D(x)meas(B(x, ε)) + o(meas(B(x, ε))), x ∈ R,

as the radius ε of the ball B(x, ε) centered at x tends to zero. When D(x) <
0, the cost decreases, thus, we expect the true inclusions to be located at
regions where the topological derivatives take large negative values. It is
usually possible to obtain expressions for D(x) in terms of forward U and
adjoint P fields. Topological energies are then defined in terms of their
squared absolute values. Their peaks often locate the main regions where
the topological derivatives take large negative values. In our case, U is the
solution of the forward problem (1)-(2) with inclusion Ω = ∅

Utt − c2∆U = f(t)g(x), x ∈ R,

∂U
∂n

= 0, x ∈ ∂R,

U(x, 0) = 0, Ut(x, 0) = 0, x ∈ R,

(16)

for t ∈ [0, τend] whereas the adjoint field P is a solution of

[Ptt − c2∆P ](τend−t) = −(U−deven)(τend−t)
∑K

k=1 δrk , x ∈ R,

∂P
∂n

= 0, x ∈ ∂R,

P (x, τend) = 0, Pt(x, τend) = 0, x ∈ R,

(17)
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Figure 3: Topological energy fields for: single objects with different sizes
and orientations (a) circle, (b) ellipse, (c) rotated ellipse; two objects under
different emitter/receiver configurations (d),(g) centered, (e),(h) left sided,
(f),(i) right sided; and three star-shaped objects (j)-(l) sweeping the bottom
region. Crosses and circles represent emitters and receivers, located at the
same position. Black curves represent the true objects. Noise level in the
data: 10 %.
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for t ∈ [τend, 0]. Here, c is a constant equal to the healthy tissue wave speed
everywhere and δrk represent Dirac masses supported at the receivers. For
computational purposes, we replace them by Gaussian regularizations. No-
tice that problems (16) and (17) can be solved computationally even when
ci and µi are unknown. This is an advantage over alternative methods based
on topological derivatives [38], whose calculation usually requires the knowl-
edge of these parameters. The fact that spurious oscillations in the presence
of multiple objects are considerably reduced constitutes an additional asset.
Topological energies are somewhat related to back-propagation techniques
[53] and have been exploited for nondestructive testing of materials and tis-
sues in [15, 16, 48].

The previous description assumes that we record data at the receivers
from the time t = 0 at which we start to emit. If we start the recording later,
at a time τin, formula (14) integrates from τin to τend and the right hand side
in (17) is only non zero in [τin, τend]. We set the final time τend ∼ 2H

c
, where

H is the expected resolution depth.
Figure 3 shows the topological energy fields obtained for several object

geometries under different emitter/receiver configurations for the parameter
values specified in A.2, after removing dimensions. The data deven used to
calculate them are synthetic: they are generated by solving numerically the
nondimensionalized forward problem (31) in the presence of the true objects,
evaluating the solution in the selected space/time data grid and adding 10%
noise, as explained in Section 2. To prevent inverse crimes, the fields U
in (16) and P in (17) are approximated numerically using rougher meshes:
the spatial and time steps for them are twice the steps used when solving
numerically to generate the data, and the spatial meshes vary. We have set
τin = 2 (value at which f(t) almost vanishes for our parameter choice) and
H = 7 in the calculation of the topological energy.

4.2 Prior construction

Once the topological fields are calculated, we construct a first guess Ω0 for
the anomalies immersed in a background medium R by exploiting the peaks
of the topological energy:

Ω0 = {x ∈ R | E(x) > (1− C0)maxy∈RE(y)} , (18)

where C0 ∈ (0, 1) is such that J(Ω0) < J(∅). In case several objects are
present, we obtain more precise information by sequentially activating frac-
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tions of the whole network of emitters/receivers, as shown in Figure 3(d)-(l).
We fit circles to the dominant peaks found for each fraction. In this way,
we are able to detect all the anomalies. Instead, when we use the infor-
mation coming from the whole network, we often find the most prominent
anomaly only. We use this information to construct priors for the two types
of star-shaped parameterizations we consider as follows.

Assuming we locate L peaks, we fit to them circles parametrized by ν0 =
(ν1

0, . . . ,ν
L
0 ). When we work with the representation (5)-(7), we set

νℓ
0 = (cℓx,0, c

ℓ
y,0, a

ℓ
0,0, b

ℓ
1,0, a

ℓ
1,0, . . . , b

ℓ
Q,0, a

ℓ
Q,0, µ

ℓ
i,0), ℓ = 1, . . . , L, (19)

where cℓx,0, c
ℓ
y,0 is the center of mass of each component, aℓ0,0 half the smallest

diameter, and aℓ1,0 = . . . = aℓQ,0 = bℓ1,0 = . . . = bℓQ,0 = 0. We also set µℓ
i,0 = µ,

the known background value for the healthy tissue.
Let us denote by M the set of parameters ν for which µℓ

i > 0 for all ℓ and
the curves associated to the parameterization ν fulfill rℓ(θ) > 0, for θ ∈ [0, 1]
and all ℓ, do not intersect, and do not form nested configurations. Notice
that rℓ(θ) > 0 is not a condition on the sign of the curve parameters, but
on the sign of the combination (7). Then, we choose ppr(ν) as a ‘modified’
multivariate Gaussian with covariance matrix Γpr

ppr(ν) =

{
p0

(2π)n/2
1√
|Γpr|

exp(−1
2
(ν − ν0)

tΓ−1
pr (ν − ν0)), ν ∈ M,

0, ν /∈ M,
(20)

where n is the dimension of ν0 and p0 is a normalization constant. In prac-
tice, the precise value of this constant is not needed. We choose a diagonal
covariance matrix Γpr formed by L blocks. In our numerical tests, each block
starts with (σℓ

x)
2 = (σℓ

y)
2 = 0.1 and ends with (σµ)

2 = 202. Then (σℓ
a0
)2 = 0.1

and (σℓ
aq)

2 = (σℓ
bq
)2 = 0.1/(1 + q2)s, 1 ≤ q ≤ Q, s large, as in [9], so that the

prior favors regular shapes with r(t) > 0. We fix s = 3 and Q = 5 for the
tests in Sections 5 and 6.

