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A B S T R A C T

We introduce the Dunkl–Darboux III oscillator Hamiltonian in N dimensions as a 𝜆−deformation
of the Dunkl oscillator. This deformation is interpreted as the introduction of a non-constant
curvature on the underlying space or, equivalently, as a quadratic position-dependent mass
for the Dunkl oscillator. This new ND quantum model is shown to be exactly solvable, and
its eigenvalues and eigenfunctions are explicitly presented. It is shown that in the 2D case
both Darboux III and Dunkl oscillators can be coupled with a constant magnetic field, thus
giving rise to two new quantum integrable systems in which the effect of the 𝜆−deformation
and of the Dunkl derivatives on the Landau levels can be studied. Finally, the full 2D Dunkl–
Darboux III oscillator is coupled with the magnetic field and shown to define an exactly
solvable Hamiltonian, where the interplay between the 𝜆−deformation and the magnetic field
is explicitly illustrated.

. Introduction

The isotropic harmonic oscillator on the 𝑁-dimensional Euclidean space constitutes the paradigm of maximally superintegrable
classical and quantum) Hamiltonian systems, whose superintegrability is deeply connected with the existence of a maximal set of
ymmetries for the Hamiltonian. As it is well-known, when the oscillator potential (including also centrifugal terms) is suitably
efined on N-dimensional spaces with constant curvature, the superintegrability of the system is preserved, together with the
imensionality of the algebra of symmetries (see for instance [1–8] and references therein).

Interestingly enough, a superintegrable version of the isotropic oscillator on a N-dimensional (ND) space with nonconstant
urvature was found in [9,10] (see also [11–19] and references therein). This space is the so-called ND Darboux III space, a
onformally flat space with metric

d𝐬2 = (1 + 𝜆 𝐱2) d𝐱2, (1)
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which in the case 𝜆 > 0 has a (negative) nonconstant scalar curvature given by

R = −𝜆
(𝑁 − 1)(2𝑁 + 3(𝑁 − 2)𝜆𝐱2)

(1 + 𝜆𝐱2)3
. (2)

As it was shown in [9], the Hamiltonian for the maximally superintegrable oscillator on this space is

𝐻(𝐱,𝐩) = 1
2(1 + 𝜆𝐱2)

(𝐩2 + 𝜔2𝐱2) , (3)

ith real parameters 𝜆 > 0 and 𝜔 ≥ 0 and where (𝐱,𝐩) are canonically conjugated coordinates and momenta. The curved space (1) is
ust the ND spherically symmetric generalization of the Darboux surface of type III [20,21]. Indeed, the Hamiltonian (3) is a genuine
−deformation of the well-known flat ND isotropic harmonic oscillator with frequency 𝜔, which is straightforwardly obtained in

the limit 𝜆 → 0:

H0 =
1
2
(𝐩2 + 𝜔2𝐱2), d𝐬2 = d𝐱2, R = 0. (4)

Note that the generators of translations (i.e. momenta operators) on the Darboux III space will not commute, since they are defined
on a curved space. However, since this space has non-constant curvature the commutation rules between such translation operators
will not be defined by a Lie algebra, opposedly to what happens in spaces with constant curvature (see, for instance, [22] and
references therein). It is also worth stressing that the Darboux III oscillator can be also interpreted as a nonlinear oscillator (yet
defined on the ND Euclidean space) but whose mass 𝑀 is position-dependent in the form 𝑀(𝐱) = 1 + 𝜆 𝐱2. The quantum version of
the ND Darboux III oscillator is an exactly solvable quantum system that has been studied in detail in [10,14].

A further type of symmetry-preserving generalization of the quantum version of the ND isotropic oscillator is given by the
so-called Dunkl oscillator, where usual derivatives are replaced by the Dunkl ones. The Dunkl operator introduced by Yang allows
the definition of a type of deformed oscillator [23], which includes of reflection symmetries [24], which allow the definition of
new quantum integrable models [25–27]. Several authors have generalized different integrable Hamiltonians by making use of the
Dunkl operator, including Dunkl–Dirac [28,29], Dunkl–Klein–Gordon [30,31], Dunkl-pseudo harmonic oscillators [32], and Dunkl–
Duffin–Kemmer–Petiau oscillators [33]. Recently, some of the authors have studied the symmetries defining the Schwinger-Dunkl
algebra involving the Dunkl derivatives related to the −1 orthogonal polynomials of the Bannai-Ito algebra [34–37]. Moreover, in
Refs. [38–40] the two and three-dimensional curved Dunkl oscillators (associated to the so-called Jordan–Schwinger–Dunkl algebra)
were studied, and the superintegrability of all these models was demonstrated.

The aim of this paper is the introduction of the Dunkl–Darboux III oscillator Hamiltonian, in which the nonlinear deformation
arising in the Darboux III oscillator is supplemented by the additional reflection symmetries associated to Dunkl operators. By making
use of all the abovementioned techniques, this new quantum model will be shown to be exactly solvable in the generic ND case, and
its associated wavefunctions and energy eigenvalues will be explicitly presented. In particular, special attention will be payed to the
𝑁 = 2 case, since for that dimensionality we will show that a constant perpendicular magnetic field can be also introduced, thus
giving rise to a biparametric family of exactly solvable models which provide the Dunkl–Darboux III generalization of the Landau
levels.

It is worth mentioning that the study of the two-dimensional Darboux III system under a constant magnetic field could
be physically interesting since we recall that position-dependent mass functions of the type 𝑀(𝑥) = 1 + 𝜆𝑥2 are relevant in
semiconductor heterostructures, for which their scattering properties [41] as well as wave-packet revivals of the associated
Schrödinger equation [42] have been studied (also, see [43] and references therein for finite gap Hamiltonians with position-
dependent mass and their connection with supersymmetry). On the other hand, Shannon information entropy for the eigenstates
of the Darboux III oscillator in arbitrary dimensions has been recently analysed [44], and provides an excellent benchmark for the
study the interplay between entropy and non-constant curvature (or position-dependent mass).

This paper is organized as follows. In Section 2, the Darboux III oscillator is reviewed in order to provide the necessary
background needed for the rest of the paper. Also, the new quantum Hamiltonian for the 2D Darboux III oscillator in the presence
of a constant magnetic field is introduced and fully solved. In particular, the modifications introduced in the Landau levels by the
nonlinear deformation 𝜆 and by the magnetic field 𝐵 ara analysed in detail. The well-known ND Dunkl oscillator is revisited in
Section 3, and the new quantum model defining the 2D Dunkl oscillator in the presence of a magnetic field is also introduced
and completely solved. Finally in Section 4 the ND Dunkl–Darboux III oscillator is defined and solved by making use of all the
algebraic machinery presented in the two previous sections. Again, for the 2D case a constant magnetic field can be also included
in the model, where it is worth noticing that the Dunkl analogue of the angular momentum operator allows for the separation of
variables in terms of polar coordinates, and therefore leads to the explicit solution of the system. Finally, in Section 5, we give some
concluding remarks.

2. The Darboux III oscillator

2.1. The one-dimensional Darboux III oscillator

In order to study the quantum systems associated to the one-dimensional version of the classical Hamiltonian (3), let us consider
the standard definitions for quantum position �̂� and momentum �̂�𝑥 operators, with Lie brackets and differential representation given
by

�̂�𝜓(𝑥) = 𝑥𝜓(𝑥), �̂� 𝜓(𝑥) = −𝑖ℏ
𝜕𝜓(𝑥)

, [�̂�, �̂� ] = 𝑖ℏ. (5)
2

𝑥 𝜕𝑥 𝑥
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Hence, the well-known quantum version of the Hamiltonian (3) is given by [10,14]

Ĥ𝐷′ = 1
(1 + 𝜆𝑥2)

[ 1
2
�̂�2𝑥 +

1
2
𝜔2�̂�2

]

= 1
(1 + 𝜆𝑥2)

[

−ℏ
2

2
𝜕2𝑥 +

1
2
𝜔2𝑥2

]

, (6)

which is formally self-adjoint provided the Hilbert space 𝐿2(R, d𝑥) is replaced by 𝐿2(R2, (1 + 𝜆𝑥2)d𝑥) where (1 + 𝜆𝑥2) is the weight
function within the scalar product