When we work with the representation (8)-(10), we set

νℓ
0 = (cℓx,0, c

ℓ
y,0, r

ℓ
0,0, r

ℓ
1,0, . . . , r

ℓ
Z−1,0, µ

ℓ
i,0), ℓ = 1, . . . , L, (21)

where cℓx,0, c
ℓ
y,0 is the center of mass of each component, rℓ0,0 = rℓ1,0 = . . . =

rℓZ−1,0 is half the smallest diameter and µℓ
i,0 = µ. Notice that rZ,0 = r0,0. We

choose

ppr(ν) = p0Π
L
ℓ=1p(ν

ℓ), p(νℓ) = p(cℓx)p(c
ℓ
y)p(µ

ℓ
i )p(r

ℓ), (22)
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where p(cℓx), p(c
ℓ
y) are normal distributions with the same means and stan-

dard deviations as before, p(µℓ
i ) a log-normal distribution and p(rℓ) is a mul-

tivariate log-normal distribution for rℓ0, r
ℓ
1, . . . , r

ℓ
Z−1, see [18]. Given a stan-

dard normal variable r = m + σz with mean m and standard deviation σ,
er = em+σz defines log-normal distribution with parameters m and σ. For µℓ

i

we usem = ln(µℓ
i,0) and σ = σℓ

µ/µ
ℓ
i,0. For p(r

ℓ) we use ln(rℓj,0), j = 0, . . . , Z−1
and Matern covariance matrices, see [18]. We define the Matern covariance
between points (cos(θi), sin(θi)) and (cos(θj), sin(θj)) separated by a distance
d through the expressions [47]

Cν,ρ,σ(d) = σ2 2
1−ν

Γ(ν)

(√
2ν

d

ρ

)ν

Kν

(√
2ν

d

ρ

)
,

where Γ is the Gamma function, Kν the modified Bessel function of the
second kind, and ν, ρ, σ are parameters. These parameters govern the length
scales and smoothness of curve features, which allows us to consider a wide
variety of patterns, see [2] for instance. In our numerical tests we fix ν = 3/2,
σ = 0.2, ρ = 0.5. As commented before, the value of the normalization
constant p0 is not needed for MCMC sampling. We will set L = 1 in the
tests in Section 7.

5 Markov Chain Monte Carlo sampling

We insert the prior distributions obtained in the previous section in the
posterior probability ppt given by (11) and (12), with the data dodd not used
to produce the prior information. Then we can sample the unnormalized
posterior distribution q(ν) = p(dodd|ν)ppr(ν) using Markov Chain Monte
Carlo (MCMC) methods. Note that the unknown scaling factor p(d) in
(11) is not needed for MCMC sampling. Standard MCMC methods, such
as Metropolis-Hastings or Hamiltonian MonteCarlo [41], produce a chain
of N -dimensional states ν(0) −→ ν(1) . . . −→ ν(i) . . . which evolve to be
distributed according to the target distribution. One first samples an initial
state ν(0) from the prior distribution, and then moves from one state ν(i)

to the next ν(i+1) guided by a transition operator. More recent ensemble
MCMC samplers [19, 27] draw W initial states (the ‘walkers’ or ‘particles’)
from the prior distribution and transition to new states while mixing them
to construct the chain. This allows us to handle multimodal posteriors [9]
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and to parallelize the process for faster exploration of the structure of the
posterior distribution.

Different ensemble samplers adapt better to the different parameteriza-
tions we consider for the anomalies. Affine-invariant samplers perform well
in our set-up. We have considered two. The first one is a stretch move based
Affine Invariant Ensemble Sampler (SAIES), see [27]:

• Initialization: Choose W initial states ν
(1)
w ∈ Rd, w = 1, . . . ,W, with

probability π (the prior probability ppr in our case) and a value a > 1.

• For each step s = 1, . . . , S,

– For each w = 1, . . . ,W

∗ Draw ν
(s)
q at random from the set {ν(s)

j }j ̸=w.

∗ Choose a random value zw from the distribution g(z) = 1√
z

when z ∈ [1/a, a], zero otherwise.

∗ Set ν
(s)
w,prop = ν

(s)
w + zw(ν

(s)
w − ν

(s)
q ).

∗ Set ν
(s+1)
w = ν

(s)
w,prop with probability min

{
1, zd−1

w
ppt(ν

(s)
w,prop)

ppt(ν
(s)
w )

}
,

or else keep ν
(s+1)
w = ν

(s)
w .

• Output: The samples ν
(s)
w , w = 1, . . . ,W , s = 1, . . . , S.

The second one is a general Affine Invariant Ensemble Sampler (AIES),
which proceeds as follows, see [19] for instance:

• Initialization: Choose W initial states ν
(1)
w ∈ Rd, w = 1, . . . ,W , with

probability π (the prior probability ppr in our case) and a value λ > 0.

• For each step s = 1, . . . , S,

– For each w = 1, . . . ,W

∗ Set ν = 1
W−1

∑
j ̸=w ν

(s)
j .

∗ Draw zw with probability N (0, 1).

∗ Set ν
(s)
w,prop = ν

(s)
w + λ√

W−1

∑
j ̸=w zj(ν

(s)
j − ν).

∗ Set ν
(s+1)
w = ν

(s)
w,prop with probability min

{
1,

ppt(ν
(s)
w,prop)

ppt(ν
(s)
w )

}
, or

else keep ν
(s+1)
w = ν

(s)
w .
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• Output: The samples ν
(s)
w , w = 1, . . . ,W , s = 1, . . . , S.

Notice that these algorithms involve quotients of posterior probabilities, so
that the normalization constants are not needed. We can sample unnormal-
ized distributions.

SAIES is somewhat inspired on fast optimization techniques for multi-
parametric problems. It is expected to work well for small sets of parameters
which are more or less independent. This is the case for star-shaped objects
with trigonometric parameterizations. While this sampler evolves quite fast
in low dimensions d, it usually requires W > 2d to perform properly. The
number of walkers W must be large enough compared to the number of
parameters d. As the number of parameters grows, working with too many
walkers slows down the mixing and equilibration process. Thus, SAIES is
not expected to be effective. In principle, the general AIES does not have
that constraint and can be more robust as dimension grows. When the
parameterizations use angle meshes for the radius, neighboring points are
correlated as reflected by the Matern covariance. We will see that AIES
allows us to consider large numbers of such correlated parameters.

Figures 4-8 display results with SAIES for smooth shapes admitting low
dimensional parameterizations. AIES provides similar results doubling the
number of steps. Section 7 considers high dimensional irregular shapes.
There, AIES performs reasonably well with W slightly larger than d. In
both cases and for each w, we keep one of each three samples up to a total
number of S̃ = S/3 to reduce correlations and discard the first S̃/5 as a burn
in period. We have set σnoise = αmax|dkn,true|/100 in Γn with α = 10.

Here, for highly smooth shapes, we consider the parameter set (19) and
define Γpr as in Section 4.2. Then, we insert the prior probability (20) ob-
tained by topological methods and the likelihood (12) in the posterior prob-
ability (11) to be sampled. From the samples, we obtain information on the
most likely values for ν, that is, the maximum a posteriori (MAP) estimate
and the uncertainty about it, depicted in figures 4-8. Figure 4 illustrates
the uncertainty in the shape of the anomaly and the value of the parameter
representing the dimensionless shear modulus µi for single shapes: a circle
and an ellipse with different orientations. The sample with highest proba-
bility defines the MAP point and the mean of the parameters corresponding
to all the samples defines a mean estimate. The location and shape of the
anomalies is reasonably well captured by both, see also Figure 5 for the un-
certainty in geometrical features of interest, such as the location of the center
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Figure 4: (a), (c), (e) True objects versus MAP estimate and sample mean
calculated from MCMC samples for different geometries. The contour levels
represent the probability of belonging to the object. (b), (d), (f) Histograms
quantifying uncertainty of the MAP estimate and mean values for µi. Param-
eters and samplers: SAIES with a = 2, S̃ = 500, W = 480 and B = WS̃/5.
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Figure 5: Histograms representing a discrete approximations of the densities
for the distribution of the centers of mass (a), (d), (g), shortest and longest
radius size (b), (e), (h), and shortest and longest radius orientation (c),
(f), (i) in the three test geometries considered in Figure 4. Same sampling
parameters.

of mass, the size of the largest and smallest diameters and their orientation.
However, the value of the shear modulus displays larger uncertainty, still in
the range indicating sickness. The histograms reveal distributions with wide
and asymmetric tails. Notice that a change in the orientation of an object
can drastically increase uncertainty in the predictions, compare Fig. 4(d)
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Figure 6: (a) True objects versus MAP estimate and mean calculated from
MCMC samples. The contour levels represent the probability of belonging
to the object. Superimposed curves represent the exact contours (solid light
cyan), the MAP point (solid dark red), the mean (dash-dotted green), and
the initial guess (dashed magenta). (b) Histograms representing discrete
approximations of the densities for the distribution of the centers of mass.
(c)-(d) Histograms for the radius sizes (c), area and deviation from a circular
object (d) and shear modulus µi (e). Blue histograms and cyan symbols
correspond to the large object, orange histograms and red symbols to the
small one (asterisk: exact value, circle: initial value, diamond: MAP point,
square: mean). Parameters and samplers: SAIES with a = 2, S̃ = 500,
W = 480 and B = WS̃/5.

and Fig. 4(f).
Figures 6-8 consider configurations with multiple anomalies. The approx-

imation of the shapes provided by the MAP point and the mean values in
figures 6-8 is quite reasonable, regarding both the shapes, their basic ge-
ometrical features and the shear modulus, though we observe again wide
asymmetric tails.
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Figure 7: Same as Fig. 6 for two well separated anomalies.