⟨𝜓|𝜙⟩𝜆 = ∫ 𝜓(𝑥)𝜙(𝑥)(1 + 𝜆𝑥2)d𝑥. (7)

In the Hilbert space endowed with (7), the Hamiltonian (6) becomes Hermitian (we recall that real spectra can be also obtained
from non-Hermitian Hamiltonians endowed with PT symmetry [45–49]). The corresponding Schrödinger equation Ĥ𝐷′𝜓(𝑥) = 𝐸𝜓(𝑥)
an be written as

1
2
[

−ℏ2𝜕2𝑥 +
(

𝜔2 − 2𝜆𝐸
)

𝑥2
]

𝜓(𝑥) = 𝐸𝜓(𝑥), (8)

which is just a quantum oscillator with an energy-dependent frequency given by

𝛺(𝐸) =
√

𝜔2 − 2𝜆𝐸 whenever 𝜔2 > 2𝜆𝐸 , (9)

and whose eigenvalues can be obtained by solving the equation

𝐸 = ℏ𝛺
(

𝑛 + 1
2

)

. (10)

Therefore, we have an exactly solvable one-dimensional quantum model whose explicit eigenvalues come from solving Eq. (10), and
whose eigenfunctions 𝜓𝑛(𝑥) are given in analogy with the harmonic oscillator wavefunctions. In this way we obtain that [10,14]

𝐸𝑛 = −ℏ2𝜆
(

𝑛 + 1
2

)2
+ ℏ

(

𝑛 + 1
2

)

√

𝜆2ℏ2
(

𝑛 + 1
2

)2
+ 𝜔2, 𝑛 = 0, 1, 2,… (11)

𝜓𝑛(𝑥) = 𝐴𝑛

(

𝛽2

𝜋

)

1
4
exp

[

−𝛽2𝑥2∕2
]

𝐻𝑛(𝛽𝑥), 𝛽 =
√

𝛺
ℏ
, (12)

where 𝐻𝑛(𝛽𝑥) is the 𝑛th Hermite polynomial and 𝐴𝑛 is a normalization constant. Note that the real parameter 𝜆 can be interpreted as
a ‘deformation’ parameter governing the nonlinear behaviour of Ĥ𝐷′ , and this parameter is deeply related to the variable curvature
of the underling Darboux space (see (2)). The case 𝜆 = 0 leads to the well-known results for the harmonic oscillator Hamiltonian
Ĥ = − ℏ2

2 𝜕
2
𝑥 +

1
2𝜔

2𝑥2 with frequency 𝜔, which indeed does not depend on the energy 𝐸.

.2. The N-dimensional Darboux III oscillator

In the ND generalization of the Darboux III system [9,10,14], the quantum position and momentum operators (�̂�, �̂�) are defined
by

�̂�𝑖 = 𝑥𝑖, �̂�𝑖 = −𝑖ℏ 𝜕
𝜕𝑥𝑖

, [�̂�𝑖, �̂�𝑖] = 𝑖ℏ𝛿𝑖𝑗 . (13)

hus one can use the standard notation

∇ =
(

𝜕
𝜕𝑥1

,… , 𝜕
𝜕𝑥𝑁

)

, 𝛥 = ∇2 = 𝜕2

𝜕𝑥21
+⋯ + 𝜕2

𝜕𝑥2𝑁
, (14)

and from the point of view of the so-called ‘Schrödinger’ quantization [14], the quantum Hamiltonian is given by

�̂�𝐷′ = 1
(1 + 𝜆�̂�2)

[ 1
2
�̂�2 + 1

2
𝜔2�̂�2

]

= 1
(1 + 𝜆𝐱2)

[

−ℏ
2

2
∇2 + 𝜔2𝐱2

]

. (15)

This quantization prescription preserves the maximal superintegrability of the system in a straightforward way due to the immediate
quantum transcription of the (2𝑁 − 1) classical integrals of the motion, which are given by the operators

𝐼𝑖 = �̂�2𝑖 − 2𝜆 𝑞2𝑖 �̂�𝐷′ + 𝜔2𝑞2𝑖 , 𝑖 = 1,… , 𝑁 , (16)

and therefore �̂�𝐷′ = 1
2
∑𝑁
𝑖=1 𝐼𝑖.

By taking into account a factorized wave function together with the eigenvalue equations for the quantum integrals 𝐼𝑖

𝛹 (𝐱) =
𝑁
∏

𝑖=1
𝜓𝑖(𝑥𝑖),

1
2 𝐼𝑖 𝛹 (𝐱) = 𝜈𝑖 𝛹 (𝐱) , (17)

in which 𝜓(𝑥𝑖) ∈ 𝐿2(R, d𝑥𝑖), the eigenvalues 𝜈𝑖 are shown to be [10,14]

𝜈 ≡ 𝜈 (𝐸, 𝑛 ) = ℏ𝛺
(

𝑛 + 1) , 𝑛 = 0, 1, 2,… (18)
3

𝑖 𝑖 𝑖 𝑖 2 𝑖
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Fig. 1. Schematic representation of the energy levels (20) for the parameters ℏ = 𝜔 = 1, 𝑁 = 2 and 𝜆 = {0, 0.02, 0.04, 0.04, 0.06} with quantum numbers 𝑛 = 0, 1,… , 5.
When 𝜆 = 0 the energies of the isotropic harmonic oscillator are recovered.

and the one-particle wave functions 𝜓(𝑥𝑖) are

𝜓𝑖(𝑥𝑖) ≡ 𝜓𝑛𝑖 (𝐸, 𝑥𝑖) = 𝐴𝑛𝑖

(

𝛽2

𝜋

)

1
4
exp

[

−𝛽2𝑥2𝑖 ∕2
]

𝐻𝑛𝑖 (𝛽𝑥𝑖) . (19)

From these expressions and by taking into account that �̂�𝐷′ = 1
2
∑𝑁
𝑖=1 𝐼𝑖, the discrete spectrum of the Hamiltonian (15) can be shown

to be

E𝑛 = −ℏ2𝜆
(

𝑛 + 𝑁
2

)2
+ ℏ

(

𝑛 + 𝑁
2

)

√

𝜆2ℏ2
(

𝑛 + 𝑁
2

)2
+ 𝜔2 , 𝑛 =

𝑁
∑

𝑖=1
𝑛𝑖, 𝑛 = 0, 1, 2… (20)

Note that the spectrum of the Darboux III oscillator has the very same degeneracy as the ND quantum isotropic oscillator, but its
eigenvalues are deformed in terms of the curvature parameter 𝜆, thus giving rise to a nonlinear spacing among them. This discrete
spectrum for the first six levels of the 𝑁 = 2 model is depicted in Fig. 1 for several values of 𝜆. As we can observe, by increasing
the deformation parameter 𝜆, higher eigenvalues become more compressed, albeit the maximal degeneracy of the full spectrum is
preserved with respect to the ND harmonic oscillator case.

2.3. The 2D Darboux III oscillator coupled to a constant magnetic field

As it is well-known [50–53], the isotropic oscillator on the flat 2D Euclidean space under the action of a constant perpendicular
magnetic field in the 𝑧 direction is also an exactly solvable quantum model. In fact, if we consider the symmetric gauge

𝐀 =
(

−
𝐵 𝑦
2
, 𝐵 𝑥

2

)

, (21)

the classical Hamiltonian reads

H = 1
2

[

(

𝑝𝑥 −
𝑒𝐴𝑥
𝑐

)2
+
(

𝑝𝑦 −
𝑒𝐴𝑦
𝑐

)2]

+ 1
2
𝜔2(𝑥2 + 𝑦2), (22)

which can be written as

H = 1
2

[

(𝑝2𝑥 + 𝑝
2
𝑦) + 𝜔

2
𝑐 (𝑥

2 + 𝑦2) − 2𝜔𝑐𝐿𝑧
]

+ 1
2
𝜔2(𝑥2 + 𝑦2) , (23)

where 𝜔𝑐 =
𝑒𝐵
2𝑐 is the Larmor frequency and 𝐿𝑧 = 𝑥𝑝𝑦 − 𝑦𝑝𝑥 is the angular momentum in the 𝑧 direction. Therefore, by introducing

a modulation frequency given by �̃�2 = 𝜔2
𝑐 + 𝜔

2, the Hamiltonian reads

H = 1
2

[

(𝑝2𝑥 + 𝑝
2
𝑦) + �̃�

2(𝑥2 + 𝑦2) − 2𝜔𝑐𝐿𝑧
]

. (24)

The quantum counterpart of this Hamiltonian can be written as

Ĥ = Ĥ + Ĥ = 1 [

(�̂�2 + �̂�2) + �̃�2(�̂�2 + �̂�2)
]

− 𝜔 �̂� , (25)
4

𝑜𝑠 𝐿 2 𝑥 𝑦 𝑐 𝑧
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and since both terms commute [Ĥ𝑜𝑠, Ĥ𝐿] = 0, the problem can be solved in terms of simultaneous eigenfunctions of both operators,
where the first one is just the 2D isotropic oscillator with frequency �̃�. Such eigenfunctions 𝜓𝑛,𝑚 depend on two quantum numbers
which can take values 𝑛 = 0, 1, 2,… and 𝑚 = 0,±1,±2,… , and their eigenvalues 𝐸𝑛,𝑚 are given by [50–53]

𝐸𝑛,𝑚 = ℏ �̃� (2𝑛 + |𝑚| + 1) − ℏ𝜔𝑐 𝑚. (26)

In the following we will show that if we consider that the initial oscillator has a position-dependent mass of the type 𝑀(𝐱) =
1+𝜆𝐱2 = 1+𝜆(𝑥2+𝑦2), a new exactly solvable quantum model arises, which can be called the 2D Darboux III oscillator on a constant
magnetic field.

In the presence of an external uniform magnetic field 𝐵, this system would be defined as

H𝐷′ = 1
2(1 + 𝜆𝐱2)

[

(

𝑝𝑥 −
𝑒𝐴𝑥
𝑐

)2
+
(

𝑝𝑦 −
𝑒𝐴𝑦
𝑐

)2

+ 𝜔2

2
(𝑥2 + 𝑦2)

]

, (27)

here 𝑒 is the charge of the particle, and 𝐀 is the magnetic vector potential in the symmetric gauge. When substituting Eq. (21)
nto Eq. (27), the Hamiltonian can be written as

H𝐷′ = 1
2(1 + 𝜆𝐱2)

[

(𝑝2𝑥 + 𝑝
2
𝑦) + 𝜔

2
𝑐 (𝑥

2 + 𝑦2) − 2𝜔𝑐𝐿𝑧 +
𝜔2

2
(𝑥2 + 𝑦2)

]

. (28)

Therefore, with the same modulation frequency as above �̃�2 = 𝜔2
𝑐 + 𝜔

2, the Hamiltonian reads

H𝐷′ = 1
2(1 + 𝜆𝐱2)

[

(𝑝2𝑥 + 𝑝
2
𝑦) + �̃�

2(𝑥2 + 𝑦2) − 2𝜔𝑐𝐿𝑧
]

. (29)

In the following we show that the quantum version Ĥ𝐷′ of this model can be also exactly solved by following the same steps
described in Section 2.2 for the Darboux oscillator. In particular, we will have that Ĥ𝐷′ , is an integrable 𝜆-deformation of the
quantum 2D harmonic oscillator Hamiltonian under the presence of a constant magnetic field.

If we use polar coordinates (see Appendix), then the Laplacian operator takes the form

∇2 = 𝜕2𝑥 + 𝜕
2
𝑦 = 𝜕2𝑟 +

1
𝑟
𝜕𝑟 +

1
𝑟2
𝐿2
𝑧, (30)

and under the usual quantization prescription we have 𝐿𝑧 = −𝑖ℏ𝜕𝜃 . Therefore, the quantum Hamiltonian reads

Ĥ𝐷′ = 1
2(1 + 𝜆𝑟2)

[

−ℏ2
(

𝜕2𝑟 +
1
𝑟
𝜕𝑟 +

1
𝑟2
𝜕2𝜃
)

+ 2𝑖ℏ𝜔𝑐𝜕𝜃 + �̃�2𝑟2
]

. (31)

The wavefunction in polar coordinates 𝜓(𝑟, 𝜃) may be factorized as

𝜓(𝑟, 𝜃) = 1
√

𝑟
𝑢(𝑟)𝑒𝑖𝑚𝜃 , (32)

with 𝑚 ∈ Z, and then the eigenvalue equation for the radial function 𝑢(𝑟) arising from Eq. (31) becomes
[

−ℏ
2

2
𝜕2𝑟 +

ℏ2

2𝑟2
(

𝑚2 − 1
4

)

+ 1
2
�̃�2𝑟2

]

𝑢(𝑟) = E𝑛𝑚𝑢(𝑟), (33)

where �̃� =
√

�̃�2 − 2E𝑛𝑚 𝜆, and we will denote Ẽ𝑛𝑚 = E𝑛𝑚 + ℏ𝑚𝜔𝑐 . Thus, the eigenspectrum in terms of different quantum numbers
(𝑛, 𝑚) is obtained by solving the equation

Ẽ𝑛𝑚 = ℏ�̃�(2𝑛 + |𝑚| + 1), (34)

which leads to the following explicit expression for the eigenvalues:

E𝑛𝑚 = −ℏ𝑚𝜔𝑐 − ℏ2𝜆(2𝑛 + |𝑚| + 1)2 + ℏ
√

[

ℏ𝜆(2𝑛 + |𝑚| + 1)2 + 𝑚𝜔𝑐
]2 + �̃�2(2𝑛 + |𝑚| + 1)2 − 𝑚2𝜔2

𝑐 , (35)

here the quantum numbers are again 𝑛 = 0, 1, 2,… and 𝑚 = 0,±1,±2,… . Eq. (35) shows the eigenvalues of the 𝜆-deformed 2D
quantum oscillator in a constant magnetic field. When we examine these eigenvalues, we observe that in the absence of a magnetic
field and when the deformation is zero, 𝐸𝑛,𝑚 = 𝐸𝑛′ ,𝑚′ in all cases where 2𝑛 + |𝑚| = 2𝑛′ + |𝑚′

|. Moreover, when there is no magnetic
field (𝜔𝑐 → 0) but the deformation 𝜆 is non-zero, we find that 𝐸𝜆≠0𝑛,𝑚 < 𝐸𝜆=0𝑛,𝑚 , thus resulting in identical degenerate states. This means
that for a given state, when 𝜆 increases the related energy decreases. On the other hand, for all values of 𝜆, when the magnetic
field is non zero, the degeneracy will be removed and 𝐸𝑛,|𝑚| < 𝐸𝑛,−|𝑚|. When the magnetic field vanishes, so that when 𝜔𝑐 → 0, this
expression leads to the eigenvalues obtained in (20) for the Darboux III Hamiltonian �̂�𝐷′ in two-dimensions. On the other hand, in
the limit 𝜆 → 0 of constant mass we recover the eigenvalues (26) of the 2D oscillator within a constant magnetic field. Therefore,
this model can be interpreted as a two-parametric (𝜔𝑐 , 𝜆)-deformation of the 2D isotropic oscillator. The solutions of Eq. (31) can
be written in terms of the corresponding normalized eigenfunctions, namely

𝜓𝑛,𝑚(𝑟, 𝜃) =
[

𝛤 (𝑛 + |𝑚|)
𝛤 (𝑛 + |𝑚| + 1)𝜋

]1∕2
𝛽
1
2 +|𝑚|𝑟|𝑚|𝑒−

𝛽2
2 𝑟

2
𝐿|𝑚|
𝑛

(

𝛽2𝑟2
)

𝑒𝑖𝑚𝜃 , 𝛽 = �̃�
ℏ
, (36)

where 𝐿|𝑚|(𝑢) are generalized Laguerre polynomials.
5
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Fig. 2. The Landau levels are shown in terms of their quantum numbers (𝑛, 𝑚) for the usual case (null magnetic field) and for 𝐵 = 0.1, 0.2, 0.5 (where some of
the splittings induced by 𝑚 arise) by following (26), with ℏ = 𝜔 = 1. Note that here 𝜆 = 0.