When we include in the prior less anomalies than needed, the distribution
may be multimodal: we may spot the missing components. When we include
in the prior more anomalies than needed, the spurious ones may essentially
vanish because µi is basically equal to µ. Notice that our priors contained
the correct number of anomalies. The resulting distributions represent a
single mode. Also, the means and the MAP points are reasonably close.
This suggests that optimization schemes could capture the MAP estimate,
allowing for a Laplace approximation of the posterior distribution, which can
be sampled at a much lower cost. The computational time drops from a few
days to a few minutes.

6 Sampling from a Bayesian linearized for-

mulation

To reduce the computational cost, we analyze the Laplace approximation
of the posterior density (11) obtained by linearization at the maximum a
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Figure 8: Same as Figure 6 for a configuration with three objects. Orange
histograms and red symbols correspond to the middle object, blue histograms
and cyan symbols to the left-most one, yellow histograms and symbols to the
right-most one.

posteriori (MAP) point νMAP. This strategy first computes the vector νMAP,
which minimizes the negative log likelihood

J(ν) =
1

2σ2
noise

M∑
m=1

K∑
k=1

|uν(rk, 0, tm)−dmk |2 +
1

2
(ν − ν0)

tΓ−1
pr (ν − ν0), (23)

where uν is the solution of the forward problem with object Ω parametrized
by ν given by (5). Then, we approximate the posterior distribution by a
multivariate Gaussian N (νMAP,Γpt) with posterior covariance matrix Γpt =
H−1

νMAP
, where HνMAP

is an approximation of the Hessian of the measurement
operator (13) evaluated at νMAP [5, 55].

6.1 Computing the MAP point

The MAP point is calculated exploiting techniques of deterministic opti-
mization. Taking the prior ν0 as initial guess of the parametrization, that
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is, ν0 = ν0, we can implement the Newton type iteration νj+1 = νj + ξj+1

where ξj+1 is the solution of(
H(νj) + ωjdiag(H(νj))

)
ξj+1 = −g(νj), (24)

see [23], where H(ν) and g(ν) represent the Hessian and the gradient of the
cost. In practice, to reduce the occurrence of negative radii and the risk of
loop formation in the curves, we introduce an additional parameter λ > 0,
replacing (23) by

Jλ(ν) =
1

2σ2
noise

M∑
m=1

K∑
k=1

|uν(rk, 0, tm)−dmk |2+
λ

2
(ν − ν0)

tΓ−1
pr (ν − ν0) (25)

and (24) by(
HGN

λj
(νj) + ωjdiag(H

GN
λj

(νj))
)
ξj+1 = −gλj

(νj). (26)

Here, the subscript λj indicates that we multiply Γ−1
pr by a factor λj in the

initial iterations to balance the two terms defining the cost J in (23). Notice
that we have also replaced the full Hessian by the Gauss-Newton part of the
Hessian to reduce the computational cost per iteration. The components of
HGN

λ (ν) and gλ(ν) are given by:

(gλ(ν))i = ∂J(ν)
∂νi

=
1

σ2
noise

M∑
m=1

K∑
k=1

(uν(rk, 0, tm)− dmk )
∂uν

∂νi
(rk, 0, tm)

+λ[Γ−1
pr (ν − ν0)]i, (27)

(HGN
λ (ν))i,ℓ = ∂2J(ν)

∂νi∂νℓ
∼ 1

σ2
noise

M∑
m=1

K∑
k=1

∂uν

∂νi
(rk, 0, tm)

∂uν

∂νℓ
(rk, 0, tm)

+λ[Γ−1
pr ]i,ℓ. (28)

The second order derivatives of uν are neglected.
To optimize our objective function we implement a double iteration:

• Initially, we set ω0 = 10−4/2, λ0 = 0.1σ−2
noise, and ν0 = ν0.

• At each step we calculate νj+1 = νj + ξj+1, where ξj+1 is the solution
of (26). Then
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– We check i) if r(θ) > 0, r(θ) given by (7), and if µi > 0.5µ, ii) if
the functional Jλj

(ν) decreases replacing νj with νj+1.

– If any of these conditions fails, we do not accept ξj+1. We increase
ωj by a factor 2, solve again (26) and check conditions i) and ii)
until they are fulfilled.

– If both conditions are satisfied, we accept ξj+1 and set ωj+1 = ωj/2
and λj+1 = max(λj/5, 1).

• After a few steps j0, λj+1 = 1 for j ≥ j0. When the relative difference
between the new value of the cost and the previous one is smaller than
a tolerance Tol (here Tol = 5 × 10−7), we freeze all the components
except µj+1

i and iterate with respect to µi until variations fall below a
threshold 0.02.

To evaluate the derivatives ∂uν

∂νi
(rk, 0, tm) required for the calculation of

(27)-(28) at each step, we use the approximation

∂uν

∂νi
(rk, 0, tm) ∼

uν+ηi(rk, 0, tm)− uν(rk, 0, tm)

ηi

with ηi small, uν+ηi being the solution of the forward problem with νi re-
placed by νi + ηi. All the forward problems are solved with the same dis-
cretization and steps we used in Section 5. In principle, we could calculate
these derivatives characterizing Fréchet derivatives in terms of a boundary
value problem as we do in [9] for stationary waves governed by Helmholtz
equations. However, the resulting boundary value problems involve transmis-
sion conditions that are hard to handle in a finite element framework. We
would need adapted schemes and codes based on boundary value elements
for transmission problems for time dependent waves equations [45], which
are still not available.