The lowest energy levels of these exactly solvable quantum systems are plotted in Figs. 2 and 3. The first one presents the 𝜆 = 0
case, i.e., the Landau levels for a quantum oscillator under in a uniform magnetic field. The second one shows the influence of the
𝜆-deformation on such Landau levels for the cases with both null and non-vanishing magnetic field. Note that when 𝐵 = 0 there is
a change of energies for the Landau levels, but they do not split in terms of 𝑚 since they correspond to the expression (20) for the
Darboux III oscillator where 𝑛→ 2𝑛+ |𝑚| and 𝑁 → 1, and thus the level structure shown in Fig. 1 is reproduced. On the other hand,
when 𝐵 ≠ 0 the combined effect of the magnetic field and the position-dependent mass governed by 𝜆 can be appreciated.

3. The Dunkl oscillator

3.1. The one-dimensional Dunkl oscillator

We recall that the Dunkl oscillator is another exactly solvable quantum system constructed in terms of Dunkl operators. In the
Dunkl quantum mechanics the momentum operator is expressed in terms of the Dunkl derivative instead of the ordinary derivative.
These operators satisfy the following commutation rules [34,54–56]

𝑃𝑥 = ℏ
𝑖
𝐷𝜇𝑥
𝑥 , �̂� = 𝑥, [�̂�, 𝑃𝑥] = 𝑖ℏ(1 + 2𝜇𝑥𝑅𝑥), (37)

where the Dunkl derivative is defined as

𝐷𝜇𝑥
𝑥 = 𝜕𝑥 +

𝜇𝑥
𝑥
(1 − 𝑅𝑥), (38)

where 𝜇𝑥 is real parameter such that 𝜇𝑥 > −1∕2, and 𝑅𝑥 denotes the reflection operator with respect to the plane 𝑥 = 0 which acts
in the form 𝑅𝑥𝑓 (𝑥) = 𝑓 (−𝑥). The Hamiltonian for the one-dimensional Dunkl oscillator is defined by

Ĥ𝐷 = −ℏ
2

2
(𝐷𝜇𝑥

𝑥 )2 + 1
2
𝜔2𝑥2. (39)

Since [H𝐷, 𝑅𝑥] = 0, the eigenfunctions 𝑓 (𝑥) may be chosen to have a well-defined parity 𝑅𝑥𝑓 (𝑥) = 𝑒𝑥𝑓 (𝑥) with 𝑒𝑥 = ±1. We can also
say that 𝑞𝑥 = 0, 1 for 𝑒𝑥 = ±1 provided that 𝑞𝑥 = (1 − 𝑒𝑥)∕2. Hence, the eigenfunctions of the Dunkl oscillator are given by

𝑓 𝑒𝑥𝑛𝑥 (𝑥) = 𝑒−
𝜔2𝑥2

2ℏ2 𝐻𝜇𝑥
𝑛𝑥 (

𝜔
ℏ 𝑥), 𝑛𝑥 = 0, 1, 2,… (40)

where 𝐻𝜇𝑥
𝑛𝑥 (

𝜔
ℏ 𝑥) are the generalized Hermite polynomials [57]

𝐻𝜇𝑥
𝑛𝑥 (

𝜔
ℏ 𝑥) = (−1)𝑛

√

√

√

√

𝜔𝑛!

ℏ𝛤
[

𝑛 + 𝜇𝑥 + 𝑞𝑥 +
1
2

]𝑥𝑞𝑥𝐿

(

𝜇𝑥+𝑞𝑥−
1
2

)

𝑛 (𝜔
2

ℏ2
𝑥2), (41)

and the energies of the model are given by the eigenvalues

𝜅𝑒𝑥 ≡ 𝜅(𝐸′, 𝑛 , 𝑒 ) = ℏ𝜔
(

𝑛 + 𝜇 + 1) . (42)
6
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We recall that the eigenfunctions of the one-dimensional Dunkl oscillator are normalized and orthogonal on the weighted 𝐿2 space
endowed with the scalar product [58]

⟨𝑔|𝑓⟩ = ∫ 𝑔(𝑥)𝑓 (𝑥)|𝑥|2𝜇𝑥d𝑥. (43)

.2. The ND Dunkl oscillator

The Dunkl oscillator can be generalized to 𝑁 dimensions [24,34–36,59]. In doing so, the Dunkl momentum operator �̂� associated
ith the reflection group Z𝑁2 is defined by

�̂� =
(

𝑃1,… , 𝑃𝑁
)

= −𝑖ℏ
(

𝐷
𝜇𝑥1
1 , 𝐷𝜇2

𝑥2 ,… , 𝐷𝜇𝑁
𝑥𝑁

)

. (44)

n fact, we can write

∇𝐷 =
(

𝐷𝜇1
1 ,… , 𝐷𝜇𝑁

𝑁
)

=
𝑁
∑

𝑖=1
𝜕𝑥𝑖 +

𝜇𝑖
𝑥𝑖

(I − 𝐑𝑖), (45)

where I is the identity operator, 𝜇𝑖 > −1∕2 are real numbers and the operator 𝐑𝑖 is the reflection operator with respect to the plane
𝑥𝑖 = 0, namely

𝐑𝑖𝑓 (𝑥𝑖) = 𝑓 (−𝑥𝑖). (46)

The Dunkl-Laplacian operator for Z𝑁2 is therefore defined by

𝛥𝐷 = ∇2
𝐷 = (𝐷𝜇1

1 )2 +⋯ + (𝐷𝜇𝑁
𝑁 )2 =

𝑁
∑

𝑖=1
𝜕2𝑥𝑖 + 2

𝜇𝑖
𝑥𝑖
𝜕𝑥𝑖 −

𝜇𝑖
𝑥𝑖2

(1 − 𝑅𝑖). (47)

his is a second-order differential-difference operator which reduces to the usual Laplacian ∇ = 𝜕2𝑥1 + 𝜕2𝑥2 + ⋯ + 𝜕2𝑥𝑁 , when
1 = 𝜇2 = ⋯ = 𝜇𝑁 = 0. The Hamiltonian of the corresponding 𝑁-dimensional Dunkl oscillator problem is given by

�̂�𝐷 = −ℏ
2

2
∇2
𝐷 + 1

2
𝜔2𝐱2 , (48)

and since this system is separable, the related eigenfunctions and energy spectrum are given in the form

𝐹 𝑒1 ,𝑒2 ,…,𝑒𝑁
𝑛𝑥1 ,𝑛𝑥2 ,…,𝑛𝑥𝑁

(𝐱) =
𝑁
∏

𝑖=1
𝑓 𝑒𝑖𝑛𝑥𝑖 (𝑥𝑖), (49)

Ē𝑒1 ,𝑒2 ,…,𝑒𝑁
𝑛𝑥1 ,𝑛𝑥2 ,…,𝑛𝑥𝑁

=
𝑁
∑

𝑖=1
𝜈𝑒𝑖𝑛𝑥𝑖 = ℏ𝜔

(

𝐧𝐱 + 𝜇𝐱 +
𝑁
2

)

, (50)

n which 𝐧𝐱 =
∑𝑁
𝑖=1 𝑛𝑥𝑖 and 𝜇𝐱 =

∑𝑁
𝑖=1 𝜇𝑖.