The values of ηi must be calibrated. Initially, we set for each block ℓ =
1, . . . , L in (5) ηℓ1 = ηℓ2 = ηℓ3 = ηℓ2Q+4 = η = 0.1 and ηℓ3+2i = ηℓ2+2i = η/2 for
i = 1, . . . , Q. As we iterate, we calibrate values for ηi estimating the quotients
Dνiuνj (rk,0,tm)

D2
νi
u
νj (rk,0,tm)

, where D and D2 represent approximations of derivatives, and

averaging over k and m. In the tests we have performed, the choice

ηℓ1 = ηℓ2 = 0.05, η2Q+4 = 0.15,

ηℓ3+2i = ηℓ2+2i = 0.05, i = 1, . . . , Q,

gives good results, with η3 in the range 0.025− 0.225.
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Figure 9: Counterpart of Fig. 4 (b), (d), (f) obtained by calculating the
MAP point and linearizing the posterior probability about it. 10000 samples
plotted.

Figure 10: Counterparts of Fig. 6(b) and Fig. 7(b) obtained by linearized
Bayesian methods. 10000 samples plotted.

Figure 11: Counterpart of Fig. 8 obtained by linearized Bayesian methods.
10000 samples plotted.
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6.2 Sampling

Once we have obtained an approximation to νMAP, we linearize the posterior
distribution about it, approximate by a multivariate Gaussian distribution
N (νMAP,Γpt) and draw samples from it to quantify uncertainty. We set

Γpt = (F(νMAP)
tΓ−1

n F(νMAP) + Γ−1
pr )

−1 = HGN(νMAP)
−1,

where F(νMAP) =
(

∂uνMAP

∂νi
(pj)

)
j,i

and

p = ((r1, 0, t1), . . . , (rK , 0, t1), . . . , (r1, 0, tM), . . . , (rK , 0, tM)),

that is, F(νMAP) is the matrix with ith-column ∂uν

∂νi
(rk, 0, tm), k = 1, . . . , K,

m = 1, . . . ,M evaluated at νMAP. This can be done by means of the relation

ν = νMAP + Γ
1/2
pt n, (29)

n being a standard normal randomly generated vector (iid).
Figures 9-11 revisit the previous MCMC tests with this procedure. In

each case, we optimize to approximate the MAP point and generate a large
collection of samples of the posterior distribution by means of (29). The
values of the cost for the approximated MAP estimates obtained this way are
similar to those for the MAP estimates previously found by MCMC sampling.
Comparing the results, we remark that the MAP points and contour curves
for the shapes remain similar. Fig 11(a) illustrates this fact in the example
with three objects. However, the values of µi show larger variability. For
single objects, the MAP points and mean values remain alike, while the
wide asymmetric tails are lost. The tests with more objects show a similar
tendency. Notice that as objects become smaller and distant, information
can be lost, as it happens in the red histogram in Fig 10(b) (compare to Fig
7(b)).

The computational cost of this approach is much smaller. The MAP
estimate for single objects is obtained in about 10 steps, about 5 minutes in a
laptop using MATLAB, while MCMC sampling can take 2-4 days depending
on the size of the computational regions.

It is worth comparing these results with predictions obtained by deter-
ministic object based full waveform inversion (FWI) techniques. We have
adapted to our framework the object based FWI with total variation reg-
ularization methods developed in [11] for Helmholtz constraints and level
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set parameterizations, using wave equation constraints and star-shaped pa-
rameterizations instead. We can initialize the optimization scheme with our
topological energy guess for the shape and constant shear modulus every-
where, as we do here. However, the results we have obtained so far are not
good: the shear modulus in the anomaly stays far from the true value and the
shape tends to be wavy. Further studies in that direction are needed. With
more feneral FWI techniques [14, 22], we cannot use the information on the
geometry of the anomalies obtained from topological energy techniques un-
less we choose an initial value for the shear modulus of the anomalies different
from the background value, which changes the starting point. Moreover, the
borders of the anomalies tend to be blurred, thus we have not pursued that
path.

Notice that the cost functional (23) is the sum of a standard determinis-
tic cost and a regularization term constructed from a scaled parameter norm
α∥ν − ν0∥X . It resembles the costs used in deterministic iteratively regu-
larized Gauss Newton methods (IRGN), except that α is fixed, it is not a
sequence tending to zero, see [30]. However, the final result is similar using
both techniques in the examples studied here, since the regularizing term
happens to be small compared to the unregularized cost when we stop. In
general, this may not be the case due to the nonvanishing contribution of ν0

in the Bayesian approach. The Bayesian cost has the potential of inspiring
deterministic regularizations for IRGN techniques while providing an inter-
pretation that IRGN techniques lack. As discussed here, we can linearize the
posterior probability about the optimum MAP point and sample the result-
ing Gaussian distribution to extract information on the uncertainty range
in the predictions of the properties of the anomalies. Such predictions and
uncertainty range may deviate, or not, from the predictions and uncertainty
ranges obtained sampling the full posterior distribution by MCMC. This will
depend on the particular dataset, the prior knowledge and the data acqui-
sition system under study. In the tests analyzed in this section, we find a
reasonable agreement assuming the correct number of anomalies is known.
Otherwise, this may not be the case, as it is not in the next Section, where
optimization techniques encounter difficulties for a different parameterization
and we explore posterior distributions by MCMC techniques.
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7 Irregular shapes

Finally, we consider irregular shapes defined by high dimensional parameter-
izations of the form (8)-(10). We insert the prior distributions (21) obtained
by topological methods in the posterior probability given by (11) and (12),
with the data dodd not used to produce the prior information.