.3. The 2D Dunkl oscillator coupled to a constant magnetic field

In this section we will describe the 2D Dunkl oscillator in a constant magnetic field aligned along the 𝑧-axis, which will give rise
o the Dunkl generalization of the Landau levels. The model Hamiltonian will be defined as

Ĥ𝐷 = −ℏ
2

2
∇2
𝐷 + 𝑖ℏ𝜔𝑐

(

𝑥𝐷
𝜇𝑦
𝑦 − 𝑦𝐷𝜇𝑥

𝑥

)

+ �̃�2

2
(𝑥2 + 𝑦2), (51)

where ∇2
𝐷 = (𝐷𝜇𝑥

𝑥 )2+(𝐷
𝜇𝑦
𝑦 )2, and the Dunkl derivatives 𝐷𝑥𝑖 are substituted instead of the standard partial derivatives 𝜕𝑥𝑖 . By making

use of polar coordinates, the Dunkl-Laplacian operator can be written as

∇2
𝐷 = 𝜕2𝑟 +

1
𝑟
(

1 + 2𝜇𝑥 + 2𝜇𝑦
)

𝜕𝑟 −
1
𝑟2

(

J2 − 2𝜇𝑥𝜇𝑦(1 − 𝑅𝑥𝑅𝑦)
)

, (52)

where the angular momentum operator is J ≡ 𝑖ℏ(𝑥𝐷
𝜇𝑦
𝑦 − 𝑦𝐷𝜇𝑥

𝑥 ) so that J2 = 𝐻𝜃 + 2𝜇𝑥𝜇𝑦(1 − 𝑅𝑥𝑅𝑦), and 𝐻𝜃 is given in Eq. (A.6) of
Appendix. By substituting Eq. (52) and the definition of the operator J into the Hamiltonian (51), the following operator arises in
polar coordinates:

Ĥ𝐷 = −ℏ
2

2

(

𝜕2

𝜕𝑟2
+ 1
𝑟
(

1 + 2𝜇𝑥 + 2𝜇𝑦
) 𝜕
𝜕𝑟

)

+ ℏ2

2𝑟2
(

J2 − 2𝜇𝑥𝜇𝑦(1 − 𝑅𝑥𝑅𝑦)
)

+ �̃�2

2
𝑟2 + ℏ𝜔𝑐J. (53)

In the following we present the solutions of the two-dimensional Dunkl oscillator in the presence of the magnetic field. Our
esults are based on the fact that the operators 𝑅𝑥, 𝑅𝑦 commute with the one-dimensional Hamiltonians Ĥ𝑥, Ĥ𝑦, respectively. Since
eflection symmetry is understood as an element of a finite group Z2, having two irreducible representations for modes with even
nd odd parity, then the full Hilbert space of the system is splitted into even and odd sectors. Therefore, the resulting eigenfunctions
or the two-dimensional Dunkl oscillator can be chosen in such a way that they have a definite parity, as it is the case by considering
7

he following two possibilities:
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Fig. 3. Schematic representation of the Landau levels (35) for the 𝜆−deformed Darboux oscillator with quantum numbers (𝑛, 𝑚) for the 𝜆−deformed Darboux
oscillator, and also in conjunction with different magnetic fields of 𝐵 = 0.1, 0.2, 0.5. Again, we take ℏ = 𝜔 = 1.

3.3.1. Case 𝑅𝑥 = 𝑅𝑦
If both sectors are of the same type, 𝑒𝑥 = 𝑒𝑦 = 1 or 𝑒𝑥 = 𝑒𝑦 = −1, this leads to 𝜖 ≡ 𝑒𝑥𝑒𝑦 = 1, where 𝑒𝑥 and 𝑒𝑦 are

the eigenvalues of 𝑅𝑥 and 𝑅𝑦, respectively. By using the results of Appendix, J𝐹+ = 𝜎+𝐹+ where 𝐹+ = 𝑋++
𝑚′ (𝜃) ± 𝑖𝑋−−

𝑚′ (𝜃) and
𝜎+ = ±2

√

𝑚′(𝑚′ + 𝜇𝑥 + 𝜇𝑦), 𝑚′ ∈ N, where 𝑋++
𝑚′ and 𝑋−−

𝑚′ are explicitly given in Eqs. (A.11) and (A.12).
For 𝑒𝑥 = 𝑒𝑦 = 1, we have 𝜓++(𝑟, 𝜃) = 𝑅++(𝑟)𝐹+(𝜃). In order to find the radial solutions, we set 𝑅++(𝑟) in the following eigenvalue

equation

1
2

[

−ℏ2
(

𝜕2

𝜕𝑟2
+ 1
𝑟
(1 + 2𝜇𝑥 + 2𝜇𝑦)

𝜕
𝜕𝑟

+
𝜎2+
𝑟2

)

+ �̃�2𝑟2
]

𝑅++(𝑟) = Ẽ +𝑅++(𝑟), (54)

where Ẽ + = E + − ℏ𝜔𝑐𝜎+. Therefore, the radial solutions for the coupled Hamiltonian (53) are

𝑅++
𝑛 (𝑟) = 𝑟−𝜇𝑥−𝜇𝑦+

√

(𝜇𝑥+𝜇𝑦)2+𝜎2+𝑒−
𝜔2

2ℏ2
𝑟2𝐿

√

(𝜇𝑥+𝜇𝑦)2+𝜎2+
𝑛 (𝜔

2

ℏ2
𝑟2), (55)

and the energy spectrum is given by the explicit expression

E +
𝑛𝑚′ = ℏ�̃�

(

2𝑛 +
√

(𝜇𝑥 + 𝜇𝑦)2 + 𝜎2+ + 1
)

+ ℏ𝜔𝑐𝜎+. (56)

In the same manner, for 𝑒𝑥 = 𝑒𝑦 = −1, the wave function is 𝜓−−(𝑟, 𝜃) = 𝑅−−(𝑟)𝐹+(𝜃) with the same J𝐹+ = 𝜎+𝐹+. Consequently, the
radial eigensolutions of (53) are again given by

𝑅−−
𝑛 (𝑟) = 𝑟−𝜇𝑥−𝜇𝑦+

√

(𝜇𝑥+𝜇𝑦)2+𝜎2+𝑒−
𝛽2

2ℏ2
𝑟2𝐿

√

(𝜇𝑥+𝜇𝑦)2+𝜎2+
𝑛 (𝜔

2

ℏ2
𝑟2), (57)

and also the eigenvalues are the same as in (56).

3.3.2. Case 𝑅𝑥 = −𝑅𝑦
Here, we shall consider 𝜖 ≡ 𝑒𝑥𝑒𝑦 = −1, and there are two possibilities: either 𝑒𝑥 = −1, 𝑒𝑦 = 1 or 𝑒𝑥 = 1,= 𝑒𝑦 = −1. As the previous

case, from Appendix, we have that J𝐹− = 𝜎−𝐹−, where 𝐹− = 𝑋+−
𝑚′ (𝜃)∓ 𝑖𝑋−+

𝑚′ (𝜃) in which 𝑋+−
𝑚′ (𝜃) and 𝑋−+

𝑚′ (𝜃) are given by Eqs. (A.14)
and (A.15) of Appendix, so that we have 𝜎− = ±2

√

(𝑚′ + 𝜇𝑥)(𝑚′ + 𝜇𝑦), 𝑚′ ∈ { 1
2 ,

3
2 ,…}.

For the case 𝑒𝑥 = −1 and 𝑒𝑦 = 1, we find that the Hamiltonian (53) leads to the equation

1
2

[

−ℏ2
(

𝜕2

𝜕𝑟2
+ 1
𝑟
(1 + 2𝜇𝑥 + 2𝜇𝑦)

𝜕
𝜕𝑟

+
(𝜎2− − 4𝜇𝑥𝜇𝑦)

𝑟2

)

+ �̃�2𝑟2
]

𝑅+−(𝑟) = Ẽ −𝑅+−(𝑟) (58)

where we have defined Ẽ − = E − − ℏ𝜔𝑐𝜎−. As in the previous case, Eq. (58) has admissible solutions 𝜓+−(𝑟, 𝜃) = 𝑅+−(𝑟)𝐹−(𝜃) where
the radial solutions 𝑅+−(𝑟) are obtained by solving Eq. (58), and read

𝑅+−(𝑟) = 𝑟−𝜇𝑥−𝜇𝑦+
√

(𝜇𝑥−𝜇𝑦)2+𝜎2−𝑒−
𝜔2

2ℏ2
𝑟2𝐿

√

(𝜇𝑥−𝜇𝑦)2+𝜎2− (𝜔
2
𝑟2) (59)
8
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Fig. 4. Schematic representation of the first few Landau levels (56) and (60) with quantum numbers (𝑛, 𝑚′) for the null magnetic field (the usual Dunkl oscillator)
and for 𝐵 = 0.1, 0.2, 0.5. Note that here 𝜆 = 0, ℏ = 𝜔 = 1 and the parameter values 𝜇𝑥 = 𝜇𝑦 = 0.02. The left figure of the levels are those with the even sector
𝑒𝑥𝑒𝑦 = +1 and the right figure of the levels are those with the odd sector 𝑒𝑥𝑒𝑦 = −1.

together with their eigenvalues

E −
𝑛𝑚′ = ℏ�̃�

(

2𝑛 +
√

(𝜇𝑥 − 𝜇𝑦)2 + 𝜎2− + 1
)

+ ℏ𝜔𝑐𝜎−. (60)

Similarly, for case 𝑒𝑥 = 1 and 𝑒𝑦 = −1 from Eq. (58), we obtain 𝑅+−(𝑟) = 𝑅−+(𝑟) with the same eigenvalues E −
𝑛𝑚′ . The first

few energy levels of the Dunkl oscillator systems are drawn in Fig. 4. It provides the Landau levels for the Dunkl oscillator under a
uniform magnetic field, for which the deformed parameter is set as 𝜆 = 0. These levels are the cases with both null and non-vanishing
magnetic fields. Moreover, under the parity, 𝑒𝑥𝑒𝑦 = 𝜖, we present the numerical results to the energies given in (56) and (60) in
Fig. 4, which separates the spectrum of the system into two-level forms, even and odd. For both, it is seen the states with the same
energy 𝑁 → 2(𝑛 + |𝑚′

|), which these degeneracies can be broken to the different values in presence of the magnetic field.