The affine-invariant ensemble sampler AIES described in Section 5 pro-
duces the results represented in Figure 12 for an irregular shape. Notice
that the use of SAIES would require W > 2d = 1006 walkers, which would
mix much more slowly. Now, the MAP estimate does not approach the true
shape. Nevertheless, the mean profile and the contour plot give an idea of
the location and size of the anomaly.

In the previous sections, the probability for negative µi was set equal to
zero. Now, µi = exp(γ), where γ is the random variable that we sample. No-
tice the peak for µi near zero. It is due to a family of large samples with small
µi. Figure 12(c) represents the last W samples we obtained. We observe a
dominant family of samples which wrap around the true object. A second
family is formed by smaller shapes with larger values of µi placed between
the object and the emitters, at the location of a small secondary peak of the
topological energy (see Figure 3(c)). The third family corresponds to large
samples with small µi placed behind the true object. The sample distribu-
tions we obtain this way are multimodal, though the main mode dominates
the rest when averaging to obtain a mean. Notice that uncertainty in the
values of µi with this procedure seems quite large. The prior information we
use has low quality in this case. We look for an irregular shape assuming
that the prior is a smooth circle and µi is the value for the healthy tissue.
Inconsistency between the prior and the data may lead to multimodality, as
pointed out in the previous section.

Working with smooth shapes, we get Figure 13 for the rotated ellipse
already studied in Figure 4(c). The samples we generate behave in a similar
way as those in Figure 12(c). The MAP point is unlikely to be smooth when
we do not enforce the prior knowledge we have on smoothness. However,
the information provided by the mean parameters and the statistics of ge-
ometrical characteristics and values for shear moduli is still useful, though
less precise. Enforcing a smooth parametrization we get better results for
smooth shapes, at a lower computational cost, see Figure 4(c). Similarly, the
irregular shape studied in Figure 12 could be studied in the smooth frame-
work employed in Section 5 to obtain information about mean values at a
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Figure 12: Results for the object in Figure 3(b) for Z = 500. MCMC with
AIES W = 600, S̃ = 3900, B = WS̃/2 , λ = 0.2.

Figure 13: Results for the rotated ellipse, working with high dimensional
parametrizations allowing for irregular shapes with Z = 500. Same sampling
parameters as in Fig. 13 except S̃ = 2400.
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lower cost.

8 Conclusions

We have developed a Bayesian approach for the detection and characteriza-
tion of anomalies in tissues which uses topological energies to generate priors.
In this framework, anomalies are represented by star-shaped objects whose
shear moduli differ from the surrounding tissues. We have considered low
dimensional parameterizations for simple smooth shapes and higher dimen-
sional approximations for irregular shapes, which can be used to distinguish
encapsulated (smooth) and invasive (irregular) tumors, for instance.

For simple shapes, MCMC methods based on different types of affine in-
variant ensemble samplers provide a good characterization of the structure
of the posterior distribution, which displays asymmetric tails for each mode
representing an object. This approach is time consuming, since we must
generate a few hundred thousand samples by solving a time dependent wave
equation for each of them. We have shown that its is possible to approximate
the ‘maximum a posteriori’ (MAP) estimate of the parameters defining the
hardness and geometry of these anomalies. To do so, we minimize a proper
cost functional, which can be done in a few iterations by Newton type iter-
ations. Linearizing the parameter-to-observable map about the MAP point,
we are able to quantify the uncertainty in nature of the anomalies, their lo-
cation and shape by generating samples of the Laplace approximation to the
posterior distribution at a low computational cost.

We have tested these schemes in 2D shear imaging set-ups, finding rea-
sonable agreement between both sampling techniques for such shapes. While
MCMC sampling furnishes a deeper insight in the structure of the posterior,
including asymmetry and possible multimodality, the linearization approach
provides results quite fast. This is essential for potential technological ap-
plications and three dimensional extensions. However, it may miss multi-
modality and asymmetry details. The calculation of MAP points is related
to deterministic iteratively regularized Gauss Newton (IRGN) methods, in
the sense that the costs considered involve Tikhonov type regularizations,
which vanish in IRGN approaches but keep the prior information in the
Bayesian framework. The performance of other deterministic full waveform
inversion techniques in this set up, such as those employing total variation
regularization, deserves further study.
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Irregular shapes lead to higher dimensional problems and optimization
approaches to calculate a MAP point encounter difficulties due to fast varia-
tions in the boundary. We have seen that affine invariant samplers which are
robust as dimension grows still provide some information on basic anomaly
properties, though we identify multimodality features due to inconsistency
between the data and the prior. Better descriptions of the anomaly shape
and shear modulus would probably require improved prior knowledge or a
different type of parametrization. We have used here Matern covariances to
characterize curves with specified regularity degrees. One could refine this
Bayesian approach adding the regularity as an additional hyperparameter
and using priors with two components, that is, p(ν|m)p(m), where ν are the
parameters of the anomaly and m would be the parameters of the Matern
covariance governing the regularity of its boundary.

Alternative Bayesian formulations seek variations in the wave speed of
the whole tissue, which leads to infinite dimensional problems and very large
computational cost. The approach based on seeking shapes described by a
moderate number of parameters that we propose here has been tried for sim-
ple shapes on time independent imaging problems for which efficient bound-
ary element solvers are available. Lacking similar solvers for time dependent
wave problems, we have succeeded in developing fast finite element schemes
allowing us to implement our Bayesian formulation in terms of parametrized
boundaries, at a low computational cost, which is convenient for practical
applications.