4. The Dunkl–Darboux III oscillator

4.1. The one-dimensional model

At this point it seems natural to introduce a model called Dunkl–Darboux III oscillator (Ĥ𝐷𝐷′ ) through the Hamiltonian

Ĥ𝐷𝐷′ = 1
(1 + 𝜆𝑥2)

[

−ℏ
2

2
(𝐷𝜇𝑥

𝑥 ) + 𝜔2

2
𝑥2
]

= 1
(1 + 𝜆𝑥2)

Ĥ𝐷 , (61)

which we will show to be a new exactly solvable quantum model. This model describes a nonlinear oscillator with a momentum
operator given in (37), and can be interpreted as a new 𝜆−deformation of the one-dimensional Dunkl oscillator. We recall that this
deformation can be interpreted either as the motion on a space with nonconstant curvature or as the introduction of a position-
dependent mass. Note that when 𝜇𝑥 = 0, the Hamiltonian (61) corresponds to the Darboux III quantum oscillator (6), and when
𝜆→ 0, the Hamiltonian Ĥ𝐷𝐷′ turns out to be the Dunkl oscillator given in (39). Indeed, when both 𝜇𝑥 and 𝜆 vanish, the Hamiltonian
(61) is just the isotropic harmonic oscillator.

As a first relevant fact, it turns out that Ĥ𝐷𝐷′ is formally self-adjoint on the Hilbert space 𝐿2(R2,
(

1 + 𝜆𝑥2
)

|𝑥|2𝜇𝑥 ) defined by the
scalar product

⟨𝜑|𝜒⟩ = ∫ 𝜑(𝑥)𝜒(𝑥)(1 + 𝜆𝑥2)|𝑥|2𝜇𝑥d𝑥. (62)

In the following we obtain the spectrum and eigenfunctions of the Dunkl–Darboux III quantum oscillator by solving the Schrödinger
equation coming from the Hamiltonian (61), namely

Ĥ𝐷𝐷′ 𝜑(𝑥) = 1
(1 + 𝜆𝑥2)

Ĥ𝐷 𝜑(𝑥) = 𝐸′′𝜑(𝑥), (63)

Ĥ𝐷 𝜑(𝑥) = (1 + 𝜆𝑥2)𝐸′′ 𝜑(𝑥). (64)

Similarly to what we had for the Darboux III oscillator (8), we are led to consider the following equation
1 [

−ℏ2(𝐷𝜇𝑥 )2 + (𝜔2 − 2𝐸′′𝜆)𝑥2
]

𝜑(𝑥) = 𝐸′′𝜑(𝑥), (65)
9
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and we can define the new energy-dependent frequency

𝛺′(𝐸′′) =
√

𝜔2 − 2𝐸′′𝜆 where 𝜔2 > 2𝐸′′𝜆. (66)

Hence, eigenfunctions of Ĥ𝐷𝐷′ can be expressed as

𝑓 𝑒𝑥𝑛𝑥 (𝑥) = 𝑒−
𝛽′2𝑥2

2 𝐻𝜇𝑥
𝑛𝑥 (𝛽

′𝑥), 𝑛𝑥 = 0, 1, 2,… (67)

in which

𝐻𝜇𝑥
𝑛𝑥 (𝛽

′𝑥) = (−1)𝑛
√

√

√

√

√

𝛽′2𝑛!

𝛤
[

𝑛 + 𝜇𝑥 + 𝑞𝑥 +
1
2

]𝑥𝑞𝑥𝐿

(

𝜇𝑥+𝑞𝑥−
1
2

)

𝑛 (𝛽′2𝑥2), 𝛽′ =
√

𝛺′

ℏ
. (68)

And the energy spectrum is explicitly obtained by solving the equation

𝜉𝑒𝑥𝑛𝑥 ≡ 𝜉(𝐸′′, 𝑛𝑥, 𝑒𝑥) = ℏ𝛺′
(

𝑛𝑥 + 𝜇𝑥 +
1
2

)

. (69)

in terms of 𝐸′′, which gives an expression identical to (11) with 𝑛→ 𝑛𝑥 + 𝜇𝑥.

.2. The ND Dunkl–Darboux III oscillator

This section is devoted to the N-dimensional generalization of the Dunkl–Darboux III oscillator Hamiltonian, which is defined
s

Ĥ𝐷𝐷′ = 1
(1 + 𝜆𝐱2)

[

−ℏ
2

2
𝛥𝐷 + 𝜔2

2
𝐱2
]

= 1
(1 + 𝜆𝐱2)

Ĥ𝐷 . (70)

y following the same approach as in the previous subsection, the eigenvalue problem can be written as

𝛷𝑒1 ,𝑒2 ,…,𝑒𝑁
𝑛𝑥1 ,𝑛𝑥2 ,…,𝑛𝑥𝑁 ,𝜆

(𝐱) =
𝑁
∏

𝑖=1
𝜑𝑒𝑖𝑛𝑥𝑖 ,𝜆

(𝑥𝑖), (Ĥ𝐷𝐷′ )𝑖𝛷 = 𝜉𝑒𝑖𝑛𝑥𝑖𝛷 . (71)

y taking into account the wave functions of Eq. (67), eigenvalues turn out to be

𝜉𝑒𝑖𝑛𝑥𝑖 ,𝜆
≡ 𝜉𝑒𝑖𝑛𝑥𝑖 ,𝜆

(𝐸′′, 𝑛𝑥𝑖 ) = ℏ𝛺′
(

𝐧𝐱𝐢 + 𝜇𝑖 +
𝑁
2

)

, (72)

where once again 𝛺′(𝐸′′) =
√

𝜔2 − 2𝐸′′𝜆. In this way we obtain the following explicit expression for the energies of the ND
Dunkl–Darboux III oscillator ∑𝑁

𝑖=1 𝜉
𝑒𝑖
𝑛𝑥𝑖

= Ē𝑒1 ,𝑒2 ,…,𝑒𝑁
𝑛𝑥1 ,𝑛𝑥2 ,…,𝑛𝑥𝑁 ,𝜆

in the form

Ē𝑒1 ,𝑒2 ,…,𝑒𝑁
𝑛𝑥1 ,𝑛𝑥2 ,…,𝑛𝑥𝑁 ,𝜆

= −ℏ2𝜆
(

𝐧𝐱 + 𝜇𝐱 +
𝑁
2

)2
+ ℏ

(

𝐧𝐱 + 𝜇𝐱 +
𝑁
2

)

√

𝜆2ℏ2
(

𝐧𝐱 + 𝜇𝐱 +
𝑁
2

)2
+ 𝜔2. (73)

.3. The Dunkl–Darboux III oscillator coupled to a constant magnetic field

In two dimensions, the Hamiltonian representing the Dunkl–Darboux III oscillator under a constant magnetic field aligned along
he 𝑧-axis would be given by

Ĥ𝐷𝐷′ = 1
2(1 + 𝜆𝐱2)

[

−ℏ2∇2
𝐷 + 2ℏ𝜔𝑐J + �̃�2(𝑥2 + 𝑦2)

]

. (74)

y making use of Eq. (52), the radial Hamiltonian takes the form

Ĥ𝐷𝐷′ = 1
(1 + 𝜆𝑟2)

[

−ℏ
2

2

(

𝜕2

𝜕𝑟2
+ 1
𝑟
(

1 + 2𝜇𝑥 + 2𝜇𝑦
) 𝜕
𝜕𝑟

)

+ ℏ2

2𝑟2
(

J2 − 2𝜇𝑥𝜇𝑦(1 − 𝑅𝑥𝑅𝑦)
)

+ ℏ𝜔𝑐J + �̃�2

2
𝑟2
]

. (75)

It can be easily checked that [𝑅𝑥, Ĥ𝐷𝐷′ ] = [𝑅𝑦, Ĥ𝐷𝐷′ ] = 0, and [𝑅𝑥𝑅𝑦, Ĥ𝐷𝐷′ ] = 0, and the operator 𝑅𝑥𝑅𝑦 also commutes with the
operator J. Therefore we can make use of the results obtained in Section 3.3. It what follows, we divide the radial solutions of
Eq. (75) separately in two cases, namely 𝑒𝑥𝑒𝑦 = ±1.