The assumption that both healthy and unhealthy tissue have constant
shear modulus may not be realistic. We expect that our ideas could be used
to deal with field data in different ways. A possibility is to split the data in
three sets. The first one, with the assumption of constant shear modulus for
the healthy tissue, would be used to locate anomalies by topological energy
methods. With the additional assumption of constant shear modulus for the
unhealthy tissue, the second one could be used to construct improved pri-
ors optimizing a regularized cost, either by MCMC techniques or by more
standard optimization methods. The last fraction of data would be used to
implement a Bayesian framework with spatially varying coefficients. Hybrid
frameworks combining our treatment of boundaries with formulations seek-
ing the wave speed variations in grids of points are a possibility. Another
option consists in parameterizing the varying moduli by expanding them in
a selected basis.
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A Approximate solutions for the forward prob-

lem

We recall here the pertinent existence and regularity result for the forward
problem, as well as some discretization details and parameter choices.

A.1 Existence and regularity

In the sequel, H1, H2 represent the standard Sobolev spaces and (H1)′ is the
dual space of H1 [1, 6]. L2 stands for the usual space of square-integrable
functions.

Theorem 1. Let R and Ω be C1 domains, Ω ⊂ R 1. Assume f ∈
C∞(R+) ∪ L∞(R+) and g ∈ C∞(R2) ∪ L∞(R2). Then, the problem (1)-
(2) has a unique solution u ∈ C([0, τ ];H1(R)), ut ∈ C([0, τ ];L2(R)), utt ∈
L2(0, τ ; (H1(R))′), for any τ > 0. Furthermore, if utt(x, 0) ∈ L2(R), we also
have ut ∈ C([0, τ ];H1(R)) and u ∈ C([0, τ ];H2(R \ Ω)).

Proof. Existence of a solution u with the stated regularity for wave
equations with positive and bounded µ and ρ is a particular case of results
established in [36, 46]. If utt(x, 0) ∈ L2(R), ut solves a problem similar
to (1)-(2) with f replaced by f ′. Hence, ut ∈ C([0, τ ];H1(R)) and utt ∈
C([0, τ ];L2(R)). Then equation (1) implies that ∆u(t) ∈ L2(R \ Ω), thus
u(t) ∈ H2(R \ Ω) by elliptic regularity theory and u is defined on Σ and the
receiving sites both in the sense of L2(Σ) traces and pointwise [6, 10].

A.2 Physical parameters and nondimensionalization

For computational purposes, we nondimensionalize the problem using char-
acteristic times and lengths. Let T and L be two characteristic time and
length scales to be chosen. To simplify, one can take ρi = ρ ∼ 1000 kg/m3

in tissues, though ρi > ρ in general (slightly). We set x = x′L, t = t′T ,
u = u′L, Ω = Ω′L, R = R′L and Σ = Σ′L. Making the change of variables

1The result remains true with piecewise boundary regularity or when R is a convex
Lipschitz domain using Sobolev space theory for them [1, 42].
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and dropping the symbol ′ for ease of notation, we get

utt − div(µT
2

ρL2 ∇u) = T 2

ρL
f(tT )G(xL) = f̃(t)G̃(x), x ∈ R, t > 0,

∂u
∂n

= 0, x ∈ ∂R,

u(x, 0) = 0, ut(x, 0) = 0, x ∈ R.

(30)

Here, f̃(t) = f0
T 2

ρL
(1− 2π2f 2

MT 2t2)e−π2f2
MT 2t2 . We choose G̃ to have zero nor-

mal derivative at the interface, for instance, G̃(x) = 1
(πκ)n/2

∑J
j=1 exp(−

|(x−xj)|2
κ

),

n = 2. This function represents the location of the emitters.
Typical experimental conditions [3, 31, 54] suggest the choice L = 1 cm

= 10−2 m and T = 10−2 s. For instance, typical anomaly shapes and sizes in
a liver framework are ellipsoids of about 0.963× 1.15 cm, buried at a depth
between 6 and 12 cm. To spot anomalies of size 1 cm, that is, 10−2 m, we
should need a receiver grid of step about 10−3 m distributed or moving over
regions of cm length. Typical parameter ranges [3, 31, 54] are µi = 96− 241
kPa (carcinoma), µi = 55 − 71 kPa (normal tissue), and µi = 36 − 41 kPa
(bening hyperplasia) in a prostate gland, for instance. In a liver framework,
µi = 0.4 − 6 kPa (healthy tissue) and µi = 15 − 100 (unhealthy tissue).
Breast is less appropriate for these methods because carcinoma may yield
µi = 22−560 kPa, overlapping with fibrous tissue µi = 96−244 kPa, normal
fat µi = 18− 24 kPa, and normal gland µi = 28− 66 kPa, other techniques
[34] may be more suitable. Frequencies fM in shear elastography devices are
4− 15 Hz, or 50 Hz, or 100− 300 Hz, depending on sizes involved.

L T ρi ρ µi µ ci c fM f0
0.01 m 0.01 s ρ 103 kg

m3 16 kPa 1.69 kPa 4m
s

1.3m
s

50 Hz ρL
T 2

Table 1: Dimensional parameters used in the simulations.