4.3.1. Case 𝑅𝑥 = 𝑅𝑦
In this case, 𝑒𝑥𝑒𝑦 = 1, by substituting the eigenvalue of the operator J equal to 𝜎+ in Eq. (75), we can solve the radial

Dunkl–Darboux III equation, which is

1
2

[

−ℏ2
(

𝜕2

𝜕𝑟2
+ 1
𝑟
(1 + 2𝜇𝑥 + 2𝜇𝑦)

𝜕
𝜕𝑟

+
𝜎2+
𝑟2

)

+ �̃�2𝑟2
]

R++(𝑟) = Ẽ+R++(𝑟), (76)

here �̃� =
√

�̃�2 − 2𝜆E+ and Ẽ+ = E+ − ℏ𝜔𝐿𝜎+. Hence, the energy spectrum of the Dunkl–Darboux III Hamiltonian given in (75) can
be obtained by solving the equation

Ẽ+̃ = ℏ�̃�
(

2�̃� +
√

(𝜇𝑥 + 𝜇𝑦)2 + 𝜎2+ + 1
)

. (77)
10

𝑘
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We immediately show that the energy spectrum is

E+
�̃�
= ℏ𝜔𝑐𝜎+ − ℏ2𝜆

(

2�̃� +
√

(𝜇𝑥 + 𝜇𝑦)2 + 𝜎2+ + 1
)2

(78)

+ ℏ

√

√

√

√

√

(

ℏ𝜆
(

2�̃� +
√

(𝜇𝑥 + 𝜇𝑦)2 + 𝜎2+ + 1
)2

− 𝜔𝑐𝜎+

)2

+ �̃�2
(

2�̃� +
√

(𝜇𝑥 + 𝜇𝑦)2 + 𝜎2+ + 1
)2

− 𝜔2
𝑐𝜎

2
+,

ith the eigenfunctions of the Dunkl–Darboux III oscillator given as

R++
�̃�

(𝑟) = 𝑟−𝜇𝑥−𝜇𝑦+
√

(𝜇𝑥+𝜇𝑦)2+𝜎2+ exp
[

−
𝛽2

2
𝑟2
]

𝐿
√

(𝜇𝑥+𝜇𝑦)2+𝜎2+
�̃�

(𝛽2𝑟2), 𝛽 =
√

�̃�
ℏ
. (79)

In order to obtain the explicit form 𝜑−−
�̃�′

(𝑟, 𝜃) = R−−
�̃�′

(𝑟)𝐹+(𝜃) and its energy spectrum with two odd indexes, we should use Eqs. (77)
and (79) with the different quantum number �̃�′.

4.3.2. Case 𝑅𝑥 = −𝑅𝑦
Finally, we consider the second possibility given by 𝜖 = 𝑒𝑥𝑒𝑦 = −1. Thus, from Eq. (75) we find that the radial part of the

eigenfunctions 𝜓+−
𝓁

(𝑟, 𝜃) = R−+
𝓁

(𝑟)𝐹−(𝜃) are given by the equation

1
2

[

−ℏ2
(

𝜕2

𝜕𝑟2
+ 1
𝑟
(1 + 2𝜇𝑥 + 2𝜇𝑦)

𝜕
𝜕𝑟

+
(𝜎2− − 4𝜇𝑥𝜇𝑦)

𝑟2

)

+ �̃�2𝑟2
]

R+−
𝓁

(𝑟) = Ẽ−𝓁R+−
𝓁

(𝑟), (80)

where now �̃�𝓁 =
√

�̃�2 − 2𝜆E
−
𝓁 and Ẽ−𝓁 = E−

𝓁
− ℏ𝜔𝐿𝜎−. Therefore, in this case the energy spectrum Ẽ−𝓁 is

Ẽ−𝓁 = ℏ�̃�
(

2𝓁 +
√

(𝜇𝑥 − 𝜇𝑦)2 + 𝜎2− + 1
)

, (81)

Substituting the expression for �̃�𝓁 , the eigenvalues are found to be

E−
𝓁
= ℏ𝜔𝑐𝜎− − ℏ2𝜆

(

2𝓁 +
√

(𝜇𝑥 − 𝜇𝑦)2 + 𝜎2− + 1
)2

(82)

+ ℏ

√

√

√

√

√

(

ℏ𝜆
(

2𝓁 +
√

(𝜇𝑥 − 𝜇𝑦)2 + 𝜎2− + 1
)2

− 𝜔𝑐𝜎−

)2

+ �̃�2
(

2𝓁 +
√

(𝜇𝑥 − 𝜇𝑦)2 + 𝜎2− + 1
)2

− 𝜔2
𝑐𝜎2−.

he explicit expression of eigenfunctions in terms of generalized Laguerre polynomials is

R+−
𝓁

(𝑟) = 𝑟−𝜇𝑥−𝜇𝑦+
√

(𝜇𝑥−𝜇𝑦)2+𝜎2− exp
[

−
𝛽2

2
𝑟2
]

𝐿
√

(𝜇𝑥−𝜇𝑦)2+𝜎2−
𝓁

(𝛽2𝑟2). (83)

nder the condition 𝑒𝑥 = −1 and 𝑒𝑦 = 1, we find that the solutions of the eigenfunctions 𝜓−+
𝓁′

(𝑟, 𝜃) = R−+
𝓁′

(𝑟)𝐹−(𝜃) are the same given
n Eq. (83) with the eigenvalues of E−

𝓁
given in terms of the quantum number 𝓁′. In Fig. 5, we have drawn numerical values for the

irst energy in the new model of the Dunkl–Darboux III, which is a combination of the two previous models. Plots of the Landau
evels indicate the influence of the 𝜆−deformation parameter for the Dunkl–Darboux III oscillator in the presence and absence of
he magnetic field. It is enough for one of the parameters 𝜇𝑖, 𝐵𝑖, and 𝜆 to go to zero, in this case, we will gain one of the modes
iscussed in the previous sections.

. Conclusions

Summarizing, in this paper we have introduced a new family of exactly solvable quantum models in 𝑁-dimensions that are
onstructed as integrable deformations of the isotropic oscillator Hamiltonian in two different, albeit compatible, directions. In the
irst one, a conformally flat space with nonconstant curvature is introduced as the background space for the model. On the other, the
iscrete symmetries provided by Dunkl operators can be also incorporated. The deformed symmetries allowed by both approaches
urn out to be fully compatible, and provide all the tools needed in order to solve the Dunkl–Darboux III model explicitly. Finally, in
he 2D case a constant magnetic field can be also included by preserving the exact solvability of the Dunkl–Darboux III Hamiltonian.
oreover, the role played by the curvature parameter, the Dunkl eigenvalues and the magnetic field in the energies and degeneracies

f the corresponding Landau levels can be explicitly shown.
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Fig. 5. Schematic representation of the first few Landau levels (78) and (82) with quantum numbers (𝑛, 𝑚′) for the 𝜆−deformed Dunkl–Darboux oscillator with
the different magnetic fields 𝐵 = 0.1, 0.2, 0.5, where the parameters are set with ℏ = 𝜔 = 1 and 𝜇𝑥 = 𝜇𝑦 = 0.02. The left figure of the levels are those with the
even sector 𝑒𝑥𝑒𝑦 = +1 and the right figure of the levels are those with the odd sector 𝑒𝑥𝑒𝑦 = −1.
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Appendix. N-dimensional hyperspherical coordinates and Dunkl derivatives