In our numerical tests we work with the parameters listed in Table 1. We
set µi = 16 kPa and µ = 1.69 kPa, which results in wave speeds ci = 4 m/s
inside the anomalies and c = 1.3 m/s outside, a low contrast situation. We
select f0 such that f0

T 2

ρL
= 1 and fM = 50 Hz so that fMT = 0.5. Then, the

final dimensionless forward problem is

utt − div(c(x)2∇u) = f̃(t)G̃(x), x ∈ R,

∂u
∂n

= 0, x ∈ ∂R,

u(x, 0) = 0, ut(x, 0) = 0, x ∈ R,

(31)
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for t > 0, with

c2(x) =
µ(x)T 2

ρL2
=

{
1.69, x ∈ R \ Ω,
16, x ∈ Ω,

c(x) =

{
1.3, x ∈ R \ Ω,
4, x ∈ Ω,

and

f̃(t)G̃(x) = (1−2π20.52t2)
e−π20.52t2

πκ

J∑
j=1

e−
|x−xj |

2

κ . (32)

We generate synthetic data for our simulations by solving numerically
(31)-(32) for different choices of anomalies Ω and adding random noise. We
have used finite elements [13, 46] with spatial step δx = 0.08 and a total
explicit spatial discretization with time step δt = 0.00125, see next section
for details. We locate emitter/receivers at fixed grids of step 0.5 (or 0.2)
and record the signal at a fixed time grid of step 0.025. The value of κ can
be adjusted to the step δx, so that it affects just a few nodes around the
emitter. Here, we have set κ = 2. Alternatively, one could also perform
an even extension at the interface Σ = {(x, y) | y = 0} to get a problem set
in the whole space and resort to boundary elements for wave problems [45]
representing the emitters as point sources. However, an adequate framework
to implement such boundary value approach is still missing.

A.3 Discretization

To reduce the computational cost we focus on a limited tissue region and
truncate the computational region in such a way that R is a rectangular
region, as in Figure 1. On the artificial boundaries ∂R \ Σ, we will enforce
non reflecting boundary conditions [20]. On Σ, we keep the zero Neumann
condition. For the spatial discretization, we use P1 finite elements on a
fixed mesh of step δx in space [13, 46]. If V = span{ϕ1, . . . , ϕD} ⊂ H1 is
the resulting finite element space, we approximate u by uD =

∑D
i=1 ai(t)ϕi.

Therefore, we must find uD such that∫
R

uD
tt (x, t)ϕj(x)dx+

∫
R

c(x)2∇uD(x, t)ϕj(x)dx−
∫
∂R\Σ

c2
∂uD

∂n
ϕj(x)dSx

= f̃(t)

∫
RG̃(x)ϕj(x)dx,
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for j = 1, . . . , D. Next, we use the nonreflecting boundary condition ∂uD

∂n
∼

−1
c
uD
t on ∂R \ Σ and total discretization for the time derivatives on a time

mesh tn of step δt [13, 46]

uD
tt (x, tn) ∼

uD(x, tn+1)− 2uD(x, tn) + uD(x, tn−1)

δt2
,

uD
t (x, tn) ∼

uD(x, tn)− uD(x, tn−1)

δt
.

To calculate the coefficients ai(tn), i = 1, . . . D, we solve the recurrence
relations

D∑
i=1

Mj,iai(tn+1) =
D∑
i=1

Mj,i(2ai(tn)− ai(tn−1))− δt2
D∑
i=1

Aj,iai(tn)

−c δt
D∑
i=1

Bj,i(ai(tn)− ai(tn−1)) + δt2f̃(tn)Gj,

for n ≥ 1, whereMj,i =
∫
R
ϕjϕidx, Aj,i =

∫
R
c2∇ϕj∇ϕidx, Bj,i =

∫
∂R\Σ ϕjϕidSx,

Gj =
∫
R
G̃ϕjdx. The coefficients ai(t0) = 0 and ai(t1) = 0 for i = 1, . . . , D

are determined using the initial conditions. The numerical solutions defined
in this way are continuous, so that the costs (4), (23), likelihoods (12), and
topological energies (18) are well defined. This is a low order approximation,
since the mesh is kept fixed and it is not adapted to the shape of the vary-
ing anomalies. In this way, we achieve a reduced computational cost which
allows us to solve large amounts of forward problems quite fast for MCMC
sampling.

Acknowledgements. This research has been partially supported by
the FEDER /Ministerio de Ciencia, Innovación y Universidades - Agencia
Estatal de Investigación grants No. MTM2017-84446-C2-1-R and PID2020-
112796RB-C21. AC thanks G. Stadler for nice discussions and useful sug-
gestions.

References

[1] Adams R A 1975 Sobolev Spaces (Academic Press, New York)

34



[2] Afkham B M, Dong Y and Hansen P C 2021 Uncertainty quantifi-
cation of inclusion boundaries in the context of X-ray tomography,
arXiv:2107.06607v1.

[3] Shear Wave Elastography, in Blumgart’s Surgery of the Liver, Biliary
Tract and Pancreas, 2-Volume Set (Sixth Edition), 2017.

[4] Bui-Thanh T and Ghattas O 2014 An analysis of infinite dimensional
Bayesian inverse shape acoustic scattering and its numerical approxima-
tion SIAM/ASA J. Uncertain. Quantification 2 203-22

[5] Bui-Thanh T, Ghattas O, Martin J and Stadler G 2013 A computational
framework for infinite-dimensional Bayesian inverse problems Part I:
The linearized case with application to global seismic inversion SIAM
J. Sci. Comput. 35 A2494-A2523
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