In analysing the Darboux systems generalized with Dunkl derivatives on spaces of nonconstant curvature, the generalization
to 𝑁-dimensional spaces of the hyperspherical coordinates 𝑟, 𝜃𝑗 is needed (see [13] for details). They are formed by a radial type
coordinate 𝑟 = |𝐱| ∈ R+ and 𝑁 − 1 angles 𝜃𝑗 such that 𝜃𝑘 ∈ [0, 2𝜋) for 𝑘 < 𝑁 − 1 and 𝜃𝑁−1 ∈ [0, 𝜋). The coordinates are defined in
correspondence with the Cartesian coordinates:

�̂�𝑗 = �̂� cos �̂�𝑗
𝑗−1
∏

𝑘=1
sin �̂�𝑘, 1 ≤ 𝑗 < 𝑁 �̂�𝑁 = �̂�

𝑁−1
∏

𝑘=1
sin �̂�𝑘, (A.1)

Hence the metric (1) takes the form

d𝑠2 = (1 + 𝜆𝑟2)(d𝑟2 + 𝑟2d𝛺2), d𝛺2 =
𝑁−1
∑

𝑗=1
d𝜃2𝑗

𝑗−1
∏

𝑘=1
sin2 𝜃𝑘. (A.2)

Now, by considering the introduction of the quantum operators 𝑝𝑟 = −𝑖𝜕𝑟, 𝑝𝜃𝑗 = −𝑖𝜕𝜃𝑗 , the corresponding Dunkl derivatives are
defined as

𝐷𝑗 =
𝑗−1
∏

sin �̂�𝑘 cos �̂�𝑗𝜕𝑟 +
cos �̂�𝑗
�̂�

𝑗−1
∑

∏𝑗−1
𝑘=𝑙+1 sin �̂�𝑘

∏𝑙−1 ̂
cos �̂�𝑙𝜕𝜃𝑙 −

sin �̂�𝑗
∏𝑗−1 ̂

𝜕𝜃𝑗 +
𝜇𝑗

̂ ∏𝑗−1 ̂
(1 − 𝑅𝑗 ), (A.3)
12

𝑘=1 𝑖=1 𝑚=1 sin 𝜃𝑚 �̂� 𝑘=1 sin 𝜃𝑘 �̂� cos 𝜃𝑗 𝑘=1 sin 𝜃𝑘
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𝑅

𝐷𝑁 =
𝑁−1
∏

𝑘=1
sin �̂�𝑘𝜕𝑟 +

1
�̂�

𝑁−1
∑

𝑙=1

∏𝑁−1
𝑘=𝑙+1 sin �̂�𝑘

∏𝑙−1
𝑚=1 sin �̂�𝑚

cos �̂�𝑙𝜕𝜃𝑙 +
𝜇𝑁

�̂�
∏𝑁−1

𝑘=1 sin �̂�𝑘
(1 − 𝑅𝑁 ). (A.4)

Then the explicit expression for the N-dimensional generalization of the Dunkl operators (A.3) allows to write the Dunkl-Laplacian
operator as

𝛥𝐷 = 𝜕2

𝜕𝑟2
+

2𝜇𝑗 +𝑁 − 1
𝑟

𝜕
𝜕𝑟

+ 1
𝑟2
𝐻𝜃 , (A.5)

where the operator 𝐻𝜃 is given in the two-dimensional case by

𝐻𝜃 = − 𝜕2

𝜕𝜃2
+
(

𝜇𝑥 tan−𝜇𝑦 cot 𝜃
) 𝜕
𝜕𝜃

+
𝜇𝑥(1 − 𝑅𝑥)

cos2 𝜃
+
𝜇𝑦(1 − 𝑅𝑦)

sin2 𝜃
, (A.6)

so that 𝐻𝜃 is related to the square of the Dunkl operator J in the following way

J2 = 𝐻𝜃 + 2𝜇𝑥𝜇𝑦(1 − 𝑅𝑥𝑅𝑦), (A.7)

where in polar coordinates the operator J takes the form

J = 𝑖
(

𝜕𝜃 + 𝜇𝑦 cot 𝜃(1 − 𝑅𝑦) − 𝜇𝑥 tan 𝜃(1 − 𝑅𝑥)
)

. (A.8)

From the results presented in Refs. [29,32,34], we summarize the results for the eigenvalues of the angular momentum. In this way,
we have the eigenvalue equation in the following form

J𝐹𝜖 = 𝜎𝜖𝐹𝜖 , (A.9)

in which 𝜖 ≡ 𝑒𝑥𝑒𝑦 = ±1, and 𝑒𝑥, 𝑒𝑦 are the eigenvalues of the reflection operators 𝑅𝑥 and 𝑅𝑦, respectively. Since 𝜖 = ±1, eigenvalues
and eigenfunctions of J can be obtained for 𝑅𝑥 = 𝜖𝑅𝑦. When 𝑅𝑥 = 𝑅𝑦, that is 𝜖 = 1, the solutions of Eq. (A.9) of J are given by

𝐹+ = 𝑋++
𝑚′ (𝜃) ± 𝑖𝑋−−

𝑚′ (𝜃) (A.10)

with

𝑋++
𝑚′ (𝜃) =

√

(2𝑚′ + 𝜇𝑥 + 𝜇𝑦)𝛤 (𝑚′ + 𝜇𝑥 + 𝜇𝑦)𝑚′!
2𝛤 (𝑚′ + 𝜇𝑥 + 1∕2)𝛤 (𝑚′ + 𝜇𝑦 + 1∕2)

𝑃
(𝜇𝑥−1∕2,𝜇𝑦−1∕2)
𝑚′ (𝑥), (A.11)

𝑋−−
𝑚′ (𝜃) =

√

(2𝑚′ + 𝜇𝑥 + 𝜇𝑦)𝛤 (𝑚′ + 𝜇𝑥 + 𝜇𝑦)(𝑚′ − 1)!
2𝛤 (𝑚′ + 𝜇𝑥 + 1∕2)𝛤 (𝑚′ + 𝜇𝑦 + 1∕2)

sin 𝜃 cos 𝜃𝑃
(𝜇𝑥+1∕2,𝜇𝑦+1∕2)
𝑚′−1 (𝑥), (A.12)

here 𝑚′ is a non-negative integer, 𝜎+ = ±2
√

𝑚′(𝑚′ + 𝜇𝑥 + 𝜇𝑦), and 𝑃 (𝛼,𝛽)
𝑚′ (𝑥) are the Jacobi polynomials with 𝑥 = −cos 2𝜃. While for

𝑥 = −𝑅𝑦(𝜖 = −1), the solutions of J leads to the expression

𝐹− = 𝑋−+
𝑚′ (𝜃) ∓ 𝑖𝑋+−

𝑚′ (𝜃) (A.13)

with

𝑋+−
𝑚′ (𝜃) =

√

(2𝑚′ + 𝜇𝑥 + 𝜇𝑦)𝛤 (𝑚′ + 𝜇𝑥 + 𝜇𝑦 + 1∕2)(𝑚′ − 1∕2)!
2𝛤 (𝑚′ + 𝜇𝑥)𝛤 (𝑚′ + 𝜇𝑦 + 1)

sin 𝜃𝑃
(𝜇𝑥−1∕2,𝜇𝑦+1∕2)
𝑚′−1∕2 (𝑥), (A.14)

𝑋−+
𝑚′ (𝜃) =

√

(2𝑚′ + 𝜇𝑥 + 𝜇𝑦)𝛤 (𝑚′ + 𝜇𝑥 + 𝜇𝑦 + 1∕2)(𝑚′ − 1∕2)!
2𝛤 (𝑚′ + 𝜇𝑥 + 1)𝛤 (𝑚′ + 𝜇𝑦)

cos 𝜃𝑃
(𝜇𝑥+1∕2,𝜇𝑦−1∕2)
𝑚′−1∕2 (𝑥). (A.15)

where 𝑚′ is a positive half-integer, and 𝜎− = ±2
√

(𝑚′ + 𝜇𝑥)(𝑚′ + 𝜇𝑦).
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